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0. Introduction

AdS/CFT correspondence — a gauge/string duality

(Maldacena ’97, Gubser-Klebanov-Polyakov 97, Witten ’97)

planar /N =4 U(N) super Yang-Mills
A

* gluon dynamics common to QCDs

v
free 11B superstrings on AdS, X S

* superstrings in the simplest curved background

* N — oo limit => integrability



Strong/weak correspondence

> A
AL 1 A — 00
super Yang-Mills quantum strings <= classical stringjs

at one-loop => higher loops on Adss XS
conventional sigma model

spin chain on a coset space

, (expected to be) ,

integrable integrable integrable

(Minahan-Zarembo ’02) (Bena-Roiban-Polchinski ’03)

at general A
(Beisert-Staudacher ’03) &

(Beisert *03) particle model (Staudacher’oy)

(Beisert ’05)
(L — oo)



Plan of the talk

1. Super Yang-Mills at one-loop (spin chain)

2. Classical string theory (classical sigma model)

3. All-order SYM/quantum strings (particle model)



1. N =4 Super Yang-Mills

N =4 gauge multiplet

e

N =2 vector multiplet

e N—
N=1 N=1
vector chiral

multiplet multiplet
|
P + 1P,

N =2 hypermultiplet

e N
N=1 N=1
chiral chiral

multiplet multiplet
Y vs Z vy

| |
(1)3 + Z(I)4 (1)5 + Z(I)G



N =4 Super Yang-Mills

2 . 2 —_— . . 2
1= T ((F)? + 2D = (25, 2)
+ 200DV — 20T;[®;, mp])
Global symmetry: SO(4,2) x SU(4) C PSU(2,2[4)
Q ) +1

Q
g ~ 0—8—0—0—0—8—0
\

Daps¥opa e VE




Conformal Field Theory

e Correlation function of local operators

(O1(x1)O2(x2))
B12
|m12|D1+D2

— 5D1D2

(O1(21)O2(x2)Os3(x3))
B C123

o |3312 |D1+D2—D3 |3323 |D2—|—D3—D1 |CB3]_ |1)3—|—_l)1__l)2

D; : scaling dimension of the local operator O;



e Single trace operators

O=Tr[Wa, Wy, -Wa,]

Wa € {D*®, D*¥, D*¥, D*F}
(Beisert "03)
- dominant in the large NV limit

® Scaling dimension:

eigenvalue of the Dilatation operator D

o At tree level:
DoO = dim(O)O

[(I)]:]-a [\Il]:ga [F]:Z, [D]:l



¢ (Quantum correction: operator mixing

THYTSE

@

A

D : non-diagonal matrix => spectral problem

D = Z A"D,, A = g3y N Ct Hooft coupling)

D, < Hamiltonian of su(2, 2|4) spin chain

(Minahan-Zarembo ’02) (Beisert-Staudacher ’03)



e SU(2) subsector 7 SO S
—+—

X = &, + i®, ferromagnetic vacuum

7 = & + idg

g l aN
T(ZZZXZXZZ ) o (: :>
1
I | I

XXX Heisenberg Spin chain

H=3(| |- %)

=1 1 141 [ 41
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Bethe ansatz equati()n (coordinate Bethe ansatz)

One-magnon states

(T(P) =) @) T---TLT---1)
=1

Y1) = e”
Schrédinger Eq.
L
H=> (| | = X)
. _ =1 1 l+1 [ 141
EFE = 2—¢eP —e '

o . 2P : : :
= 4sin 5 : Dispersion relation
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‘Two-magnon states

l4 Lo

¥ (p1,p2)) = > U, l)| T T LT T LT 1)

1<l <1,<L

Schrédinger Eq. H|¥) = E|W¥)
E = Z 4 SIH2 ~“ (dispersion relation)

¢(l1,l2) — etP1litip2la + S(pz,pl)eip1l2+ip2l1
(Bethe’s ansatz)

e’&pl-l—?fpz _ 621131 +1

S(p17p2) — _e’ipl-l—ipz — o2ips 11 S-matrix
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Integrability of 2D particle models

