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planar

•                  limit integrability

free

N → ∞

(Maldacena ’97, Gubser-Klebanov-Polyakov ’97,  Witten ’97)

0. Introduction

AdS/CFT correspondence --- a gauge/string duality

 N = 4 U(N) super Yang-Mills

IIB superstrings on AdS5 x S5 

• gluon dynamics common to QCDs

• superstrings in the simplest curved background
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super Yang-Mills
at one-loop

classical strings
on AdS5 x S5

λ ! 1 λ → ∞

integrable integrable

conventional
spin chain

sigma model
on a coset space

Strong/weak correspondence 
λ

(expected to be)
integrable

at general λ
particle model

(L → ∞)

higher loops

quantum strings

(Beisert ’05)
(Staudacher ’04)

(Bena-Roiban-Polchinski ’03)(Minahan-Zarembo ’02)
(Beisert-Staudacher ’03)
(Beisert ’03)
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1. Super Yang-Mills at one-loop (spin chain)

2. Classical string theory (classical sigma model)

3. All-order SYM/quantum strings (particle model)

Plan of the talk
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1. N = 4 Super Yang-Mills

N = 4 gauge multiplet

N = 2 vector multiplet N = 2 hypermultiplet

N = 1 
vector

multiplet

N = 1 
chiral

multiplet

N = 1 
chiral

multiplet

N = 1 
chiral

multiplet

Aµ Ψ1 Ψ2 Ψ3X Y Z Ψ4

          

                                           

                              

          

Φ1 + iΦ2 Φ3 + iΦ4 Φ5 + iΦ6

＝ ＝ ＝
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SO(4, 2) × SU(4) ⊂ PSU(2, 2|4)

N = 4 Super Yang-Mills

L = −
1

4g2
YM

Tr
(
(Fµν)2 + 2(DµΦi)

2
− ([Φi, Φj])

2

+ 2iΨ̄/DΨ − 2Ψ̄Γi[Φi, Ψ]
)

Global symmetry:

Φab QQ̄

Ψ̄b

α̇
ΨαbP

F̄α̇β̇ Dα̇βΦab Fαβ

Dα̇βΨ̄d
γ̇ Dα̇βΨγd

DDΨ̄ DDΨ

DF̄ DDΦ DF




+1

VF
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Conformal Field Theory

● Correlation function of local operators

: scaling dimension of the local operator Di Oi

〈O1(x1)O2(x2)〉

= δD1D2

B12

|x12|D1+D2

〈O1(x1)O2(x2)O3(x3)〉

=
C123

|x12|D1+D2−D3 |x23|D2+D3−D1 |x31|D3+D1−D2
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D̂0O = dim(O)O

O = Tr[WA1
WA2

· · · WAJ
]

● Single trace operators

-  dominant in the large N  limit 

WA ∈ {Dk
Φ, Dk

Ψ, Dk
Ψ̄, DkF}

● Scaling dimension: 
eigenvalue of the Dilatation operator

● At tree level: 

[Φ] = 1, [Ψ] = 3

2
, [F ] = 2, [D] = 1

D̂

(Beisert ’03)
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Ψ

Ψ

: non-diagonal matrixD̂

O
′
= D̂O

● Quantum correction: operator mixing 

O

D̂ =

∞∑

n=0

λ
n
D̂n λ = g2

YM
N (’t Hooft coupling)

(Minahan-Zarembo ’02) (Beisert-Staudacher ’03)

⇔ Hamiltonian of spin chainsu(2, 2|4)D̂1

ΦΨ

Ψ Φ

F

F

Φ Φ

Φ Φ

spectral problem
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Tr(ZZZXZXZZ · · · )

1

↓

↓ ↓

↓
↓ ↓

↓

↓

↓

↓↓

1

↓

↓ ↓

↓
↓ ↓

↓

↓↓↓

↓

TrZ
L ⇔

ferromagnetic vacuum

● SU(2) subsector

XXX Heisenberg Spin chain

)−

⇔

↑
↑

H =
L∑

l=1

(
l ll+1 l+1

X = Φ1 + iΦ2

Z = Φ5 + iΦ6
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|Ψ(p)〉 =
L∑

l=1

ψ(l)| ↑ · · · ↑ ↓ ↑ · · · ↑〉

Bethe ansatz equation

One-magnon states

: Dispersion relation

ψ(l) = eipl

H|Ψ〉 = E|Ψ〉

E = 2 − eip
− e−ip

= 4 sin
2

p

2

Schrödinger Eq.

l

)−H =
L∑

l=1

(
l ll+1 l+1

(coordinate Bethe ansatz)
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|Ψ(p1, p2)〉 =
∑

1≤l1<l2≤L

ψ(l1, l2)| ↑ · · · ↑ ↓ ↑ · · · ↑ ↓ ↑ · · · ↑〉

Two-magnon states

S-matrix

(Bethe’s ansatz)

H|Ψ〉 = E|Ψ〉Schrödinger Eq.

E =

2∑

k=1

4 sin
2

pk

2
(dispersion relation)

ψ(l1, l2) = eip1l1+ip2l2 + S(p2, p1)e
ip1l2+ip2l1

S(p1, p2) = −

eip1+ip2
− e2ip1 + 1

eip1+ip2
− e2ip2 + 1

l1 l2
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Integrability of 2D particle models

‣ Factorization of multi-particle scattering amplitudes

 dispersion relation            for 1 particle

 scattering matrix                    for 2 particlesŜ(p1, p2)

E(p)

all scattering amplitudes

spectra of conserved charges
are determined

{

{

{

= =
1

2

3

2 2
1

13
3

13



eipkL =
J∏

l!=k

S(pk, pl)

Yang equations

rapidity variable

Bethe ansatz equations

ψ(p2, p1, p3, . . . , pJ) = S(p1, p2)ψ(p1, p2, p3, . . . , pJ)

ψ(p2, . . . , pJ , p1) = e−ip1Lψ(p1, . . . , pJ)

u =
1

2
cot

p

2

(
uk +

i

2

uk −

i

2

)L

=

J∏
l!=k

uk − ul + i

uk − ul − i
(k = 1, . . . , J)

Periodic boundary condition

Factorized scattering

(
∂p

∂u
= E

)
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Qr =
∑

k

1

r − 1

(
i

(uk + i

2
)r−1

−

i

(uk −

i

2
)r−1

)

Local Charges

Momentum

Energy

Higher charges

P = Q1 =
∑

k

1

i
ln

uk + i

2

uk −

i

2

E = Q2 =
∑

k

(
i

uk +
i

2

−

i

uk −

i

2

)
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SO(4, 2) × SO(6) ⊂ PSU(2, 2|4)

• AdS/CFT Correspondence

N = 4 U(N)

Super Yang-Mills

IIB Superstrings on
> with(plots):

