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Gener alized uncertainty relation

1 - -
AzAp > o(1+ AAp)* + X < p >7)

" High energy string scattering Gross,Mende Phys.Lett.B197(1987)129,
K.Konishi et.al Phys.Lett.B234(1990)276

BV A ~ String scale

" Gedanken exp. of Black hole Maggiore Phys.Lett.B304(1993)65
" Snyder’s quantized space-time (de Sitter) Snyder Phys.Rev.71(1947)38
™ Symmetry of massless particles Filho hep-th/0505183

Deformed canonical commutation relation

&, p] = ih(1 + \p?)
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Introduction
Hilbert space in the first quantization

I 4+ 1-dimensional quantum field theory — free scalar
field

Canonical formalism
Difficulty in higher dimensional space-time
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1 4+ d-dimensional quantum field theory
High temperature property
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One particle state

{fs,fe} :z'(1+)\/%2), here, k = %,)\ = W2\,
. . <[z, k] > - - 5
<x<x>+2(Ak)2 (k<k>)>\1!> = 0

1+ MAk)2 + ) <k >2
i1+ 22D < g LT ABRS FA<SKST) G g
Ok 2(k— < k >)

‘Maximal localization state’ Ak = %, Axr = \/X, <k>= 0,<x>=¢

(A.Kempf et. al. PRD52(95)1108)

Ue(k) = N(1+ )\kz)_% exp(—i% tan~ L (VAE)),
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Hilbert space

= Completeness of |k)

dk
1 = k)(k

= Orthogonality of |k)

B = (1+M2)5(k — &).

= Completeness of |&)

A
1= [ gL+ Al
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5L koo [Fourier Z1% ]

-
—~
A,
~—
]

<&[o >, (k) =< kg >
o6 = [ e

dk
— 3 k
<elo> = [ <dle><ko>

o) = [ oL N T(E)

d
<klp> = /2W§2(1+>\k2)<k\§><§\¢>

Z @ Fourier 1%, FED ¢(&) ® ETIFAIZL 7,
G(&) = > a(k)Vi(k) T2 B, 55 A TS Hilbert ZE[IC B0
T well-defined 2 726 ) T U E) o Dec,23 @Riken — p.8/30



I + 1 dimensional quantum field theory —free scalar
(I.Matsuo and S.Y.Mod. Phys. Lett.21(2006)1285)

W Klein-Gordon equation and fields

k) +m?
0 = ((8:)2+ F( )hQ )®(k, 1),

X _ h ~ :
B(k,1) = | poas ) ep(—iw () + || = 8T (k) expliw (kD)

T — —zw( )t 1 ez’w( )t .
et = 1—|—)\k2\/ 2w(k { D+ We(p)oT (k)e™ }
ﬁ(f,t) = atq) f t)

o) = YEB h+m2 F(k) = k2.

" Creation-annihilation operator
DR, R)] = A+ MR)(k— k),

— (kK'Y =1+ 226k — k).
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I -+ 1 dimensional quantum field theory —free scalar

m Canonical commutation relation (Non-locality)
{ci)(k, O, 0K, )| = i1+ \E2)d(k + k)

b(e,0), U] = inele)

» Hamiltonian and Heisenberg equation

H = / 1fik2hw(k)($T(k)$(k)+const.),

b(¢.1), H|

iRIL(¢, t) = ihO, (&, t)

Dec,23@Riken — p.10/30



I -+ 1 dimensional quantum field theory —free scalar

A

B k| = ih(1 4 Ap®)d,
3,37 = —2hA(1 + Ap?) LY.
gy 1 . .
LZ] — _ i,@ﬁ] . .f/i'jﬁz
1+Aﬁ( )

1+ S\(Apz)2 -+ 5\(1%‘>2 o
28 ) p(p) = 0.

G RECH A Lo BRI s oD, /8T X—F — ¢ NVIE
FT 200,

—{(2") + ih

(z’h(l + \p?) (9(39-
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C1aSSi Cal mechnanics
(T.Takeuchi et. al PRD65(2002)125028)

= Poisson {&AIIC & 2 T 7157

: OH oOH OH
.Z — — s ‘]—— it
T {2, H} = (1 + \p? )8]9 + 2 p'x — 2Ap’ ! 57

; . OH
o= {pf,H} =—(1
p ' H} = —(1+Ap*)5 -

w (VAHZE [ O N R FE
Liouville @ B 6 NEARFER DL TD L D127 5

(1+xp>) ][ aziap

[[. Azt Ap’
(1 + \p2)d

211t

= (2mh)“.
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I -+ d-dimensional quantum field theory —free scalar

= Completeness of |k)

dk

= Orthogonality of |k)
(kIKY = (1+ k)Y k- K.

