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F A 'De�nition' of SFT(for a given string theory, ) |A
tion 
onsisting of the kineti
 term and theintera
tion terms su
h that the perturbativeexpansion reprodu
es the on-shell strings
attering amplitudes of the 
orrespondingstring theory.(Re
all) String amplitudes are givenby integrating 
orrelation fun
tions over themoduli spa
e of pun
tured Riemann surfa
es(by summing over all the equivalen
e 
lassesof the 'shapes' of the string intera
tiondes
ribed by the Riemann surfa
es)



3FHow to 
onstru
t an SFT a
tion:Æ to de
ompose the moduli spa
e ofpun
tured Riemann surfa
es into partsso that ea
h Feynman graph 
orresponds tothe integration of the 
orrelation fun
tionsover ea
h part., By this 
onstru
tion, the SFT a
tion hasa spe
ial algebrai
 stru
ture(in terms of BV-formalism).� � � � � � � � � , Zwieba
h, � � � � � � � � �Problem How is su
h an algebrai
 stru
tureuseful ??



4F Main motivations to 
onstru
t SFTmay be(1) to dis
uss non-perturbative e�e
t(
lassi
al equation, et
) of the SFT a
tion.(2) to 
al
ulate string amplitudes only by theFeynman rule of SFT.� For string theory = bosoni
 CFT,Witten's 
ubi
 open SFT � � � (1) (2) ok(for quantum level, maybe ok?)The others, not easy both for (1) and (2)� For string theory = topologi
al string,For (1), only for marginal deformations.For (2), there are some useful ones:Chern Simons theory and its generalizations(=topologi
al open SFT)BCOV (=a topologi
al 
losed SFT)



5BV-master equation implies:tree SFT () Homotopy algebra� tree open SFT() A1-algebra (J. Stashe�'63)(Gaberdiel-Zwieba
h'95,Zwieba
h'97, Nakatsu'01, H.K'01, � � � )� tree 
losed SFT() L1-algebra (Lada-Stashe�'92)(Zwieba
h'92, � � � )� tree open-
losed SFT() OCHA (H.K-Stashe�'04)Open-Closed Homotopy Algebra



? What we 
an do:1a) A tree open SFT is homotopy equivalentto the 
orresponding tree string s
atteringamplitudes (H.K'01 for open 
ase)1b) Any tree SFT of a �xed string theory isrelated to ea
h other by �eld rede�nition.(H.K'03 for open 
ase)(
f. Hata-Zwieba
h'93)Æ Tree 
losed 
ase (L1) followsfrom A1 
ase.Æ Tree open-
losed 
ase follows froma Thm. in H.K-Stashe�'04.2) E
lassi
al open-
losed 
orresponden
e(explained later)



7The 
lassi
al BV-master equationLet (x1; : : : ; xn; y1; : : : ; yn):
oordinates of R2n with Z-gradings su
h thatdeg(xi) + deg(yi) = �1:Rem. Æ xi: �elds or ghosts; yi: anti�elds.Æ In SFT, the Z-grading
omes from the ghost number.Then, (R2n; !) formsa symple
ti
 graded manifold, where!(d=dxi; d=dyj) = �!(d=dyj; d=dxi) = Æij:The 
orresponding (odd) Poisson bra
ketf ; g := nXi=1   ���xi �!��yi �  ���yi �!��xi!



8The Poisson bra
ket in C [[x; y℄℄:f ; g := nXi=1   ���xi �!��yi �  ���yi �!��xi!Let f�1; : : : ; �2ng = fx1; : : : ; xn; y1; : : : ; yng.For a degree zero formal power seriesS(�) := 
ij�j�i+ 
ijk�k�j�i+ � � � 2 C [[�℄℄;the 
lassi
al BV-master equation isfS; Sg = 0:By the graded Ja
obi identity of f ; g, this isequivalent to that Æ := f�; Sg satis�esÆ2 = 0:



9(C [[�℄℄; Æ) is a homotopy algebra in general;imposing various properties on C [[�℄℄ leads tovarious homotopy algebras.`open 
ase' Let C [[�℄℄ be the spa
e of 
y
li
formal power series, i.e.,� � ��1�2 � � � 6= � � ��2�1 � � � ;�1�2�3�4 = ��4�1�2�3:Then, Æ := f�; Sg is of the form:Æ =  ����iXk�1mii1���ik ��ik � � ��i1� :Let fe1; : : : ; e2ng:= fd=dx1; : : : ; d=dxn; d=dy1; : : : ; d=dyng,and mk(ei1; : : : ; eik) := eimii1���ik:



10Then, Æ2 = 0 turns out to be the A1-relation:Xk+l=n+1j=0;��� ;k�1(�1)jei1j+���+jeij jmk(ei1; � � � ; eij ;ml(eij+1; � � � ; eij+l); eij+l+1; � � � ; ein) = 0 :For the Z-graded ve
tor spa
e H spanned bybases ei, (H;m1;m2; : : : ) is an A1-algebra.The A1-relation turns out to be[n = 1℄ (m1)2 = 0; � � � � � �m1 $ QB[n = 2℄ ` [m1;m2℄ = m1m2 +m2m1 = 0 0 � � �� � � Leibniz rule of m1 w.r.t. the produ
t m2.[n = 3℄ ` [m1;m3℄ = m2m2 0m2m2 = 0 implies m2 is asso
iative.[m1;m3℄ is a 
oboundary term(
f. m3 is a 
hain homotopy)