> plot3d([cosh(t)*cos(s),sinh(t),cosh(t)*sin(s)],t=-1.5..1.5,s=0..2*

Pi,scaling=constrained);

> plot3d([cos(t)*cos(s),cos(t)*sin(s),sin(t)],t=-Pi..Pi,s=0..2*Pi,sc

aling=constrained);

> sphereplot(2,theta=0..2*Pi,phi=0..Pi,scaling=constrained);

Page 1

> with(plots):

> plot3d([cosh(t)*cos(s),sinh(t),cosh(t)*sin(s)],t=-1.5..1.5,s=0..2*

Pi,scaling=constrained);

> plot3d([cos(t)*cos(s),cos(t)*sin(s),sin(t)],t=-Pi..Pi,s=0..2*Pi,sc

aling=constrained);

> sphereplot(2,theta=0..2*Pi,phi=0..Pi,scaling=constrained);

Page 1

x

S5
AdS5

g
2

Y M
= gs

λ = g2

Y M
N R4

= 4πgsα
′2N

N → ∞

4πλ =
R4

α′2

2. Classical strings
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> with(plots):

> plot3d([cosh(t)*cos(s),sinh(t),cosh(t)*sin(s)],t=-1.5..1.5,s=0..2*

Pi,scaling=constrained);

> plot3d([cos(t)*cos(s),cos(t)*sin(s),sin(t)],t=-Pi..Pi,s=0..2*Pi,sc

aling=constrained);

> sphereplot(2,theta=0..2*Pi,phi=0..Pi,scaling=constrained);

Page 1

> with(plots):

> plot3d([cosh(t)*cos(s),sinh(t),cosh(t)*sin(s)],t=-1.5..1.5,s=0..2*

Pi,scaling=constrained);

> plot3d([cos(t)*cos(s),cos(t)*sin(s),sin(t)],t=-Pi..Pi,s=0..2*Pi,sc

aling=constrained);

> sphereplot(2,theta=0..2*Pi,phi=0..Pi,scaling=constrained);

Page 1

xO = Tr(

L
︷ ︸︸ ︷

ZZZ · · · ZZZ)

E = L

L

> with(plots):

> plot3d([cosh(t)*cos(s),sinh(t),cosh(t)*sin(s)],t=-1.5..1.5,s=0..2*

Pi,scaling=constrained);

> plot3d([cos(t)*cos(s),cos(t)*sin(s),sin(t)],t=-Pi..Pi,s=0..2*Pi,sc

aling=constrained);

> sphereplot(2,theta=0..2*Pi,phi=0..Pi,scaling=constrained);

Page 1

> with(plots):

> plot3d([cosh(t)*cos(s),sinh(t),cosh(t)*sin(s)],t=-1.5..1.5,s=0..2*

Pi,scaling=constrained);

> plot3d([cos(t)*cos(s),cos(t)*sin(s),sin(t)],t=-Pi..Pi,s=0..2*Pi,sc

aling=constrained);

> sphereplot(2,theta=0..2*Pi,phi=0..Pi,scaling=constrained);

Page 1

xO = Tr(Z · · · X · · · Ȳ · · · Z)

+ · · ·

O = Tr(Z · · · ∇
s
Z · · · ∇

s
′

Z · · · Z)

+ · · ·

> with(plots):

> plot3d([cosh(t)*cos(s),sinh(t),cosh(t)*sin(s)],t=-1.5..1.5,s=0..2*

Pi,scaling=constrained);

> plot3d([cos(t)*cos(s),cos(t)*sin(s),sin(t)],t=-Pi..Pi,s=0..2*Pi,sc

aling=constrained);

> sphereplot(2,theta=0..2*Pi,phi=0..Pi,scaling=constrained);

Page 1

> with(plots):

> plot3d([cosh(t)*cos(s),sinh(t),cosh(t)*sin(s)],t=-1.5..1.5,s=0..2*

Pi,scaling=constrained);

> plot3d([cos(t)*cos(s),cos(t)*sin(s),sin(t)],t=-Pi..Pi,s=0..2*Pi,sc

aling=constrained);

> sphereplot(2,theta=0..2*Pi,phi=0..Pi,scaling=constrained);

Page 1

x
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(i = 1, . . . , n)

Rt×S
nSigma model on 

S =

√
λ

4π

∫
dσdτ [−∂aX0∂

a
X0 + ∂aXi∂

a
Xi + Λ (XiXi − 1)]

Equations of motion

∂+∂
−

Xi + (∂+Xj∂−
Xj)Xi = 0, ∂+∂

−
X0 = 0

Virasoro constraints

Gauge: X0 = κτ

(∂±Xi)
2 = (∂±X0)

2

= κ
2

κ =
∆

√
λ

(
∆ =

√
λ

2π

∫ 2π

0

dσ∂τ X0 =
√

λκ

)
∆ : energy of the string
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pulsating stringpoint-like string

circular stringfolded string

Examples of classical string solutions in S2
× Rt
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giant magnon
∆ϕ

p

(Hofman-Maldacena ’06)
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folded string

!X =




sn(κσ|k) cos ωτ

sn(κσ|k) sin ωτ

cn(κσ|k)




!X =




ksn(ωσ|k) cos ωτ

ksn(ωσ|k) sin ωτ

dn(ωσ|k)




k =

ω

κ

k =

κ

ω

circular string
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SU(2) Principal Chiral Field Model

g =

(
X1 + iX2 X3 + iX4

−X3 + iX4 X1 − iX2

)
g ∈ SU(2) ↔ !X ∈ S3

Right current

d ∗ j = 0

j = −g−1dg

Virasoro constraints
1

2
Trj2

± = −κ2

d j − j ∧ j = 0,

Rt×S
3Sigma model on 

∼
=

22



Lax Connection

a(x) =
1

1 − x2
j +

x

1 − x2
∗ j

x : spectral parameter

d ∗ j = 0

d j − j ∧ j = 0 d a(x) − a(x) ∧ a(x) = 0

L(x) = ∂σ − aσ(x) = ∂σ −
1

2

(
j+

1 − x
−

j
−

1 + x

)

M(x) = ∂τ − aτ (x) = ∂τ −
1

2

(
j+

1 − x
+

j
−

1 + x

)

Lax pair
[L(x), M(x)] = 0
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Auxiliary Linear Problem
{

L(x)Ψ(x; τ, σ) = 0

M(x)Ψ(x; τ, σ) = 0

{
∂σΨ = aσΨ

∂τΨ = aτΨ

Ψ(x; τ, σ) = P exp

∫
σ

0

aσdσ

Monodromy matrix
Ψ(x; τ, σ + 2π) = Ω(x; τ, σ)Ψ(x; τ, σ)

Ω(x; τ, σ) = P exp

∫ 2π

0

aσdσ
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Ω(x) ∼

(
e

ip1(x) 0
0 e

ip2(x)