» Factorization of multi-particle scattering amplitudes

> <

 all scattering amplitudes

_spectra of conserved charges |

( dispersion relation E(p) for 1 particle

| scattering matrix S(p1, p2) for 2 particles

> are determined

13



Factorized scattering

¢(P2,p1,p3, c o 9pJ) — S(p19p2)¢(plap2ap3a oo 9pJ)

Periodic boundary condition

Y(p2ye.. Dy P1) =€ PrLa(py,...,py)

Yang equations

'ka,L H S(pk ’ pl
I#k
: : 1 op
rapidity variable u = 5 cot g (% = E)

\Y
Bethe ansatz equations

L J .

uk—l— uk—ul—l—z
— k_l’...,J
(W_ ) [1 - )

l?ﬁkuk—ul—z

N[N
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Local Charges

Momentum

Energy

Higher charges

1
Qr:Z’r‘—]_

k

<(Uk + %)"“‘1
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2. Classical strings

® AdS/CFT Correspondence I1B Superstrings on

N = 4 U(N)

Super Yang-Mills

SO(4,2) x SO(6) C PSU(2,2|4)

A=gs,N R* = Awg,a’* N
Q%M — Js
N — oo

R4

16



4

- ZZZ)

47

Te(Z

N
>

oo X

Tr(Z

O =

Tc(Z---V°Z
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Sigma model on R X S™

VA
S = 4— /dO'dT [—BaXO(’?"’XO —+ 8aXi8aX,,; -+ A (XzXz — 1)]
T

(:=1,...,mn)
Equations of motion

8_|_8_X7; + (8_|_Xj8_Xj)Xi = 0, 8+8_X0 =0

Gauge: Xo = KT A: energy of the string

A < 27
(A — \/—X / dod,. X, = \/XK,>
27 0

VA

Virasoro constraints

(0+X;)? = (0+X0)?

K,2

K =




Examples of classical string solutions in S% X Ry

point-like string pulsating string

19



giant magnon

(Hofman-Maldacena ’06)

<>

20



circular string

Pl

Pl

sn(ko|k) coswT w
sn(kol|k) sinwTt k= —
cn(ko|k) o
ksn(wao|k) cos wT <
ksn(wo|k) sin wt k= —

w

dn(wo|k)

21



Sigma model on R; x S°
~ SU(2) Principal Chiral Field Model

gesSuU@2) «— Xes°

. Xl + ’I,Xz X3 + ZX4
9=\ —Xa+4+1iX, Xq—iXs

Right current
j=—g 'dg

dj—jAj=0, d*j=0
Virasoro constraints

Trji = —g?

1
2

22



Lax Connection

B 1 , T
a(m)_l—w2j+1—a:2

* ]

x : spectral parameter

dj—j3AN3=0 <« | da(z) —a(z)Na(z) =0
d+3 =0

<=> |[L(z), M(z)] =0

Lax pair

L/ J4 J—
£ — 80.— o :80.—_ —
() a4 (@) 2 (1—:13 1—|—a3)

1/ 3+ J-
:87'_ T :81'__
M(m) a(:c) 2(1—w+1—|—w>

23



Auxiliary Linear Problem

L(x)¥(x;17,0) = 0 { O,V
{ M(x)¥(x;T1,0) 0 0¥

a,WV
a -V

V(x;T,0) = Pexp/ a,do
0

Monodromy matrix

V(x;T,0 +27) = Q(x;17,0) V(x5 7, 0)

27
Q(x;T,0) = Pexp/ as,do
0

24



Monodromy matrix

1t

Q(w; T, &)

8
Q

(7,0 + 2m) 4

Q(z;7,6) =U " 'Q(x;17,0)U Q(x;T,0)
(o + 214 N,0)

L

etp1(®) 0
ﬂ(w) ™~ ( 0 eipz(a:) )

p1(x) = —p2(x) =: p(x)

quasi-momentum

25



SpeCtral curve (Kazakov-Marshakov-Minahan-Zarembo ’04)

