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Abstract

We overview the exact renormalization group (ERG) approach
to quantum field theory. In particular we explain how to introduce
symmetry, either local or global, in the presence of a finite momentum
cutoff.
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Plan of the talk

. Wilson-Polchinski ERG differential equations
. Perturbation theory
. Realization of symmetry

. Perturbative applications

(a) QED
(b) YM theories
(c) WZ model
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Summary

. ERG can be formulated without resort to perturbation theory.
(the original intention of K. Wilson)

. Overview of the perturbative construction of a renormalized theory using
ERG.

. Essential technical tools to introduce symmetry in the ERG approach.
. Practical applications. (QED, YM, WZ)

. Most theorists are not familiar with the formalism. We aim to popularize
the ERG approach.

. Please consult with the lecture notes by H.S. arXiv:0710.1662
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Wilson-Polchinski ERG differential equations

1. Let S[¢| be the action of a real scalar field theory in D dimensional
euclidean space.

2. We generate a one-parameter family of actions S; equivalent to S:

exp [Sil4]] = / dg) 5

< exp {—% [ A4y 610) ~ 2,016 0) (6(-1) - zt<p>¢’<—p>>}

p

(a) Zi(p) is the change of field normalization:

¢(p) ~ Z(p)¢' (p)
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(b) m is the width of field diffusion:

1 , 1
Zi) "W oW~ ez

i.e., St|¢] is obtained by an incomplete integration of S[¢'].
(c) We take ALO =0, Zyp =1 so that Sy = S.
(d) More integration for larger p?, larger t.
1

A

2,2
AL, larger t

|

v
©

t=0
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3. S; is equivalent to S in the following sense:

(a) Define the generating functionals:

W = [[d¢] exp :S[qﬁ]Jri pr(p)gb(—p)}
M = [ldg]exp [Si[6] + i [, T(p)o(—p)

(b) A simple gaussian integration gives

Wil 1 1
= oxp {1 [ a0+ W 20000

Hence,

{ (¢(p)d(—D))s, T+ Zu(p)* (d(0)(—) )

(o(p1) - D(Pn>1) ),
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(c) Conversely,

(6E)O(-P))s = 7 (6E)(-P))s, —
<¢(p1) T ¢(pn) >f9 — H?:l m ' <¢(p1) T Qb(pn) >f">’t

The original correlation functions can be constructed as long as A;
and Z; are finite.

Hence, S; and S are equivalent.
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4. The t dependence of the action is given by the ERG differential equation
of Wilson (Wilson & Kogut '74, sect. 11):

8tSt — /
p

55,
6o (p)

1 ( 65, 68, 625,
+Gi(p) -5 {5¢(p) 56(—p) " 50(p)oo(—p) } ]

Fi(p) - ¢(p)

where
—3t 111 Zt( )

Ci(p) = ~24550: In (Au(p)Zi(p))
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5. Choice of Z;:
(a) Let K(p) be an arbitrary cutoff function and A(p) = —2p?dK (p)/dp?.

A A

1

(b) We choose

K (pe' t
Zip) = B exp {4 [y dt'n(t') }

A(pet
Rl = Sl )

where 77 Is an anomalous dimension.
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(c) For n =0, we obtain

larger t
Z :_e'Zt
1 t=0
l larger t
-2t
e D>
0
This implies S; has smaller field fluctuations for larger t and larger p?,
since
(D(p1) -~ d(pa))s, = || Zei) - ((p1) - D(pn) )
i=1
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6. Three examples of A;:

(a) Wilson
N 2 t 500
—At(lp)Q = e%t — I;(I()p%% elo 2 o2
A(pe
Gilp) = 26* (R2 + 1 Ln(1))
This implies

(6(P)9(—p))s, — € = el ELZE ((6(p)o(—p) )5 — 1)
($(p1) - d(p2n) g, = e Jon TI7 B2 o(py) - d(pan) )

This is the original choice of Wilson. In this choice, the two-point
function behaves as
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For n = 0, the squared width of the incomplete integration is