)

(τ̃ , σ̃ + 2π) (τ̃ , σ̃)

(τ, σ + 2π) (τ, σ)

Monodromy matrix

Ω(x; τ̃ , σ̃) = U−1Ω(x; τ, σ)U

τ

σ

Ω(x; τ, σ)

Ω(x; τ̃ , σ̃)

p1(x) = −p2(x) =: p(x)

quasi-momentum

25



(Kazakov-Marshakov-Minahan-Zarembo ’04)

x

x = −1 x = +1

p1(x)

p2(x)

Spectral curve
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● Virasoro Constraints

● Branch choice
p̃l̃a

C̃a

p̃k̃aB̃a
∞

B̃a ∞

Ãa

p̂l∗a A∗
a

x∗
a

p̃k∗
aB∗

a
∞

B∗
a ∞

A∗
a

p̂l̂a Âa

Ĉa

p̂k̂a B̂a
∞

B̂a ∞

Figure 4: Cycles for S5-cuts (top), fermionic poles (middle) and AdS5-cuts (bottom). Generi-
cally, S5-cuts are along aligned in the imaginary direction while AdS5-cuts are along the real
axis.

• We define the cycle A∗
a which surrounds the fermionic pole x∗

a. There are no loga-
rithmic singularities at x∗

a ∮
A∗

a

dp̃ =

∮
A∗

a

dp̂ = 0. (3.9)

At the singular points x = ±1 there are no logarithmic singularities either∮
±1

dp̃k =

∮
±1

dp̂k = 0. (3.10)

• We define periods B̃a, B̂a which connect x = ∞ on sheet k̃a, k̂a to x = ∞ on sheet
l̃a, l̂a through the cuts C̃a, Ĉa, respectively, see Fig. 4. These must be integral∫

B̃a

dp̃ = 2πña,

∫
B̂a

dp̂ = 2πn̂a, (3.11)

because the monodromy at both ends of the B-period is trivial, Ω(∞) = I. Together
with the asymptotic behavior (3.2) and single-valuedness (3.8,3.9,3.10) this implies
that p̃(x), p̂(x) must jump by 2πña, 2πn̂a when passing through the cut C̃a, Ĉa, respec-

22

∮
Âa

dp = 0,

∫
B̂a

dp = 2πn̂a

n̂a : mode number

p(x) ∼ −
πκ

x ∓ 1
(x → ±1)

1

2
Trj2

± = −κ2
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Explicit form of general finite gap solution (Dorey-Vicedo ’06)

: normalized holomorphic differentials

dQ = σdp + τdq

θ("z) =
∑

!m∈Zg

exp
(
i "m · "z + πi(Π"m) · "m

)
: Riemann theta function

p q: quasi-momentum : quasi-energy

bj = Bj − Bg+1

ωj

: closed B-cycles 

: constants !D, C1, C2

(∮
Ai

ωj = δij

)

X1 + iX2 = C1

θ(2π
∫ 0

+

∞
+ #ω −

∮
!b

dQ − #D)

θ(
∮
!b

dQ + #D)
exp

(
−i

∫ 0
+

∞
+

dQ

)

X3 + iX4 = C2

θ(2π
∫ 0

+

∞
−

#ω −
∮
!b

dQ − #D)

θ(
∮
!b

dQ + #D)
exp

(
−i

∫ 0
+

∞
−

dQ

)
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● Thermodynamic limit

L → ∞, uk ∼ O(1)

Strings

u

i

(
up +

i
2

up −

i
2

)L

=

J∏
q=1

q !=p

up − uq + i

up − uq − i

Finite gap solution on theYang-Mills side
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1

up

+ 2πnp =
2

L

J∑

q !=p

1

up − uq

(
up +

i
2

up −

i
2

)L

=

J∏
q=1

q !=p

up − uq + i

up − uq − i

uk → LukL, J → ∞,

● Thermodynamic limit with rescaling of rapidities

np ∈ Z : mode number

Log of both sides

30



(
up +

i
2

up −

i
2

)
⇓

u

u

G(u) =
1

L

J∑

q=1

1

u − uq

Resolvent

G(u) =

∫
C

dvρ(v)

u − v

⇓

u ∈ Cafor

C2C1

BAE
1

u
+ 2πna = 2/G(u)
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(
up +

i
2

up −

i
2

)(
up +

i
2

up −

i
2

)
p1(u)

p2(u)

p1(u) = −p2(u) = G(u) −

1

2u

Quasi-momenta

BAE
1

u
+ 2πna = 2/G(u)

⇔ p1(u + i0) = p2(u − i0) + 2πna (u ∈ Ca)

hyper-elliptic curve
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Classical IIB Superstrings
    on

PSU(2, 2|4)

Sp(1, 1) × Sp(2)

Coset sigma-model
on

Xi(σ, τ)
g(σ, τ) ∈ PSU(2, 2|4)→

J = −g−1dg

ψα(σ, τ)

=

Classical Superstring on AdS5 x S5

> with(plots):

> plot3d([cosh(t)*cos(s),sinh(t),cosh(t)*sin(s)],t=-1.5..1.5,s=0..2*

Pi,scaling=constrained);

> plot3d([cos(t)*cos(s),cos(t)*sin(s),sin(t)],t=-Pi..Pi,s=0..2*Pi,sc

aling=constrained);

> sphereplot(2,theta=0..2*Pi,phi=0..Pi,scaling=constrained);

Page 1

> with(plots):

> plot3d([cosh(t)*cos(s),sinh(t),cosh(t)*sin(s)],t=-1.5..1.5,s=0..2*

Pi,scaling=constrained);

> plot3d([cos(t)*cos(s),cos(t)*sin(s),sin(t)],t=-Pi..Pi,s=0..2*Pi,sc

aling=constrained);

> sphereplot(2,theta=0..2*Pi,phi=0..Pi,scaling=constrained);

Page 1

x

S5
AdS5

J = H + Q1 + P + Q2

Z4decomposition w.r.t.      -grading
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      Sσ =

√
λ

2π

∫
(1

2
strP ∧ ∗P − 1

2
strQ1 ∧ Q2 + Λ ∧ strP )

Sigma-Model Action
(Metsaev-Tseytlin ’98)
(Roiban-Siegel ’02)

Lax Connection
A(z) = H +

(
1

2
z2 + 1

2
z−2

)
P

+
(
−

1

2
z2 + 1

2
z−2

)
(∗P − Λ) + z−1Q1 + z Q2

{
Bianchi Identity

Equation of Motion
⇔ Flatness Condition

dJ − J ∧ J = 0

dA(z) − A(z) ∧ A(z) = 0

(Bena-Polchinski-Roiban ’03)
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Monodromy Matrix

(⇒ Generating functions of conserved charges)

Ω(z)