P1 (ZB)/

> T

e
e
e

p2 (35‘)/

r = —1 r = +1



® Virasoro Constraints

L
g It

— K

=> p(z) ~ -

e Branch choice

7{,2\@

Ba

TK

x F1

(x — £1)

dp = 0, /A dp = 27n,

N, : mode number

/

%5

-

/
/

27



Explicit form of general finite gap solution (Dorey-Vicedo '06)

O+ = . — o+
X1 +1 X2 = C4 OCT Joor & = J d—*Q = =P (—z/ dQ)
0($5dQ + D)

oot

+ — +
002r [>_ & — 6-dO — D 0
X3 +1Xy Co 27 Joo & = 542 )exp (-z/ dQ)

6(f;dQ + D) oo™
0(2) = )  exp (zfr?z . Z 4+ wi(IIm) - T?L) : Riemann theta function
MELS
dQ = odp + Tdq P : quasimomentum ¢ : quasi-energy

w; : normalized holomorphic differentials ( 7{ 5 >
w . — 'i .
A; ! ’
bj = B;j — Bg+1 : closed B-cycles

D,Cy,C5 :constants

28



Finite gap solution on the Yang-Mills side

¢ Thermodynamic limit

B ﬁ Up — Ug + 1
q7p
’u,kNO(l)

Strings

29



® Thermodynamic limit with rescaling of rapidities

(up+;)L_ ﬁ Up — Ug + 2

L,J — oo, wup — Luy

Log of both sides
J
1 2 1
— +27mn, = )

n, € 7Z :mode number

30



Resolvent

=y
e
Gu) = [ 22

31



Quasi-momenta

BAE

p1(u) = —p2(u) = G(u) — 5,

% + 27mng = 2¢G(u)

p1(u 4+ 20) = pa(u — 20) + 277n, (u € C,)

p1(u)

p2(u)

(( ~ D hyper-elliptic curve

32



Classical Superstring on AdS, X S

Classical IIB Superstrings Coset sigma-model

on
PSU(2, 2|4)
Sp(1,1) X Sp(2)

g(o, ) € PSU(2, 2|4)

J = —g 'dg

decomposition w.r.t. Z4-grading

J=H+ Q1+ P+ Q-

33



(Metsaev-Tseytlin '98)
Sigma-Model Action (Roiban-Siegel '02)

A
S, = \2/—_ /(%strP N\ xP — %strQl NQ2+ AN strP)
T

LLax Connection (Bena-Polchinski-Roiban ’03)

Bianchi Identity dJ —JANJ =0
Equation of Motion

<= Flatness Condition

dA(z) — A(z) NA(z) =0

34



Monodromy Matrix

P N
o \/
2() Pexp |, doA(z) T
zZ) = z)
P exp fozw doA(1) T

Physical quantity: Conjugacy class of £2(2)

(= Generating functions of conserved charges)

Eigenvalues of the Monodromy Matrix
N8 (2) = u(2)2(z)u(z)™"

diag(e"'pl , e"'p2 . e"fps , €Zp4 |€Zp1 , e"fpz . e'LPS , e'l'p4)

pi(z), Pi(2) : quasi-momenta

35



Spectral curve for a classical string solution

P = X X X F—>x X ———
Do X g §( §( g X ¥ — -
..................... S ¢ 3131 3123 S
-~ ¢ — 4 £ X < X _— h
2 I 2 )
- 4 _ H( < < _ © _ 7 Do
*********** 921 -7 G A1/ - $/mt Gy A Gk
R S R B SR o Sl
- /é £ £ ' | % P4
............................................................. $13:19 ¢+ T [ ...
P3 = ¥ D—— £ £ | | —
R /Gy 33 R
Pa = x X S— _—
(1) distribution ()f cuts (Beisert-Kazakov-K.S.-Zarembo ’05)
(2) mode numbers (3) fullings
et B, 0 H B, o0
g e g e
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Conserved Charges

e Angular Momenta

Jy — Js = 8\7?2. j{o da(p1(z) — p2(x))

heg = 20 dnta(e) — @)

Jo + Js = 8\72. 7{0 d(ps(r) — pa(w))
e Energy

=2 274 — (@) + P2(@) — p1(@) — Pa2())

37



3. The particle model (Staudacher’o4) (Beisert ’03,’06)

® Vacuum

OV := |- ZZZZZZZZZZZZZZZZZZ---)

® Asymptotic state
| X1 X5)"

= Y et 777X\ 227 - ZZZX,ZZ7 - - )

n1<no

38



¢ One particle states: § bosons + § fermions

(Berenstein-Maldacena-Nastase ’02)

X,Y,X,Y,

\Ilac'w \Ilad (a,a=1,...,2)

D;Z (;=1,...,4)5

Z,Fop,D;®;,...