2
- 02t K(p) 1
272 t\2
AiZ; K (pe?)
1
A2t th 4 e-2t larger t
e2t-1
t=0
0 e > 02

The anomalous dimension 7(t) is determined by the condition

_ 0 52»975 p2_—>>0 1
Ip?0¢(p)ogp(—p)le=0
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(b) Polchinski (n = 0)

et
Gi(p) = 5%

1 _ K(peh) (1 _ K(pet))
A¢(p)? p24+m? K (p)

This implies
( p)é(—p))g, 2+m (pe)(l K (pe'))
: —f§§€;)2 (qs(p L K(p)(1— K(p)))
L (D(p1) -+ d(pan) s, = Hf’z fiéfﬁ;ﬁ (¢(p1) -~ D(P2n) ) g

The two-point function behaves as

(6001, 2 52,

12
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The squared width of the incomplete integration is

1

K(p)

B K(p)
Ai(p)2Z(p)?  p*+ m? (K(pet) 1)

1
25,24
AtZt
larger t
-2t T
e
/
o) >
-2t =0 p2

13
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(c) Polchinski (n # 0, running squared mass m?(t))

p

1 _ )2 1 1 cfi 1
Ay(p)2 K (pe*) {P2+m2(t) (K(pet) B 1) - pPm3(0) (K(p) - 1>}

Gulp) = ety § Al — (000) + ) K (oet) (1~ K pe) |

\

This implies
( (D(P)P(=p))s, — sz K (pe") (1 — K (pe'))
! =l By (<¢<p>¢<—p> )s ~ g K ()1 - K(p)))

(6(p1) - D(p2n) Vg, = 0TI KL (1) d(p2n) Vg

\
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The anomalous dimension 7)(t) and the scale dependence of m?(t) are
determined so that

625,

S0 PS(—p) lgmo ~ D TP

for small momenta.
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7. Fixed points — Rescaling of space is necessary:

D42
““Q“t

p=pe’ =| () =e o(p)

This modifies the ERG differential equation to

_ ,3¢/(p/) D+2 1o |/ ry ! 5St
0.5, = /[{p o (72 +Ft<p>)¢<p>}5¢,(p,)

SE o = L L 05,
260 (0) 60/ (=) | 56 (p)6d (— )

where

/
{ Ft/(p/) — Ft(p/e—t) 2&2;/% . 77(;)
Gi(v) e Gy (ple )

16
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8. Wilson-Fisher fixed point 5§, for D =3
(a) Given

S101= 5 | Forgorow) (7 +md) ~ 57 [ of

we construct a one-parameter family S; with S = S.
(b) At criticality ma = m?2 (o),

lim :;t — tgéiffr

t— o0

(c) The continuum limit can be constructed as

S; = lim S,(mg =m?2.(\g) + gEeyE(t_S))

where gg Is an arbitrary constant.

17
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(d) S; satisfies the ERG differential equation and the asymptotic condition

theory
space

liIIl éit — tg;%f}?

t——0o0

St continuum limit

WEF fixed point

[

|

(e) S}y has been constructed only approximately. Numerically in LPA
(local potential approx.) by various groups, and perturbatively by H.S.

04
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Perturbation theory

1. We split
S(A) — Sfree(A) + Sint(A)

where Stee 1S the free action

p2_|_m2

K (§)

Sfree(A) = —%/qb(—p)gb(p)

=[S

which gives the free propagator

=[S

K3

OPIOP) ) sin) = 5 2

A is the momentum cutoff.
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. ERG describes how the action changes as we lower the momentum cutoff.

. The interaction action Si,(t) satisfies the Polchinski ERG differential
equation (Polchinski '83)

a A(p/A) 1 { 5Sint 5Sint 525int }
—A— int A) = o~
ap S /pp2+m22 56(—p)30(p) | 06(—p)oc(p)

. The ERG differential equation guarantees the A independence of the
correlation functions:

[ oo = 1;2/5@ ey (AP
(¢(P1) -+ 9(Pn) oo = iz K(Kz) (9(p1) - o(p )>S(A)

\
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5. Physically, Sint consists of elementary vertices and the propagators

1 - K ()
p2+m2

with an IR cutoff at A.

1-K

~©— Q + ....