γ

Figure 1: The monodromy Ω(z) is the open Wilson loop of the Lax connection A(z) around
the string.

with
α(κ) = −2 sinh2 κ, γ(κ) = 1 − cosh κ,

β(κ) = 2 sinh κ cosh κ, δ(κ) = sinh κ. (2.21)

We will employ a more convenient parametrization by setting z = exp κ. The coefficient
functions become

α(z) = 1 − 1
2z

2 − 1
2z

−2, γ(z) = 1 − 1
2z − 1

2z
−1,

β(z) = 1
2z

2 − 1
2z

−2, δ(z) = 1
2z − 1

2z
−1. (2.22)

We would now like to transform the connection to the moving frame using J = g−1jg
and compute

d − A(z) = g−1
(
d + a(z)

)
g = d − J + g−1a(z)g (2.23)

= d − H + (α − 1) P + β (∗P − Λ) + (γ − 1) (Q1 + Q2) + δ (Q1 − Q2),

where the Lax connection reads

A(z) = H +
(

1
2z

2 + 1
2z

−2
)
P +

(−1
2z

2 + 1
2z

−2
)
(∗P − Λ) + z−1Q1 + z Q2. (2.24)

As was shown in [34], it satisfies the flatness condition(
d − A(z)

)2
= 0 (2.25)

by means of the equations of motion. It is also traceless for obvious reasons, str A(z) = 0.
As emphasized in [17,29], an important object for the solution of the spectral problem

is the open Wilson loop of the Lax connection around the closed string. It is given by

Ω0(z) = P exp

∫ 2π

0

dσ Aσ(z) # P exp

∮
A(z). (2.26)

The monodromy which is defined as13

Ω(z) = Ω−1
0 (1) Ω0(z) (2.27)

13For z = 1 the Lax connection A(z) = J is the gauge connection. The additional factor Ω−1
0 (1) =

g(0)−1g(2π) = h(0) therefore transforms the monodromy back to the tangent space at σ = 0.

8

Ω(z) =
P exp

∫ 2π

0
dσA(z)

P exp
∫ 2π

0
dσA(1)

Physical quantity: Conjugacy class of Ω(z)

quasi-momenta

Eigenvalues of the Monodromy Matrix

Ωdiag(z) = u(z)Ω(z)u(z)−1

= diag(eip̃1 , eip̃2 , eip̃3 , eip̃4 |eip̂1 , eip̂2 , eip̂3 , eip̂4)

p̃i(z), p̂i(z) :
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Figure 3: Some configuration of cuts and poles for the sigma model. Cuts C̃a between the sheets
p̃k correspond to S5 excitations and likewise cuts Ĉa between the sheets p̂k correspond to AdS5

excitations. Poles x∗
a on sheets p̃k and p̂l correspond to fermionic excitations. The dashed line

in the middle is related to physical excitations, cuts and poles which cross it contribute to the
total momentum, energy shift and local charges.

all relevant properties of admissible curves) we see that this number agrees with strings in
flat space. We take this as evidence that our classification of string solutions in terms of
admissible curves is complete. We finally identify the discrete parameters and continuous
moduli with certain cycles on the curve and interpret them. For the comparison to gauge
theory we investigate the Frolov-Tseytlin limit of the algebraic curve corresponding to a
loop expansion in gauge theory.

3.1 Properties

Let us collect the analytic properties of the quasi-momentum

p(x) =
{
p̃1(x), p̃2(x), p̃3(x), p̃4(x)

∣∣∣∣p̂1(x), p̂2(x), p̂3(x), p̂4(x)
}
, (3.1)

see Fig. 3 for an illustration. All sheet functions p̃k(x) and p̂l(x) are analytic almost
everywhere. The singularities are as follows:
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Ĉa connects the sheets k̂a and l̂a of p̂′(x). At both ends of the branch cut, x̃±

a or x̂±
a ,

there is a square-root singularity on both sheets.

• Fermionic degrees of freedom are represented by poles at {x∗
a}, a = 1, . . . , 2A∗. The

pole x∗
a exists on the sheets k∗

a of p̃(x) and l∗a of p̂(x) with equal residue.
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Figure 4: Cycles for S5-cuts (top), fermionic poles (middle) and AdS5-cuts (bottom). Generi-
cally, S5-cuts are along aligned in the imaginary direction while AdS5-cuts are along the real
axis.

• We define the cycle A∗
a which surrounds the fermionic pole x∗

a. There are no loga-
rithmic singularities at x∗

a ∮
A∗

a

dp̃ =

∮
A∗

a

dp̂ = 0. (3.9)

At the singular points x = ±1 there are no logarithmic singularities either∮
±1

dp̃k =

∮
±1

dp̂k = 0. (3.10)

• We define periods B̃a, B̂a which connect x = ∞ on sheet k̃a, k̂a to x = ∞ on sheet
l̃a, l̂a through the cuts C̃a, Ĉa, respectively, see Fig. 4. These must be integral∫

B̃a

dp̃ = 2πña,

∫
B̂a

dp̂ = 2πn̂a, (3.11)

because the monodromy at both ends of the B-period is trivial, Ω(∞) = I. Together
with the asymptotic behavior (3.2) and single-valuedness (3.8,3.9,3.10) this implies
that p̃(x), p̂(x) must jump by 2πña, 2πn̂a when passing through the cut C̃a, Ĉa, respec-
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(1) distribution of cuts 
(2) mode numbers (3) fillings

↔↓

(Beisert-Kazakov-K.S.-Zarembo ’05)
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δE = −
√

λ

4π2i

A∑
a=1

∮
Aa

dx

x2
(p̃1(x) + p̃2(x) − p̂1(x) − p̂2(x))

J2 − J3 =

√
λ

8π2i

∮
∞

dx(p̃1(x) − p̃2(x))

J1 − J2 =

√
λ

8π2i

∮
∞

dx(p̃2(x) − p̃3(x))

J2 + J3 =

√
λ

8π2i

∮
∞

dx(p̃3(x) − p̃4(x))

Conserved Charges

● Energy

● Angular Momenta
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3. The particle model (Staudacher ’04) (Beisert ’05, ’06)

● Vacuum

● Asymptotic state

|0〉I := | · · · ZZZZZZZZZZZZZZZZZZ · · · 〉

|X1X2〉I

:=

∑

n1<n2

e
ip1n1+ip2n2 | · · · ZZZX1ZZZ · · · ZZZX2ZZZ · · · 〉
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X, Y, X̄, Ȳ , DiZ (i=1,...,4),

Ψαȧ, Ψaα̇ (a,α=1,...,2)

Z φ1 φ2 ψ1 ψ2

φ̄1 X Y Ψ11 Ψ12

φ̄2 Ȳ X̄ Ψ21 Ψ22

ψ̄1 Ψ̇11 Ψ̇12 D11Z D12Z

ψ̄2 Ψ̇21 Ψ̇22 D21Z D22Z

● One particle states: 8 bosons + 8 fermions

● Spontaneous breaking of the global symmetry

Z̄, Fαβ, DiΦj, . . .

