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    -- Manifolds of 
Probability Distributions 
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Manifold of Probability Distributions 
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Invariance ( ){ },S p x= θ

1.  Invariant under reparameterization 
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Two Structures 

Riemannian metric  
 
affine connection --- 
   geodesic 



Riemannian Structure  
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Affine Connection 
covariant derivative; parallel transport 
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Duality: two affine connections 
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Dual Affine Connections 

e-geodesic 

m-geodesic 
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Mathematical structure of ( ){ },S p x= ξ
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Dually flat manifold 
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Information Geometry 
  -- Dually Flat Manifold 

Convex Analysis 
Legendre transformation 
Divergence 
Pythagorean theorem 
I-projection 



Manifold with Convex Function 
S :  coordinates ( )1 2, , , nθ θ θ= Lθ

( )ψ θ : convex function 

negative entropy ( ) ( ) ( )logp p x p x dxϕ = ∫energy 
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mathematical programming, control systems 
 physics, engineering 



Riemannian metric and flatness	

Bregman divergence	
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Legendre Transformation	


( )i iη ψ= ∂ θ

↔θ η : one-to-one	
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Two coordinate systems of S	

( ),θ η

θ : geodesic (e-geodesic)	


η : dual geodesic (m-geodesic)	


“orthogonal”	
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Pythagorean Theorem 
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Projection Theorem	
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Information Geometry	

Dually flat manifold; curved submanifold	


convex potential functions	
 ( ) ( ),ψ ϕθ η

Euclidean space : self-dual 	
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Dually flat manifold 
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Kullback-Leibler Divergence 
  quasi-distance 
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Dually Flat Manifold 
1.  Potential Functions 

---convex     (  Legendre transformation) 

2.  Divergence [ ]:D p q

3.  Pythagoras Theorem 
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4. Projection Theorem 
 
5.Dual foliation 
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Applications to Statistics 
curved exponential family: 
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High-Order Asymptotics 
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Semiparametric Statistical Model 
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Linear Regression: Semiparametrics 
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Statistical Model 
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Least squares? 

( ) ( )

( )( )

2

2
ˆmin :

1 ,

0

Neyman-

mle, TLS

Scott

i i
i i

i

ii

i i

i i i i

x y
L y x

x

yy
n x x

y x y x

θ θ θ

θ θ

= − → =

− + =

∑∑ ∑
∑∑ ∑

∑



Fibre bundre 

function space 

r

θ



Poisson process 

Poisson Process: Instantaneous firing rate is constant over 
time. dt 

For every small time window dt, 
generate a spike with probability ξdt. 

T

Cortical Neuron Poisson Process 

T	


Poisson process cannot 
explain inter-spike 
interval distributions. 

TeTp ξξ −=)(
(Softky & Koch, 1993) 



Gamma distribution 

Gamma Distribution: Every κ-th spike of the Poisson process is left. 
ξ: Firing rate 
κ: Irregularity 
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Gamma distribution 
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Irregularity κ is unique to 
individual neurons. 

t

t

t

Regular（largeκ）	


Irregular（smallκ）	

Irregularity varies among neurons. 

(Baker & Lemon 2000; Shinomoto et.al., 2003) 

We assume that κ is independent of time. 



Bayesian Information Geometry	


( ) ( ) ( ) ( ){ }, exp logp k ψ π= ⋅ + − +θ θ θ θx x x

( ) ( ),p pθ θx x



Predictive Distribution	
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Bootstrap Method	


{ } ( )1 ˆ, , ND x x p x= ⇒L

resampling :	


0p



EM algorithm	


hidden variables	
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Tsallis q-entropy 
  
    conformal information geometry	
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Computer vision:	


( , ) 0s x y ≥

Divergence 
Clustering 
Center 
Retrieval 
	




Total Bregman Divergence 
and its Applications to 

Shape Retrieval 

• Baba C. Vemuri, Meizhu Liu, Shun-ichi Amari, 
Frank Nielsen 

 
IEEE Conference on Computer Vision and Pattern Recognition (CVPR), 

2010 
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Total Bregman Divergence	
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t-center	
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t-center is robust	
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TBD application-shape 
retrieval 

•  Using MPEG7 database; 
•  70 classes, with 20 shapes each class 
      (Meizhu Liu) 



MPEG7 database 
•   Great intraclass variability, and small 

interclass dissimilarity. 



Shape representation 



Experimental results 



Neural Networks 

Higher-order correlations 

Synchronous firing 

Multilayer Perceptron 



Multilayer Perceptrons 
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Multilayer Perceptron 
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singularities 



Geometry of singular model 
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Backpropagation ---gradient learning 
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Neural Firing 
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  :    firing rate
  :   correlations
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Correlations of Neural Firing 
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Independent Distributions 
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Signal Processing	

ICA : Independent Component Analysis	


t t t tA= →x s x s

sparse component analysis	


positive matrix factorization	




Independent Component Analysis 

1

      

     
i ij jA x A s

W W A−
= =

= =

∑x s

y x

s A W y

x

observations:   x(1), x(2), …, x(t) 
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Information Geometry of ICA 

natural gradient 
estimating function 
stability, efficiency 
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Natural Gradient 

( ), Tl
η
∂

Δ = −
∂

y W
W W W

W



Basis Given:  overcomplete case 
Sparse Solution 
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Overcomplete Basis and Sparse Solution 
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Linear Systems 

ARMA 
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    Belief Propagation 

•  Shun-ichi Amari (RIKEN BSI) 
•  Shiro Ikeda (Inst. Statist. Math.) 
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Stochastic Reasoning 
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Information Geometry 
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Belief Prop Algorithm  
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Belief Propagation 
           e-condition OK 

 
 
     

CCCP     m-condition OK 
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Linear Programming 
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Convex Programming 
      　　━  Inner Method	
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Convex Cone Programming	


P : positive semi-definite matrix	


convex potential function	


dual geodesic approach	


,     minA = ⋅x b c x

Support vector machine 



Polynomial-Time Algorithm	


curvature : step-size	
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Machine Learning	

Boosting : combination of weak learners	
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Weak Learners	
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Boosting ━generalization	
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SVM : support vector machine 	


Embedding 
 
 
Kernel 
 
Conformal change of kernel 
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KL-divergence,	
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[ ] [ ] ( ) ( )
( )11: : : log
p x

D p q KL p q p x dx
q x

α −→ − = = ∫

[ ] [ ]11: : :D p q KL q pα →+ =

-representation	


( ) ( ){ }
2
1

2
1

f p p x α
α α

−=
−

-family  :	
 ( ) ( )
1 1
2 2, i ip x c q x
α α

θ θ
− −

= ∑

exponential family	


mixture family	


( )1α = −

( )1α =

dually flat	


-divergence	


α

α

α



Csiszar  f-divergence, U-divergence	


( ) ( ) ( )
( )

( ):f

q x
D p x q x f p x dx

p x
⎛ ⎞

=⎡ ⎤ ⎜ ⎟⎣ ⎦ ⎜ ⎟
⎝ ⎠

∫

( ) ( ):UD p x q x⎡ ⎤⎣ ⎦



-divergence from  
       convex function 

α

2

4 1 1( , ') [1 exp{ ( ')
1 2 2

1 1                         + ( ) ( ')} ]
2 2

D P Pα

α α
ψ θ θ

α
α α

ψ θ ψ θ

− +
= − +

−
− +

+

α

-geodesic, duality, projection 



Integration of evidences:  
 
  
  arithmetic mean 
  geometric mean 
  harmonic mean 
      -mean α

1 2, ,... mx x x