1-K

Sint 1s defined precisely in terms of the ERG differential equation and the
asymptotic conditions given below.
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6. Renormalized theories are characterized by the following asymptotic
behavior (H.S. '03): (We consider only D = 4 from now on.)

Sint (A) A—oo [ (AQag(ln Ap)+ m2b2(ln A/,u)) %qb2

1 1
+co(In A/,u)gﬁuqﬁauqﬁ + a4(In A/,u)qull

where m and the momentum of ¢ is assumed small compared to A, and
(4 1s an arbitrary renormalization scale.

7. The theory has three parameters: (a2(0) cannot be controlled.)
(a) b2(0) normalizes m?
(b) c2(0) normalizes ¢

(c) a4(0) defines the coupling constant A
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(d) The MS scheme

bQ(O) = CQ(O) = 0, CL4(O) = —A

is especially convenient for practical loop calculations.

8. For example, the one-loop two-point vertex is given by

K(q/A)

O :‘%(‘f/fq()*(f)m 1“‘*"”/

A—oo )‘(_A_2/A(Q) 2 21 A
q

_2 1
— e\ T2, e ™

A [ A(p/A
This satisfies —Aa% Q = _§/p2(i/m)2
p

(g2 + m?

)

23
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9. A composite operator O(p)
=X o0 Ouipn ) (2 it )

satisfies the ERG differential equation

0
~A520(p) = D-O(p)

where

p/A) [ 68w 6 1 &
P= /2+m2< —p)5¢(p)+25¢(p)5¢(—p)>

With small €, we can regard S+ €O as a small deformation of the action.

H. Sonoda



10. The correlation functions

n

(Op)d(p1)- =1l

p_ .
1—=1 A

Qb(pl) T Qb(pn) >S

are independent of the cutoff A.

11. A simple composite operator:

1 - K (%) 95

[0](p) = ¢(p) + D m2 5o(—p)

is the composite operator corresponding to the elementary field ¢(p):

(o(p)d(p1) - H p ' (p)o(p1) -+~ P(Pn) ) 5

25
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12. The correlation functions do depend on the renormalization scale pu:

(ﬂi% £ 2B (N + BN)x — mw) (6(p1) -~ d(pn) ). = O

This RG equation is derived from the operator equality (H.S. '06)

—,ua,UJS = mzﬁmOm + BOy + N

where O,,,, O, N are composite operators with the properties:

<@A¢(p1) - O(P2n) )oo = —OA(D(P1) -+ d(P2n) ) o
(No(p1) - ¢(p2n)>oo 2n (é(p1) -+ ¢(p2n)>oo

{ (Om@(p1) -+ P(D2n) )oo = —Om2 ((P1) -+~ G(P2n) ) o

H. Sonoda
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These operators are given in terms of the action as

( _ o K(@/MNOA-K(g/A)1 [ sS 88 528 }
Om Om2> fq (g%2+m?)? 2 {5¢(Q) dp(—q) T 6¢(q)dp(—q)
< O)\ = —8AS

S K(g/M)(1—=K(q/N)) J _6S 35S 528
- fq gb((])&b(q) B fq q%+m? {5¢(q) 6p(—q) T 5¢(q)5¢(—q)}

=
i

H. Sonoda
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Realization of symmetry

1. A simple observation: S(A) with a finite A gives the correlation functions
in the continuum limit.

2. Whatever symmetry of the continuum limit must be realized in S(A).

3. Universal form of invariance

(a) Given a composite operator O(p),

2= [ X ()5 00 = [ () (556790 5o

is also a composite operator.

H. Sonoda
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b) [ K (% )5229 O(p) is the change of the action under an infinitesimal
change of flelds

op(p) = K (%) O(p)

(c) f K( ) Solp )) Is the jacobian of the change of fields.

(d) The vanishing of the composite operator

=0

implies the invariance of the theory under the transformation 0¢.
(e) Y=0ifY —0as A — .
(f) ¥ = 0 gives the Ward identities

n

> (6(1) - Op) -+ H(pn) ) = 0

1=1
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Perturbative application to QED

1. QED is defined by

where
Stee(A) = — k tﬁ)Au(k)Ay(—k) (k%w, ks (1
1 1
— c(—k)e(k)k? —
RO - [

(c, ¢ are the free Faddeev-Popov ghosts.)