¢ Spontaneous breaking of the global symmetry
PSU(2,2|14) — PSU(2|2) x PSU(2|2) x R

(88)

= (2[2)  x (2[2)

Z

P11 P2 (28] (>

¢1
B2
1
p2

X Y Wi Wia

Y X Waq Voo
‘Pll ‘?12 D142 D272
Vo1 Woo D21 Z Doz

: single excitation of Z

: multiple excitation

39



e centrally extended su(2|2) algebra
[R%, J°] = 05 — 505J°
(L, J7] = 63J% — 565J7
{Q%a,5%°3} = 6 Ls + 65 R + 6,65C

{Qaaa Q'Bb} — eaIBECI,bP
{8%4, 53} = €PegK

e transformation of the one-particle states

Q%|d")" = aél|yp™)!

Q%)Y = be*Peqp|d®ZT)!
Saa|¢b>1 — ceabeam@bBZ_)I
S |YpP) = dél|e*)!

40



n

. v
|X>I — Zne"f’"l---ZZXZZ---)
n—+1

| ¥
|Z_|_X>I — Zne’bpnl...ZZZXZZ"°>

n

. Y
| XZTWY =Y e ... ZZXZZZ---)

|Z:|:X>I — eZF'iplxz:l:>I

C? — PK =

—=> | p= /14 a2 (2) -1

N

Casimir invariant

(for the 4-dim rep.) dispersion relation

(Beisert-Dippel-Staudacher ’04)

C ! —|—1E
— —~MNparticle —
g particle T,



51((2 | 2) S-matrix S (p1 s P23 >\) (Beisert ’03, ’06)

® 2-body scattering matrix of 4-dim reps. (16 x 16 matrix)

e invariant under the centrally extended su(2|2)

—=> | fully determined up to an overall scalar

e It satisfies unitarity and Yang-Baxter eqs.

e Equivalent up to a similarity transf. with the Shastry’s
R-matrix (— integrability of the Hubbard model)

(not of the difference form) S12(ui><z)

42



S(pr.pa) = 2= T (El QE' +E20E2 4 El @ E2 + E2 @ E! )
Ty — ] T2

(z1 _xf)(f% _33;)(% +:1:1)771772

n 2 — T A T (E1®E2+E2®E1 Ef@E%—E%@E%)
(7 — 2y )(zy 2y — 2 T3) T2
- (E3®E3+E4®E4+E3®E4+E4®E3)
+(1_ )( ZU_;)(Q?;*'-QZQ) E3®E4+E4®E3—E4®E3—E3®E4
3)(x7 23 172
+—xi | m<E1®E3+E1®E4+E2®E3—|—E2®E4>
Zq ry M
x]L—x2 2 (3 1 1 3 2 2
+ L= 2(F} 9 B} + B{ ® B + B} ® E} + E} © E})
33‘1 _3}2 772
- o)y — o)t — 2t
(z1 —x2)(1—a:1332 )771772
+
+ +$+1$2—( Ltz ) (E3®E4+E4®E3 EE®E§_E§®EE)
vl xy (2] — @ )(1_%1’2)
af —x M (s
T W N (E ®E3+E1®E4+E2®E3+E2®E4) .
Ty — @y (For notations, see: hep-th/0612229
+
Ty — Ty M

Ll (E3 QB +E ®E +E;®E; + B} @ Ez) by Arutyunov-Frolov-Zamaklar ’06)
1 2 12

SPIN CHAIN BASIS: 71 =n(p1), m2=np2), T =np1), 72=n(p2)
STRING BASIS: 1y = n(p1)e?™, n2 =n(p2), i =n(p), 72 =n(p2)e”