11� � � � � � � � �[m1;mn℄ = � Xk+l�1=nmk Æml;$ �(Sn+1) = � Xk+l�1=nfSk+1; Sl+1g:where S = S2 + S3 + � � � ,Sn := 
i1���in�in � � ��i1 and � := fS2; �g.Re
all that the moduli spa
eMn of disk withn pun
tures on the boundary S1(
on�guration spa
e of n-points on S1with three points being �xed at 0; 1;1to kill the automorphism SL(2;R))is isomorphi
 to Rn�3.Thus, in SFT, Sn is 
onstru
ted from theintegral of suitable 
orrelation fun
tions overa 
ell in Rn�3.



12S2: kineti
 term ($ m1)S3: 3-vertex ($ m2) ||{ dim. = 0,S4: 4-vertex ($ m3) ||{ dim. = 1,S5: 5-vertex ($ m4) ||{ dim. = 2,� � � (parameter of the length)Propagator |||||| dim. = 1.De
omposition of moduli spa
eM5:



13`
losed string 
ase'We may start from a di�erential graded
ommutative algebra (C [[ ℄℄; Æ).The 
ondition Æ2 = 0 de�nes an L1-algebra.(L indi
ates Lie $ A indi
ates asso
iative.)Instead of the asso
iativity up to homotopy,we obtain the Ja
obi identity up to homotopy:the 
orresponding moduli spa
e (a subspa
eof the moduli spa
e of sphere with fourpun
tures) are
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14open-
losed 
aseConsider the graded algebra C [[�;  ℄℄ :=C [[�℄℄ 
 C [[ ℄℄; where  's graded-
ommutewith any others, and �'s are 
y
li
.Let S = SS + SD (S=sphere, D=disk),where SS 2 C [[ ℄℄, SD 2 C [[�;  ℄℄.\the a
tion of tree open-
losed SFT"We set the OCHA stru
ture byÆ = f�; SSg
+ f�; SDgo:Æ2 = 0 de�nes an OCHA.By the Ja
obi-Id, Æ2 = 0 is equivalent to0 = fSS; SSg
; fSD; SSg
 + fSD; SDgo = 0;whi
h are just the 
lassi
al part of Zwieba
h's BV-master equation for quantum open-
losed SFT.



15Homologi
al Perturbation Theory(HPT) in homotopy algebras, Perturbation theory of SFTsA version of (see H.K'03 and refs therein)F HPT for an A1-algebra (H;m): ||||Given a Hodge-Kodaira de
ompositiondh + hd = IdH � P; d := m1;Ean A1-stru
ture m0 on the 
ohomologyH(H) ' PH and a homotopy equivalen
e(H(H);m0)! (H;m).|||||||||||||||||||Note h : Hr ! Hr�1 is a propagator;an expli
it 
onstru
tion of m0 is givenby the Feynman rule.(1a) and (1b) follow from this fa
t (+�).



16Classi
al open-
losed 
orresponden
eGiven an open-
losed SFT S = SS + SD.Æ For the tree open string part,(C [[�℄℄; Æo; f ; go) forms a DGLA(= di�erential graded Lie algebra, a spe
ialL1-algebra), where Æo := f�; SDgj =0.Æ For the tree 
losed string part,(C [[ ℄℄; Æ
) de�nes an L1-algebra.What is the relation between them ?There exists an L1-morphismfrom the L1-algebra of 
losed stringsto the DGLA of open strings.



17? Physi
ally, the existen
e of an L1-morphism implies that, for a 
lassi
alsolution for the tree 
losed SFT SS (=
losed string 
ondensation), the open part(C [[�℄℄; Æo; f ; go) is deformed as a DGLA.The deformation of (C [[�℄℄; Æo) forms a weakA1-algebra. (The a
tion is of the formS(�) = S0 + S1(�) + S2(�) + � � � . )(
f. Zwieba
h'97, H.K-Stashe�'04,'05)?Mathemati
ally, the DGLA (C [[�℄℄; Æo; f ; go)
ontrolls full deformation of the A1-stru
tureÆo as weak A1-algebras, where (C [[�℄℄; Æo) is
alled the 
y
li
 Ho
hs
hild 
omplex. Thebra
ket is related to the Gerstenhaber bra
keton the Ho
hs
hild 
omplex.



18Examples and Appli
ationsof the 
lassi
al OC 
orresponden
e� Condensation of B-�eld(Kawano-Takahashi'00, et
.)For topologi
al string 
ase,� Poisson sigma model and deformationquantization (Kontsevi
h'97, Cattaneo-Felder'99)(see H.K-Stashe�'05)(Tpoly(M); [ ; ℄S
houten) L1�!(Dpoly(M); Æ; [ ; ℄Gerstenhaber);where Tpoly(M) := �k�0 ^k TM ,and Dpoly(M) is 'the di�erential Ho
hs
hild
omplex' = the spa
e of multilinear mapsf(C1(M))
k ! C1(M)gk�0 
onsisting ofmulti-di�erential operators.