: single excitation of      Z

: multiple excitation

PSU(2, 2|4) → PSU(2|2) × PSU(2|2) ! R

(8|8) = (2|2) × (2|2)

(Berenstein-Maldacena-Nastase ’02)
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Qα
a|φb〉I = a δb

a|ψα〉I

Qα
a|ψβ〉I = b εαβεab|φ

bZ+〉I

Sa
α|φb〉I = c εabεαβ|ψβZ−〉I

Sa
α|ψβ〉I = d δβ

α|φa〉I

● centrally extended                algebrasu(2|2)

{Qα
a, Qβ

b} = εαβεabP

{Sa
α, Sb

β} = εabεαβK

[Ra
b, Jc] = δc

bJa − 1

2
δa

b Jc

[Lα
β, Jγ ] = δ

γ
βJα − 1

2
δα

β Jγ

{Qα
a, Sb

β} = δb
aLα

β + δα
β Rb

a + δb
aδα

β C

● transformation of the one-particle states 
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|X〉I =

∑
n eipn| · · · ZZXZZ · · · 〉

|Z+
X〉I =

∑
n eipn| · · · ZZZXZZ · · · 〉

|XZ
+〉I =

∑
n eipn| · · · ZZXZZZ · · · 〉

n+1

n

n

|Z±
X〉I = e

∓ip|XZ
±〉I

E =

√
1 +

λ

π2
sin

2

(p

2

)
− 1C

2
− PK =

1

4

dispersion relationCasimir invariant
(for the 4-dim rep.)

(Beisert-Dippel-Staudacher ’04)(
C =

1

2
nparticle +

1

2
E

)
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su(2|2) S-matrix (Beisert ’05, ’06)

● 2-body scattering matrix of 4-dim reps. (16 × 16 matrix)

● invariant under the centrally extended       su(2|2)

fully determined up to an overall scalar

● Equivalent up to a similarity transf. with the Shastry’s 
R-matrix (→ integrability of the Hubbard model)

● It satisfies unitarity and Yang-Baxter eqs.

S12(u1 − u2)(not of the difference form)

S(p1, p2; λ)
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and matrix unities

eN
M = eM ⊗ eN , Ei

k = Ek ⊗ Ei . (8.3)

Note that EkEi
j = δk

j Ei , Ei
jEk = δi

kEj , Ei
jE

k
m = δi

mEk
j . They are used to form

columns and rows from the creation and annihilation operators, and matrices from

the S-matrix, and symmetry algebra structure constants, e.g.

A† =
∑

i

A†
i (p) Ei , A =

∑
i

Ai(p) Ei , S12 =
∑
ijkl

Skl
ij (p1, p2) Ei

k ⊗ Ej
l . (8.4)

We also define the following matrix delta-function

δ12 = δ(p1 − p2)
∑

i

Ei ⊗ Ei , (8.5)

and use the following convention

A†
1A

†
2 =

∑
i,j

A†
i (p1)A

†
j(p2) Ei ⊗ Ej , A†

2A
†
1 =

∑
i,j

A†
j(p2)A

†
i (p1) Ei ⊗ Ej . (8.6)

Finally, if A, B, C are either columns or rows with operator entries then in the
notation A1B2C3 the subscripts 1, 2, 3 refer to the location of the columns and

row, e.g. if A = Ai(p3) Ei , B = Bi(p1)Ei , C = Ci(p2)Ei, then A1B3C2 =
Ai(p3)Bk(p1)Cj(p2)Ei ⊗ Ej ⊗ Ek.

8.2 S-matrix

Up to a scalar factor the invariant S-matrix satisfying eqs.(4.10), (4.11) can be written

in the following form

S(p1, p2) =
x−

2 − x+
1

x+
2 − x−

1

η1η2

η̃1η̃2

(
E1

1 ⊗ E1
1 + E2

2 ⊗ E2
2 + E1

1 ⊗ E2
2 + E2

2 ⊗ E1
1

)
+

(x−
1 − x+

1 )(x−
2 − x+

2 )(x−
2 + x+

1 )

(x−
1 − x+

2 )(x−
1 x−

2 − x+
1 x+

2 )

η1η2

η̃1η̃2

(
E1

1 ⊗ E2
2 + E2

2 ⊗ E1
1 − E2

1 ⊗ E1
2 − E1

2 ⊗ E2
1

)
−

(
E3

3 ⊗ E3
3 + E4

4 ⊗ E4
4 + E3

3 ⊗ E4
4 + E4

4 ⊗ E3
3

)
+

(x−
1 − x+

1 )(x−
2 − x+

2 )(x−
1 + x+

2 )

(x−
1 − x+

2 )(x−
1 x−

2 − x+
1 x+

2 )

(
E3

3 ⊗ E4
4 + E4

4 ⊗ E3
3 − E4

3 ⊗ E3
4 − E3

4 ⊗ E4
3

)
+

x−
2 − x−

1

x+
2 − x−

1

η1

η̃1

(
E1

1 ⊗ E3
3 + E1

1 ⊗ E4
4 + E2

2 ⊗ E3
3 + E2

2 ⊗ E4
4

)
+

x+
1 − x+

2

x−
1 − x+

2

η2

η̃2

(
E3

3 ⊗ E1
1 + E4

4 ⊗ E1
1 + E3

3 ⊗ E2
2 + E4

4 ⊗ E2
2

)
+ i

(x−
1 − x+

1 )(x−
2 − x+

2 )(x+
1 − x+

2 )

(x−
1 − x+

2 )(1 − x−
1 x−

2 )η̃1η̃2

(
E4

1 ⊗ E3
2 + E3

2 ⊗ E4
1 − E4

2 ⊗ E3
1 − E3

1 ⊗ E4
2

)
+ i

x−
1 x−

2 (x+
1 − x+

2 )η1η2

x+
1 x+

2 (x−
1 − x+

2 )(1 − x−
1 x−

2 )

(
E2

3 ⊗ E1
4 + E1

4 ⊗ E2
3 − E2

4 ⊗ E1
3 − E1

3 ⊗ E2
4

)
+

x+
1 − x−

1

x−
1 − x+

2

η2

η̃1

(
E3

1 ⊗ E1
3 + E4

1 ⊗ E1
4 + E3

2 ⊗ E2
3 + E4

2 ⊗ E2
4

)
+

x+
2 − x−

2

x−
1 − x+

2

η1

η̃2

(
E1

3 ⊗ E3
1 + E1

4 ⊗ E4
1 + E2

3 ⊗ E3
2 + E2

4 ⊗ E4
2

)
(8.7)
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Here ηi depend on the momenta pi and the parameters ξi, and for unitary repre-

sentations they are given by η =
√

ix− − ix+ei(ξ+ϕ). In particular, for the string
symmetric choice all ϕi = 0, and ηi are equal to

String basis: η1 = η(p1)e
i
2
p2 , η2 = η(p2) , η̃1 = η(p1) , η̃2 = η(p2)e

i
2
p1 ,

where η(p) =
√

ix−(p) − ix+(p). For the spin chain choice we have

Spin chain basis: η1 = η(p1) , η2 = η(p2) , η̃1 = η(p1) , η̃2 = η(p2) .