; T 1 1 1 xt i
— —(p) — T — -2 - — = - Tt
Viz=(p) — izt (p) s =g —=c
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The S-matrix is concisely expressed
in terms of new rapidity variables ==

T (u) = z(u +

)

N | e

r(u) = ; (1 + /1 — 4g2/u2)




Full su(2|2) & su(2|2) S-matrix

) ) ) (dressing phase)
S = 5(2) [Rsu(2|2) X Rsu(2|2)] l

- T 2 /T
So )2 = T, —x; 1—g°/z = 020 (2 15)
0Pk> Pj ot —xT1— 2/:13_:13+
k j 9=/ Ty L;

e Periodic boundary condition
Ky
Yang equations: €7** = || S(px,p;)

JFk o
(Beisert ’03,
@ diagonalization (by nested Bethe ansatz) ~ Martins-Melo "o,
de Leeuw ’07, ...)

Asymptotic all-order psu(2, 2|4) Bethe equations

45



g

®

he egs.

all-loop Bet P

of Yang eqs. :
U4

su(2|1) u5

diagonal :

Yang egs.

su(2|1)

46



All-order Bethe equations (Beisert-Staudacher o5) K,

Kz K4

; 2 +
1 — H Ul,k—uz,j-l-’&/2 H 1—g /«’Bl,kw4,j

L ULE — U2, — /2 20 1 — g2 /T pxy;

9

. Ka e K1 -
U — U, — 1 H Uk — u3,j + /2 H U,k — Uy,; + 1/2

1= H :
i U2,k = U2, + 1 iy U2k — U35 — i/2 jop U2k — U5 — i/2
Ko . K, +
1 — H ug . — U2, ; Z/2 H L3,k — Ly ;
= —
_ u3k_u2,y_z/2 1 T3,k — Ty j
+ J K4 . Kl _ 2 - . K3 - _ .
- — .4 _ a2/t : + :

K71

(dressing phase) X H

2 /0 . Ks .— .
/5'34,k; L7,5 Ly — T5,j

2/t . + 7
— g%/xy ) X7 5 j=1 Ta,k — T5,j

K

| — Husk—ua,j+’i/2 ﬁ 5135,1@—33:,3-

1 Usk — Ue,j — Z/2 1 Tsk — Ty

9

Keg . Kx . K~ .
Ug,k — Ug,j — 1 H U6,k — Us,j + 2/2 H U6,k — UT,5 + 7’/2

1 = H . 3 . ’
g U6k — U, + 1 iy U6k — Us,j — 1/2 iy U6k — UT,j — i/2
e u7k—u6,j—|—z’/2 Ka 1_92/337ka3'

1 = H H :

u7k_u6,g_z/2 1—92/«’137k$43
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Spectral curve for a classical string solution

P = X X X F—>x X ———
Do X g §( §( g X ¥ — -
..................... S ¢ 3131 3123 S
-~ ¢ — 4 £ X < X _— h
2 I 2 )
- 4 _ H( < < _ © _ 7 Do
*********** 921 -7 G A1/ - $/mt Gy A Gk
R S R B SR o Sl
- /é £ £ ' | % P4
............................................................. $13:19 ¢+ T [ ...
P3 = ¥ D—— £ £ | | —
R /Gy 33 R
Pa = x X S— _—
(1) distribution ()f cuts (Beisert-Kazakov-K.S.-Zarembo ’05)
(2) mode numbers (3) fullings
et B, 0 H B, o0
g e g e
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Anomalous dimension
o, i i
v(g) =29°) | —= -

k=1 \Ta,k Lak

||
]
g

QQE

® Many non-trivial checks up to 4 loops

(See, e.g. Beisert-Kristjansen-Staudacher ’03, Beisert-Eden-Staudacher ’06)

® Asymptotic Bethe ansatz

It breaks down when the wrapping interaction starts

(See, e.g. Kotikov-Lipatov-Rej-Staudacher-Velizhanin "07)

(Some part of finite size corrections can be systematically
computed with the help of Liischer formulas) (anik-tukowski ‘o7