30
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2. The asymptotic behavior of Sj,t is given by

%A2 (A2a2(ln A/p) + m?by(In A/M))

A—o0
Sint v

a0 A/0)5(OuAn)? + dan A /050

+p {ay(InA/p)id + bp(In A/ p)im }

+ag(In A/p)d A + as(In A/M)é(AZ)Q

3. Seven parameters: by(0), c2(0), d2(0), a¢(0), bs(0), as(0), as(0)

(a) Normalization: c2(0) = a¢(0) =bs(0) =0
(b) The remaining four are fixed by the BRST invariance.

H. Sonoda
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4. BRST invariance (where € is grassmannian)

(0 ALk) = K (£) kuec(k)
dec(k) = 0
$ dee(—k) = K (%) FhalAd(=F)
ocp(p) = K (R) e[y ec(k)](p— k)
L 0(=p) = K (%) (=) [ ec(k)[P)(—p — k)

This conforms with the general form of symmetry transformation.

The BRST invariance is given as

X=0.5+ AS =0
~

jacobian
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Perturbative application to YM theories

1. A general YM theory is defined by

S(A) — Sfree(A> + Sint(A)

33
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2. For SU(2) (f%¢ = ¢2b¢), the asymptotic behavior of S, is given by
A—oo 2]- a\?2
S () =% [ faoin A/02%5(47)

1 1
+a;(In A /,JJ)—(awqg)2 + as(In A /M)E(GMAZ)Q
+as(In A/p)ge® 0, ALA) AS

9
tas(ln A/p) "L ALA; “ AP A" 1 as(In A/u)—A“AVAMA

1
+as(In A/p)—0,¢"0,c” + az(In A/,u,)geabc—,ﬁuc_:aAch
i i

3. Seven parameters: a1(0),---,a7(0) (ag(0) cannot be controlled.)

(a) Normalization: a1(0) = a3(0) = ag(0) =0
(b) The remaining four parameters are fixed by the BRST invariance.
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4. BRST invariance

5 AG(R) = €K (%) (kule®](R) + Ap(K))
0.c(—k) = (%) Tku[ ] k)
Sec(k) = eK(k)C(k)

where A7 and C® are composite operators, satisfying the following
asymptotic conditions:

{ A (k) "= ag(n A/ pkyct (k) + az(in A/ ) Zetbe( AYco) (k)
Cok) "= ag(in Afp)greve(chet) (k)

(a) ag(0) is the eighth parameter of the theory. (ag(0) and a7(0) are part
of the parameters of Siys.)
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(b) A7 (k) satisfies the ghost equation of motion:

Sint

. 5
FuAuR) = =52 )

(c) The BRST invariance

determines ag(0) as well.

36
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5. AF formalism (Batalian-Vilkovisky)

(a) Itis non-trivial to show the possibility of satisfying the BRST invariance
by tuning the five parameters (including ag(0)) of the theory.

(b) For each field, introduce an external field, called an antifield, that
generates the BRST transformation.

field dim ghost stat | antifield dim ghost stat
AZ 1 0 b AZ* 2 —1 f
c® 1 1 f c* 2 —2 b
c’ 1 —1 f c** 2 0 b

(c) The AF dependence of the full action § is introduced so that the
BRST transformation is given by

4 —_—

SAL(k) = K (}) 5Ag>§(—k)8
Y (k) = K (%) 5ca£?—k)
. oct(—k) = K(%) 5cgf(k)

H. Sonoda
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(d) The BRST invariance is now written as

— —
. / . (5> N ST S
= JU\R) |5an (k) GAn(k) T 5 A (—k) 0 A (k)
S0 5 K
TS By oea (—k)° T dea (k) e (—k)°
R S N R B

doc*(—=k) oc*(k) dc**(—k)dc*(k)

Y. is a composite operator. Hence, X =0 if ¥ — 0 as A — <.

(e) S satisfies the same ERG differential equation as S. lts asymptotic
behavior is determined by the same seven parameters a1(0), - - -, a7(0)
that define S, in addition to ag(0).
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(f) The BRST transformation ¢ is defined by

wo=[x(3)|

— — —

) o o 0 o 00

: O + S - O +
6A%(—q) AL (q) dAI*(q)  0A(—q) 6 A (q)6AL(—q)