The string theory, Sstring, and spin chain, Schain, S-matrices are related as follows

Schain
12 (p1, p2) = U2(p1)S

string
12 (p1, p2)U

†
1(p2) , U(p) = diag(e

i
2
p, e

i
2
p, 1, 1) . (8.8)

Since the string theory S-matrix satisfies the usual YB equation, the spin chain
S-matrix obeys the twisted YB equation with the twist determined by U(p).

Let us now summarize the characteristic properties of the string S-matrix. Sub-
stituting in the supersymmetry generators J(p, ζ , η) the corresponding values of ζ and
η from the string basis we see that the invariance condition for the string S-matrix

takes the form

S(p1, p2)
(
J(p1) ⊗ e

i
2
p2 + Σ ⊗ J(p2)

)
=

(
J(p1) ⊗ Σ + e

i
2
p1 ⊗ J(p2)

)
S(p1, p2) ,

where J(p) are the supersymmetry generators {Qa
α} with ξ = ϕ = 0, cf. eq.(3.11).

From the explicit formula for the S-matrix we see that it depends not only on x±(p)

but also on the exponential factors e
i
2
p. While x± are periodic functions of p with

the period 2π the exponential factors are not. As the result, the string S-matrix is

not periodic under the shift p → p + 2π, rather it exhibits the following monodromy
properties

S12(p1, p2 + 2π) = −S12(p1, p2)Σ1 ,

S12(p1 + 2π, p2) = −Σ2S12(p1, p2) ,

where Σ1 = Σ ⊗ I and Σ2 = I ⊗ Σ. The compatibility of these equations with the
invariance condition is guaranteed by the fact that all supersymmetry generators J

obey the relation {Σ, J} = 0. Finally, we note that under the shift by 2π any of the
three momenta p1, p2, p3 entering the Yang-Baxter equation, this equation turns into

itself because the S-matrix enjoys the following special property

[S12(p1, p2), Σ ⊗ Σ] = 0 .

To describe the AdS5 × S5 light-cone string theory the S-matrix (8.7) has to be
multiplied by the scalar factor, S0(p1, p2), of the following form [13]

S0(p1, p2)
2 =

x+
2 − x−

1

x+
1 − x−

2

1 − 1
x+
1 x−

2

1 − 1
x−
1 x+

2

eiθ(p1,p2) eia(p1ε2−p2ε1) . (8.9)
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and the consistency condition

ad − bc = 1 (3.5)

has to be imposed to obtain a representation of the centrally extended su(2|2).

For generic values of the parameters a, b, c, d the representation is non-unitary.
To get a unitary representation one should impose the conditions d = ā, c = b̄.

The parameters a, b, c, d depend on the string sigma model coupling constant

g, and the world-sheet momenta p. To express this dependence it is convenient to
introduce new parameters g, x+, x−, ζ , η as follows [8]3

a =
√

gη , b =
√

g
iζ

η

(
x+

x− − 1

)
, c = −√

g
η

ζx+
, d =

√
g
x+

iη

(
1 − x−

x+

)
. (3.6)

The parameters x± satisfy the constraint

x+ +
1

x+
− x− − 1

x− =
i

g
, (3.7)

which follows from ad − bc = 1, and are related to the momentum p as

x+

x− = eip . (3.8)

The values of the central charges can be found by using (3.4)

H = 1 +
2ig

x+
− 2ig

x− = 2igx− − 2igx+ − 1 , H2 = 1 + 16g2 sin2 p

2
, (3.9)

C = igζ

(
x+

x− − 1

)
= igζ

(
eip − 1

)
, C =

g

iζ

(
x−

x+
− 1

)
=

g

iζ

(
e−ip − 1

)
. (3.10)

Comparing the expressions with the formula (3.2) derived in string theory [7], we
see that the parameter ζ should be identified with e2iξ, and p with the value of the

world-sheet momentum P on this representation.

The fundamental representation is completely determined by the parameters
g, x+, x−, ζ . The parameter η just reflects a freedom in the choice of the basis vectors

|eM〉. For a non-unitary fundamental representation it can be set to 1 by rescaling
|eM〉 properly. From the string theory point of view it is not a natural choice of

the basis because the supersymmetry generators act in a different way on bosons
and fermions, and the explicit form of the generators found in [43, 7] shows that the
action should be similar. The string theory symmetric choice corresponds to taking

η ∼ √
ζ.

3The parameter ζ in [8] should be rescaled as ζ → −iζ to match our definition.
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The parameters a, b, c, d depend on the string sigma model coupling constant

g, and the world-sheet momenta p. To express this dependence it is convenient to
introduce new parameters g, x+, x−, ζ , η as follows [8]3

a =
√

gη , b =
√

g
iζ

η

(
x+

x− − 1

)
, c = −√

g
η

ζx+
, d =

√
g
x+

iη

(
1 − x−

x+

)
. (3.6)

The parameters x± satisfy the constraint

x+ +
1

x+
− x− − 1

x− =
i

g
, (3.7)

which follows from ad − bc = 1, and are related to the momentum p as

x+

x− = eip . (3.8)

The values of the central charges can be found by using (3.4)

H = 1 +
2ig

x+
− 2ig

x− = 2igx− − 2igx+ − 1 , H2 = 1 + 16g2 sin2 p

2
, (3.9)

C = igζ

(
x+

x− − 1

)
= igζ

(
eip − 1

)
, C =

g

iζ

(
x−

x+
− 1

)
=

g

iζ

(
e−ip − 1

)
. (3.10)

Comparing the expressions with the formula (3.2) derived in string theory [7], we
see that the parameter ζ should be identified with e2iξ, and p with the value of the

world-sheet momentum P on this representation.

The fundamental representation is completely determined by the parameters
g, x+, x−, ζ . The parameter η just reflects a freedom in the choice of the basis vectors

|eM〉. For a non-unitary fundamental representation it can be set to 1 by rescaling
|eM〉 properly. From the string theory point of view it is not a natural choice of

the basis because the supersymmetry generators act in a different way on bosons
and fermions, and the explicit form of the generators found in [43, 7] shows that the
action should be similar. The string theory symmetric choice corresponds to taking

η ∼ √
ζ.

3The parameter ζ in [8] should be rescaled as ζ → −iζ to match our definition.