49



Characteristic of the particle model:
PSU(2]2) x PSU(2|2) x R® centrally extended symmetry

Strings on AdS, X S° in the uniform light-cone gauge
—> particle model with the same symmetry (Arutyunoy, Froloy,

Plefka, Zamaklar

* The symmetry fully determines 05,706)

- dispersion relation
(Beisert ’05)

- S-matrix up to an overall scalar factor

* Determination of the remaining scalar factor

(Arutyunov-Frolov-Staudacher ’04, Janik 06,
Herndndez-Lopez ’06, Beisert-Hernandez-Lépez ’06, ...)

* Closed integral formula

(Beisert-Eden-Staudacher ’06) (see also Dorey-Hofman-Maldacena ’07)

50



Determination of the scalar factor
A) Factorized bootstrap program (phenomenological method)

crossing symmetry, poles and branch cuts,
perturbative computation, etc.

(Zamolodchikov*2 77)

(Arutyunov-Frolov-Staudacher ’04, Janik 06, Hernandez-Lépez *06,
Beisert-Hernandez-Lopez '06, Beisert-Eden-Staudacher ’06, ...)

B) Direct computation (microscopic derivation)

effective phase of underlying bare integrable model
(Korepin 79, Faddeev-Takhtajan ’81, Andrei-Destri ’84)

(KS-Satoh ’07)

51



A) Factorized bootstrap program

Z.amolodchikovs’ derivation

i) Lie algebra and its representation
R(u) = c1(uw)I + ca(u)P

ii) unitarity, associativity (= Yang-Baxter Egs.)

iii) crossing symmetry
S(u) = Xcpp(u)So(u)R(u)

iv) pole analysis

S(u) = So(u)R(u)

52



AdS/CFT particle model
(1) String side
Mismatch between all-loop Bethe eqs. and classical strings

“three-loop discrepancy”

It can be repaired by a dressing factor in the Bethe egs.

!

4\ L K o
(m’“> :Haz(ug‘auk)uk ER

AFS factor (Arutyunov-Frolov-Staudacher ’o4)

scalar factor of the S-matrix = dressing factor in the Bethe egs.

53



AFS factor: correct at the leading semi-classical order

Quantum corrections 1 exbansion
in the worldsheet theory ~ /A P

(Hernandez-Lépez *06) (Freyhult-Kristjansen ’06)

(Gromov-Vieira ’07)
All order conjecture

(Beisert-Hernandez-Lopez *06)

consistent with (Arutyunov-Frolov ’06)

Crossing symmetry

(Janik *06)
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(i) Gauge theory side

Low twist operators

O =Tr(D°ZY) + ... S>L(=2,3,...

soft(cusp) anomalous dimension:
A =S4+ f(g)logS+ O(S?

f(g) :universal scaling function

Tl (Eden-Staudacher ’06)
(Beisert-Eden-Staudacher ’06)

So(p1,P239) : scalar factor

trivial up to three loops
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1/2 of the
expected

Proposal of Beisert-Eden-Staudacher

® Based on phenomenological principles:

phase
4 Scaling laW (Beisert-Klose "05) A phase factor
4 transcendentality (KotikovLipatov'o2) 5 => is uniquely fixed
. cancellation of T2n+1) order by order

¢ “Analytic continuation” from the string side

e Numerical tests against MHV amplitudes at 4 loops

(Bern-Czakon-Dixon-Kosower-Smirnov ’06) (Cachazo-Spradlin-Volovich ’06)

Closed integral formula (in the Fourier space)

oo 144

Ky(t,t") = 892 / dt” K4 (t,2gt")

e Ko(2gt",t)
o _

tJ1(8) Jo(t) — ' Jo(t)J1 (') ' J1(t) Jo () — tJo(t)J1 (')

Ko(t,t,) = Kl(tat,) —

2 — t’2 2 — t/2
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» How to understand its structural simplicity?

» Any simple derivation/interpretation?

Emergence of such integral kernels
in solving the nested levels of Bethe eqgs.