I — 4k T o2 el FEAHREUL.
(1+ 2k )4

(k|p) = \/(HAk S exp(—ikp) CRERa] BE,

(2m)
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I -+ d-dimensional quantum field theory —free scalar

p) £V O REEE, B HE T
P () (14 3K
Tl < Hllox)v I — b ET (EEHA L] BE)

A, Y1 9\ 4 1.2\ —
pro= (1420, (1+ Ak*) "2,
0 =[],

DEFIREE W O RIRTIEL AT k> TV 5,

(V]}sH

® Completeness and orthogonality of |p)

1 = / olo) 0,

<,0|,0/> = 5d(,0—,0/) Dec,23@Riken — p.14/30



I -+ d dimensional guantum field theory

W Fields (p l&/NN T A—42—L L THA 5, )

®(k,t) = KZ«) (k) exp(—iw(k)t) + (h )qu( k) exp(iw(k)t),
S — —iwt+ikp ] zwt ikp T
b = [ o s
ﬂ(ﬁ,t) = 8tq)(€7 )
oy = YF (k;+m2 F(k) = K2
" Creation-annihilation operator
Bk, TR = 1+ ARk — k),

— (kK" = (1 4+ 2%k — ).
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Canonical commutation relations and Hamiltonian

m Canonical commutation relation (not non-locality)
[@(k, O, 10, )| = ik + M)k + k)
D(p, ), 10, 1) = ihd"(p )

= Hamiltonian

d N N
| G 09 (R)(k)

H

dk
_ /(Hm2 75 { Bk, 0k, 1) + w2(—k, )b (k, t)}_s§37
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2R @ Hilbert ZEH] D 7% e 2 & 1C & 0 #E51%
o TrEeohs,

7 = /D@Dﬂexp(%/dt(lj)\ZQ)d {cb(k,t)n(k,t)— %(Hﬂ_w%@)})

i dk 1. : 2
/D@exp(%/dt(lJr)\kQ)di [o(—k, 1) (k. 1) — 2D(~k. 1)2(k,1) })

Path integral measure 1s

Ak
DODII = HH TRy d®(k,t;)dIL(k, ;).
=1 k
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Finite temperaturefi eld theory

K2AN T —GoFREETCOHBT 2LE —BEIT
F(9) =~ 209
- / 1 fikkzw <h2w ’ ;1“(1_6hwﬁ)>
_ % ] fikkz)d In(2 sinh(hﬂTw)).
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nigh-temper atur e expansion

m massless particle

dr T (9 d+1_ d+2

F = _C(l) (47T)d

m massive particle (m ~ \%)

F o TH
Remark:
in ordinary QFT F oc T(@+1)
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R ElERAN S TSN 5 H T R )V — Dl L RFEE

W T-duality
| T _T? |
T F Ty = ;
T ( ) (Td)2 (T) d = 27_‘_\/&
F(T) ~ a(T)T? +b(T)T +a(Ty))T;. T ~ TyffITT

m {RHEE L @ Hardy-Ramanujan FRFEW

W(E) = exp(aF)E®,
bT
1 —al’

F(T) = bT —bT log(

bT )
1 —aTl

~ TlogTorT".
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<20 _— 400 _—60— 80- 100

—

d=5 ~

massless boson (d=2,3,4,5,6) V¥ rescale L T\ F 9,
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IR DSR2 T =08 x 109~ 12 x 10 D21 T T 4y T 4

e/
o -2 -1 0 1 2
1 6.22 x 104 6.23 x 104 7.68 x 104 2.38 x 10~4 2.49 x 10°
T 8.07x 107 | —=5.02x107% | —1.23x1073 | —1.79x10~% | —6.55 x 10~
T2 0.0 1.66 x 10—3 5.77 x 104 1.19 x 10~° 1.28 x 108
T3 0.0 —4.78 x 1073 | —3.08 x 107° | —2.98x 10~ 7 | —3.25 x 101!
T4 —8.47x 1073 | 217x1073 | —8.68 x 10~ 7.99 x 109 8.72 x 10— 14
T5 2.40 x 101 1.32 x 102 3.55 x107% | —1.50x 10710 | —1.66 x 1016
T —1.08 —2.24x 1072 | —4.37x 1077 | 1.38 x 1012 1.52 x 10— 19
TInT 3.52x 1077 | —2.32x107% | —945x 1074 | —947x10~% | —1.05 x 1073
T(nT)% | 7.67x1079 | —3.14x107° | —4.51 x10~% | —-356x 107> | —3.83 x 10~ "
d=4
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L)V F — DJREEV (RUEET