– 11 –

by Arutyunov-Frolov-Zamaklar ’06)
(For notations, see: hep-th/0612229
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(
g =

√
λ

4π

)x
±(u) = x(u ±

i

2
)

x(u) =
u

2

(
1 +

√
1 − 4g2/u2

)

The S-matrix is concisely expressed
in terms of new rapidity variables x

±

u ±
i

2
= x

± +
g
2

x±
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su(2|2) ⊕ su(2|2)

eipkL =
K4∏

j !=k

Ŝ(pk, pj)

● Periodic boundary condition

Yang equations:

diagonalization (by nested Bethe ansatz)

Asymptotic all-order                   Bethe equationspsu(2, 2|4)

Full S-matrix

(Beisert ’05,
Martins-Melo ’07,
de Leeuw ’07, ...)

Ŝ = S
2
0 [R̂su(2|2) ⊗ R̂su(2|2)]

S0(pk, pj)
2 =

x−

k − x+
j

x+
k − x−

j

1 − g2/x+
k x−

j

1 − g2/x−

k x+
j

e2iθ(uk,uj)

(dressing phase)
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diagonal 
Yang eqs.

su(2|1)

su(2|1)






{

u2

u6

x5

x3

x
±
4

u4

u1

u3

u5

u7

u2

u6

x1

x7x5

x
±
4

x3

u2

u6

x5 → g2/x7

x3 → g2/x1

g → 0

diagonalization
of Yang eqs.

Beisert-Staudacher
all-loop Bethe eqs.

one-loop
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1 =

K2∏
j=1

u1,k − u2,j + i/2

u1,k − u2,j − i/2

K4∏
j=1

1 − g2/x1,k x+
4,j

1 − g2/x1,k x−
4,j

,

1 =

K2∏
j "=k

u2,k − u2,j − i

u2,k − u2,j + i

K3∏
j=1

u2,k − u3,j + i/2

u2,k − u3,j − i/2

K1∏
j=1

u2,k − u1,j + i/2

u2,k − u1,j − i/2
,

1 =

K2∏
j=1

u3,k − u2,j + i/2

u3,k − u2,j − i/2

K4∏
j=1

x3,k − x+
4,j

x3,k − x−
4,j

,

(
x+

4,k

x−
4,k

)J

=

K4∏
j "=k

u4,k − u4,j + i

u4,k − u4,j − i
e2iθ(u4,k,u4,j)

K1∏
j=1

1 − g2/x−
4,k x1,j

1 − g2/x+
4,k x1,j

K3∏
j=1

x−
4,k − x3,j

x+
4,k − x3,j

×

K7∏
j=1

1 − g2/x−
4,k x7,j

1 − g2/x+
4,k x7,j

K5∏
j=1

x−
4,k − x5,j

x+
4,k − x5,j

,

1 =

K6∏
j=1

u5,k − u6,j + i/2

u5,k − u6,j − i/2

K4∏
j=1

x5,k − x+
4,j

x5,k − x−
4,j

,

1 =

K6∏
j "=k

u6,k − u6,j − i

u6,k − u6,j + i

K5∏
j=1

u6,k − u5,j + i/2

u6,k − u5,j − i/2

K7∏
j=1

u6,k − u7,j + i/2

u6,k − u7,j − i/2
,

1 =

K6∏
j=1

u7,k − u6,j + i/2

u7,k − u6,j − i/2

K4∏
j=1

1 − g2/x7,k x+
4,j

1 − g2/x7,k x−
4,j

.

All-order Bethe equations
1 =

K4∏

j=1

x
+
4,j

x
−

4,j

,

(Beisert-Staudacher ’05)

(dressing phase)
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p̂4

1/Ĉ1Ĉ1

p̂3

−1 +1
p̃4

p̃3

1/Ĉ2 Ĉ2C̃1 1/C̃1x∗
1 1/x∗

1

p̃2

p̃1

−1 +1 1/x∗
2 x∗

2

p̂2

p̂1

Figure 3: Some configuration of cuts and poles for the sigma model. Cuts C̃a between the sheets
p̃k correspond to S5 excitations and likewise cuts Ĉa between the sheets p̂k correspond to AdS5

excitations. Poles x∗
a on sheets p̃k and p̂l correspond to fermionic excitations. The dashed line

in the middle is related to physical excitations, cuts and poles which cross it contribute to the
total momentum, energy shift and local charges.

all relevant properties of admissible curves) we see that this number agrees with strings in
flat space. We take this as evidence that our classification of string solutions in terms of
admissible curves is complete. We finally identify the discrete parameters and continuous
moduli with certain cycles on the curve and interpret them. For the comparison to gauge
theory we investigate the Frolov-Tseytlin limit of the algebraic curve corresponding to a
loop expansion in gauge theory.

3.1 Properties

Let us collect the analytic properties of the quasi-momentum

p(x) =
{
p̃1(x), p̃2(x), p̃3(x), p̃4(x)

∣∣∣∣p̂1(x), p̂2(x), p̂3(x), p̂4(x)
}
, (3.1)

see Fig. 3 for an illustration. All sheet functions p̃k(x) and p̂l(x) are analytic almost
everywhere. The singularities are as follows:

• At x = ±1 there are single poles, c.f. Sec. 2.6. The four sheets p̃1,2(x), p̂1,2(x) all have
equal residues; the same holds for the remaining four sheets p̃3,4(x), p̂3,4(x).

• Bosonic degrees of freedom are represented by branch cuts {C̃a}, a = 1, . . . , 2Ã and
{Ĉa}, a = 1, . . . , 2Â. The cut C̃a connects the sheets k̃a and l̃a of p̃′(x). Equivalently,
Ĉa connects the sheets k̂a and l̂a of p̂′(x). At both ends of the branch cut, x̃±

a or x̂±
a ,

there is a square-root singularity on both sheets.

• Fermionic degrees of freedom are represented by poles at {x∗
a}, a = 1, . . . , 2A∗. The

pole x∗
a exists on the sheets k∗

a of p̃(x) and l∗a of p̂(x) with equal residue.

20

Spectral curve for a classical string solution

p̃l̃a

C̃a

p̃k̃aB̃a
∞

B̃a ∞

Ãa

p̂l∗a A∗
a

x∗
a

p̃k∗
aB∗

a
∞

B∗
a ∞

A∗
a

p̂l̂a Âa

Ĉa

p̂k̂a B̂a
∞

B̂a ∞

Figure 4: Cycles for S5-cuts (top), fermionic poles (middle) and AdS5-cuts (bottom). Generi-
cally, S5-cuts are along aligned in the imaginary direction while AdS5-cuts are along the real
axis.