(Rej-Staudacher-Zieme ’07)
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B) Direct computation

su(2) R-matrix

—> BAE for Heisenberg spin-chain

i\ ¥ J .
Uk + 5 _Huk—ul—l—z
uk—% l;ékuk,—ul—i
H = Z( >< ‘ ‘ )  anti-ferromagnetic chain

—1 1 I+1 1 1+1

E
ferromagnetic state

magnon states

spinon states => fundamental excitations

anti-ferromagnetic state => vacuum

58



Single magnon state

Single spinon state

59



antiferromagnetic ground states

- ¥ Ty

vitlly

[w

2-spinon excitated states: 2-holes

- scattering phase of the 2-spinons
L(—2)I(3 + 2
—> S (’U,) — 3 u27, 2 u27,
i i ’ LT (G — 35

Scalar factor of the Zamolodchikovs’ S-matrix
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How to compute the scattering phase?

Total scattering phase that the particle 1 acquires
in the presence/absence of the particle 2

P12 — P1 — 5bare + 5back-reacti0n

f o

In (R-matrix) In Sy
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e su(2) R-matrix

—> Bethe equations for the su(2) Heisenberg spin-chain

antiferromagnetic vacuum | ~~ N

—> /Z.amolodchikovs’ S-matrix

o su(2|2) @ su(2|2) R-matrix

—=> Asymptotic all-loop psu(2,2|4) Bethe equations

(Beisert-Staudacher ’05)

(without the dressing phase)

“antiferromagnetic” vacuum | ~ |¢1$2Z7") + [¢192)

=> su(2(2) @ su(2]2) S-matrix with the dressing factor
(KS-Satoh’07)  (cf. Rej-Staudacher-Zieme '07)
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All-order Bethe equations (Beisert-Staudacher o5) K,

J

Q.
X
[

. Ka 2 +
U1,k uz j + Z/2 H 1—g /wl,k: Ly j
9
. 2 -
Uk — U2 — /2 01— g% /1 Ty
. Ks e K1 .
Uz, — Uz, — & I Uz, — Uz, +1/2 1 Uz, — U1,j + 1/2
. . . 9
Uz — Uz, 1 5y Uz — Usj — /2 5 Uz — U1; — i/2
. K4 +
U3z, k U2, j + Z/2 L3,k — Ly ;
. _ 9
’U,3,k ’U,2,j — ’l/2 j=1 CE3,k, — CE4,J~
2 Ks .— _ .
Uy, — U4,j -|- 200 (ua or2a,5) H 1—g /5’34kw13 Ly, — L3,5
. 2 . + .
U4,k Uyg,; ” — g /w4,k L1,j j=1 L4 k — 3,5
K~ 2 - . Ks - _ .
1 1—g%/xy ), T, Ty — 5,5
><1_[1— 2/at, @y ol — @5
j=1 97/ g 7,5 j=1 Ta,k 5,7
. K4 +
us, k ug,; + ’L/2 L5,k — Ly ;
. _ 9
'U,5,k ’Ll,6,j — 2/2 j=1 $5,k — CE4,J~
Ue,k Ueg,;

—1 ﬁ Ug,k — Us,; + /2 ﬁ Ug,k — U7,; + /2

. . 9
Ug,k — Us,5 — /2 iy U6k — UT,j — i/2

K,

Uek — U6, T 5
U7,k
U7 — Ue,j — z/2

Use,; —|—Z/2 H 1 —gz/w7ka31',j

1—g?/xr KTy
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2 fundamental excitations over the physical vacuum

U4 L — oo
M — oo
2M u4’s + 2 excitation U4’s <=> (16 dim irrep.)2
Uy, Uy
|11f2, Ue @
0000 00000000000000000 00O S’ — Sg [Rﬁu(2|2) ® Rﬁu(2|2)]

S-matrix with the dressing phase
M stacks
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* We proposed a possible form of the microscopic
derivation of the S-matrix in AAS/CFT

* S-matrix, including the overall scalar factor, is
completely determined by the 511(2]2) symmetry

No need of gauge/string perturbative data

* Once the integrability is proven both in the Planar
N =4 super Yang-Mills and in the free superstrings on AdS,
the spectrum is uniquely constructed for arbitrary A.