e

)

o -2 -1 0 1 2
1 4.64 x 106 4.66 x 106 6.14 x 10~° 1.48 x 10~° 1.50 x 10~7
T 2.52x 1079 | —868x 1076 | —1.27x107° | —-1.12x107% | —3.91 x 108
T? —1.37x 107 | 2.60 x 10—° 7.96 x 10— 7.54 x 1078 7.62 x 101
T3 3.23x107% | —6.27x107° | —9.79x 1077 | —1.90x 10792 | —1.94 x 10—13
T4 —1.49x 1074 | 8.27x107° 9.40 x 108 5.12 x 10— 1 5.20 x 1016
e 1.88x 1073 | —7.99x107° | 331 x107° | —9.65x 10713 | —9.93 x 10— 1
T —2.95x 1072 | 887 x107° | —1.66x 1072 | 8.86x 10~15 8.97 x 1022
TInT 413x 10792 | —4.14x107% | —954x1076% | —7.72x107% | —8.38 x 10~
T(InT)? | 210 x 10710 | —588 x 107 | —4.57x 107% | —2.24x10=7 | —2.28 x 10~°
d=206

KTTICIKS T a=—1 ~0TT™(n > 2) DIREDNED.
BeATInTI27% 5,
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Conclusion and discussion

m Fleld theory in GUP
m 1 + 1-dimensional free scalar
m 1 4+ d-dimensional free scalar

» High temperature behaviour

m Other topics
= Fermion (SUSY)

= Lorentz invariance
Other canonical commutation relation
k-deformation

= Interaction
= Renormalization

Dec,23@Riken — p.24/30



1™ -product 1s

dt/ . 1/ 4/
(T*®(k,)D(K', 1)) / i e T (K, D)DK, 1))

2T
RO(L+1)0%k + k) (1 + \k*)

0 —12 + w? — g

From BJL prescription, we can obtain
[cﬁ(k, 0, bk, t)} — R(1 + M)k ).

This result 1s consistent with Hamiltonian formalism.
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Figure 2: Left:Black Hole Gedanken exp., Right: Migdal-Kadanoff

trans. in String
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Gener alized uncertainty relation

Snyder’s quantized space-time (de Sitter)

—n’ = g = =0 — 05— ;.
(2~ )
r = ia(m—=— —n—),
n@m 778774
hon;
Pi — ——
CL774

Then, we obtain deformed canonical commutation
relation

a

zi, pj| = ih(1+(h)2pipj)
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Lorentz Symmetry
pIRNICTED &
B — /dtddp% (®(p, 1)(9,0" — m*)®(p, 1)) .
J72b b pZ[ald [Lorentz (IFMED 238 5.

Z DFoRZ IRICL C. Fermion DHim°. MANER
#{ELH Z & IXu]BE,

d
S = /dt(lj)\ka)d—z’\IJ(k,t)(FO@mLiF“ki+m)\IJ(k,t),

v = ] (1*Ajlf?)ddqfa(k,t)d(\pa(k,t))*.

a,k,t
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Other canonical commutation rdaa-
tion

W] = R

37 = 2f' (P (' — p'E").
ZOHEY AT, NERRIE
[1. Azt Ap?
f(p**
£ -7,
po= i(f(p?)20 (f(p?) "
CTHOMRMNIEN 5,
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Other canonical commutation rdaa-
tion

L <& 5 HNE
fP*) = (1+Xk%)°

a> s DHEEITOH, JOLAITROBWREEVLIAON S, Thbb
TiHdA=20) 2S5 DAY, T XY leading I8 62K DI, bL LIF
a=%Steldl, JULRKGTRIETT? LW OMHEZFF->TIN 5.

dk
(1 + (K> + m?2))42w

= /dd+1k9(k0)(1 + d)
><5((1 4+ )\(ko)2)d+1 . (1 + )\(k2 4+ m2))d+1).

Y9 Lorentz EEM O] GEMY .
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