— — —

) ") 0S8 ) ") ")

Toa—a)” ser (@ T se(@oei(—a) | s (kyser (k)

— — —

) S ) O+ oS ) ) )
dc*(—q) dc*(q)

s (q)3cr(—q) | Ser (k) et (—k)

(g) If ¥ =0, then 63, = 0, and g0 is a composite operator if O is.
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(h) For an arbitrary choice of the eight parameters, X still satisfies the

algebraic constraint

5o% =0

Using this, we can show the possibility of tuning the parameters to

satisfy the BRST invariance ¥ = 0. (Becchi '93)

(i) AF for QED has been discussed by Igarashi, Itoh, H.S. '07 and Higashi,

ltou, Kugo '07

H. Sonoda
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Perturbative application to the WZ model

1. We wish to construct supersymmetric theories without using superfields
or auxiliary fields. — No more superspace or dimensional reduction

2. To define the Wess-Zumino model, we introduce
S = Sfree + Sint

Using the two-component spinor notation (x = x’ o)

1 i\ 2 2
S =~ [ g7 [P0+ Iml)
XL (D)X R(p) + S Xr(—p)xn(p) + SR (~P)xL (D)

H. Sonoda
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. The ERG differential equation for Siut:

A2 g, = / A/A) | 08w 08me  O"Sim
oA p P’ o+ |m| | 36(p)36(—p)  66(p)o6(—p)
e {5><L(z—p> S S 5><Z<p>}
o B . -
U 52;2—;?) Sine + Sint i<p> i 5>-<R(Z—p> i 5><zi<p>}
el "’ - -
-l 5>-<L(z—p> it Sint 5xf(p) " 55@?—@ i 5><f (p) } ]
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4. Sint is the solution with the following asymptotic behavior:

A—oo _ m m
Sint(A)  — 21X LOuOuXR + 22 5 XRXR -+ 5 XLXL

+Z38,uq_58u¢ + (0,4/\2 + Z4|m|2)|¢|2

1 -1
+(—1+ z5) <9¢§>ZRXR + §¢§>_<LXL>

_ 2
-1+ 20) (mal6t + maLet) + (-1+ 2 D jg!
+ 25 (92m2¢2 + §2m2q52)
+(Aag + [m|*z9) (9me + gma) ]

where a4 9 and z; (i = 1,---,9) are all functions of |g|* and In A/p.
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. The supersymmetry transformation is defined by

[ do(p)
6¢(p)

dxr(p) =

/N

| Ixe(p) =

ErIXR](P) + nuipu[P](p)
Enlxc]l(p) + nuipulo](p)

Fuéripaldl(p) — (mId1(p) + 3+ [S] (1) &r + muivalxnl (p)
7€nipu[®)(p) — (mlel(p) + 9+ | 5] () € + muipalxs)(p)

where £r 1 are grassmann constant spinors. An infinitesimal
constant vector 7,, generating a translation, is added for closing
the supersymmetry algebra.

. The composite operators [¢?/2], [¢?/2] are defined by

{ B

A—oo

2
(1 + 210) % (p) + 211gm@(p) + 2125°m? - (2m)*6W (p)

A—oo

[%2] (p)— (1 + Z10)%2(P) + z119m@(p) + z129°M° - (277)45(4) (p)

where z10.11,12 are functions of |g|? and In A/p.
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7. Altogether, the theory has twelve parameters.

8. The parameters are constrained by the invariance:

2= [, K®/A)|06(0)5505 + 00(0)53505 + 5ai70(0) + 555,090

— — — —

) ) 0 )
+S5 5. OXR(D) + S5, m0XL(P) — Tr 0Xr(P) 5.7 — Tr xe(P) s, 7| =0

(a) z1,z3,25 — common normalization of scalars and spinors, and
normalization of |m| and g
(b) The remaining nine are fixed by > = 0.

9. The AF formalism is being worked out. (K. Ulker, H.S.)
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Concluding remarks

1. More perturbative applications wanted (only details to be worked out)

2. How can we formulate ERG on a lattice?
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