$

Quantitative “proof” of the AAS/CFT correspondence
in the limit N — oo, L — oo
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Summary

e The spectral problem of the dilatation operator is

fully solved at one-loop

e (General solutions of classical strings on the AdS
background can be constructed

* Spectra of all-order dilatation operator / quantum
strings are partly available
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Prospects

e Wrapping interactions and finite size corrections

- Liischer formulas (Janik-Fukowski ’07)

- Thermodynamic Bethe ansatz (Arutyunov-Frolov o7)

e Proof/disproof of integrability
- Yangian Symmetry (Beisert-Erkal ’07)

- Non planar case? (Casteill-Janik-Jarosz-Kristjansen *07)
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Appendix
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Starting point: su(2]2) @ su(2]2) R-matrix

(S-matrix without the dressing factor)

R o A R
S = S5 [Rsu22) @ Rau(2)2)] l
- T 2 /T
x, —x; 1—g°/x ©; .. _
So (P, pj)? = '_i L b . 210 (uk,u;)

T, —x; 1—g?/x;, @ T

® Periodic boundary condition 1

K,
Yang equations: €”*" = || S(®k, p;)

j#k o

(Beisert ’o3,
@ diagonalization (by nested Bethe ansatz) = Martins-Melo o7,
de Leeuw ’07, ...)

Asymptotic all-order psu(2, 2|4) Bethe equations

(Here: no direct correspondence with Yang-Mills operators)
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Constraints on

Rapidity variables .
pICLY the occupation numbers

T (u) = z(u £ %)

r(u) = g (1 + /1 — 4gz/u2)

T an
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How to construct the “anti-ferromagnetic” vacuum?

ﬁ 1 —gz/il?7,l CBIj o ﬁ Uz — ’LLG,J’ — 2/2
o 1 — g?/xrxy joq Ut — Ue,j T i/2
2T gy — wr +1/2 B ﬁ Ug,] — Ue,j + ¢

ioq Uel — U, — 1/2 - Gz U6l — Ue,j — &

M
tkiLpg
e —
H sink; — A; + 2|U]|

e Ay —sink; +i|U| ﬁ Ay — A; + 2i|U|

1 Al —Sinkj —’LlUl Al —Aj —2’L|U|

J JF#l

Lieb-Wu equations for the Hubbard model
in the attractive case (U < 0)
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Ground state configuration

(Woynarovich ’83, Essler-Korepin '94)

00000000000000000000000 ZZ ’L|U| o A Hubbard model
000000000000000000000 00 e sink (attractive C&SC)
k-I\ strings
(7
00000000000000000000000 ZZ Z/Z o Ug AF Vacuum’

000 00000000000000000000 o U7 Of the bare mOdel

stacks (Rej-Staudacher-Zieme ’07) (KS-Satoh ’07)
(Beisert-Kazakov-KS-Zarembo 05)
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e SIn k

bound state
® k-Astring o A <=> %
_— of electrons
e S1I
¢1
V4
o U7
Uu
e stack . Ug Pl —2 2
o U /
ur7
¢*ZT

|eeeptpt o) = | T PPZT Y | tpP )



Correspondence of occupation numbers

K4 < Lp (length of the Hubbard model)
K¢ < M (# of down spins é )
K7 < Ne (# of electrons % & é )

Ground state of the Hubbard model
Ne = Lp  charge-singlet (half-filled)
M = N./2  spin-singlet % % %
=

Occupation numbers for the AF vacuum’

(K17K27K37K47K57K69K7) — (2M7 M7072M7 09 M? 2M)
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. Uy, ur
Stack configuration (U2, Us

at nested levels

@ P SO PP

Insertion of

. M stack
the dressing phase St

(KS-Satoh ’07) (Rej-Staudacher-Zieme ’07)

e In order to support the stack structure,

one needs additional 2M w4 roots.
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Configuration of the central roots

U4 T4

2
<uj:%:wi+wg—i>

This configuration, when considered in the physical

Bethe equations, corresponds to the pulsating string in S?
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pulsating string

point-like string
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