• We define the cycle A∗
a which surrounds the fermionic pole x∗

a. There are no loga-
rithmic singularities at x∗

a ∮
A∗

a

dp̃ =

∮
A∗

a

dp̂ = 0. (3.9)

At the singular points x = ±1 there are no logarithmic singularities either∮
±1

dp̃k =

∮
±1

dp̂k = 0. (3.10)

• We define periods B̃a, B̂a which connect x = ∞ on sheet k̃a, k̂a to x = ∞ on sheet
l̃a, l̂a through the cuts C̃a, Ĉa, respectively, see Fig. 4. These must be integral∫

B̃a

dp̃ = 2πña,

∫
B̂a

dp̂ = 2πn̂a, (3.11)

because the monodromy at both ends of the B-period is trivial, Ω(∞) = I. Together
with the asymptotic behavior (3.2) and single-valuedness (3.8,3.9,3.10) this implies
that p̃(x), p̂(x) must jump by 2πña, 2πn̂a when passing through the cut C̃a, Ĉa, respec-
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Ãa

p̂l∗a A∗
a

x∗
a

p̃k∗
aB∗

a
∞

B∗
a ∞

A∗
a

p̂l̂a Âa
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(1) distribution of cuts 
(2) mode numbers (3) fillings

↔↓

(Beisert-Kazakov-K.S.-Zarembo ’05)
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Anomalous dimension

• Many non-trivial checks up to 4 loops
(See, e.g. Beisert-Kristjansen-Staudacher ’03, Beisert-Eden-Staudacher ’06)

γ(g) = 2g2

K4∑
k=1

(
i

x+
4,k

−

i

x−

4,k

)

=
∞∑

l=1

γ2l g2l

• Asymptotic Bethe ansatz
It breaks down when the wrapping interaction starts

(Some part of finite size corrections can be systematically 
computed with the help of Lüscher formulas) (Janik-Łukowski ’07)

(See, e.g. Kotikov-Lipatov-Rej-Staudacher-Velizhanin ’07)
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particle model with the same symmetry

• The symmetry fully determines

- dispersion relation

- S-matrix up to an overall scalar factor
(Beisert ’05)

• Determination of the remaining scalar factor
(Arutyunov-Frolov-Staudacher ’04, Janik ’06,

Hernández-López ’06, Beisert-Hernández-López ’06, ...)

• Closed integral formula
(see also Dorey-Hofman-Maldacena ’07)

Characteristic of the particle model:                     
PSU(2|2) × PSU(2|2) ! R

3

Strings on AdS5 x S5  in the uniform light-cone gauge
(Arutyunov, Frolov, 
Ple,a, Zamaklar 

’05, ’06)

(Beisert-Eden-Staudacher ’06)

centrally extended symmetry
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Determination of the scalar factor

A) Factorized bootstrap program (phenomenological method)

B) Direct computation (microscopic derivation)

crossing symmetry, poles and branch cuts, 
perturbative computation, etc.

(Zamolodchikov^2 ’77)

 effective phase of underlying bare integrable model
(Korepin ’79, Faddeev-Takhtajan ’81, Andrei-Destri ’84)

(Arutyunov-Frolov-Staudacher ’04, Janik ’06, Hernández-López ’06, 
Beisert-Hernández-López ’06, Beisert-Eden-Staudacher ’06, ...)

(KS-Satoh ’07)
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i) Lie algebra and its representation

Zamolodchikovs’ derivation

ii) unitarity, associativity (=Yang-Baxter Eqs.)

iii) crossing symmetry

iv) pole analysis

A) Factorized bootstrap program

R̂(u) = u

u+i
Î + i

u+i
P̂

R̂(u) = c1(u)Î + c2(u)P̂

Ŝ(u) = XCDD(u)S0(u)R̂(u)

Ŝ(u) = S0(u)R̂(u)
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“three-loop discrepancy”

(i) String side

Mismatch between all-loop Bethe eqs. and classical strings

(
x

+
k

x
−
k

)L

=
K∏

j "=k

σ2(uj, uk)
uk − uj + i

uk − uj − i

It can be repaired by a dressing factor in the Bethe eqs.

(Arutyunov-Frolov-Staudacher ’04)

scalar factor of the S-matrix ＝ dressing factor in the Bethe eqs.

AFS factor

AdS/CFT particle model
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Quantum corrections
in the worldsheet theory

AFS factor: correct at the leading semi-classical order

1
√

λ
expansion

(Hernández-López ’06)

(Beisert-Hernández-López ’06)

All order conjecture

(Janik ’06)

(Arutyunov-Frolov ’06)

:

Crossing symmetry

(Freyhult-Kristjansen ’06)
(Gromov-Vieira ’07)

consistent with 
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(ii) Gauge theory side

f(g) : universal scaling function
(Eden-Staudacher ’06)
(Beisert-Eden-Staudacher ’06)

∆ = S + f(g) log S + O(S0)

Low twist operators

O = Tr(DS
Z

L) + · · · S ! L(= 2, 3, . . .)

soft(cusp) anomalous dimension:

: scalar factorS0(p1, p2; g)

trivial up to three loops
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scaling law
transcendentality
cancellation of ζ(2n+1)

Proposal of Beisert-Eden-Staudacher

Closed integral formula (in the Fourier space)

K̂d(t, t′) = 8g2

∫
∞

0

dt′′K̂1(t, 2gt′′)
t′′

et′′

− 1
K̂0(2gt′′, t)

K̂1(t, t′) =
t′J1(t)J0(t′) − tJ0(t)J1(t′)

t2 − t′2
K̂0(t, t′) =

tJ1(t)J0(t′) − t′J0(t)J1(t′)

t2 − t′2

● Numerical tests against MHV amplitudes at 4 loops
● “Analytic continuation” from the string side

● Based on phenomenological principles:

(Kotikov-Lipatov ’02)

(Bern-Czakon-Dixon-Kosower-Smirnov ’06)

A phase factor
is uniquely fixed
order by order

(Beisert-Klose ’05)

(Cachazo-Spradlin-Volovich ’06)

{ {
1/2 of the
expected

phase
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‣ How to understand its structural simplicity?

‣  Any simple derivation/interpretation?

Emergence of such integral kernels
in solving the nested levels of Bethe eqs.

(Rej-Staudacher-Zieme ’07)
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B) Direct computation

su(2) R-matrix

(
uk +

i

2

uk −

i

2

)L

=

J∏
l!=k

uk − ul + i

uk − ul − i

BAE for Heisenberg spin-chain

anti-ferromagnetic chain

anti-ferromagnetic state

ferromagnetic state

vacuum
spinon states fundamental excitations

magnon states

E
l l+1

)−H =
L∑

l=1

(
l l+1
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Single magnon state

Single spinon state
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antiferromagnetic ground states

2-spinon excitated states: 2-holes

∑

scattering phase of the 2-spinons

S0(u) = i
Γ(− u

2i
)Γ(1

2
+ u

2i
)

Γ( u

2i
)Γ(1

2
−

u

2i
)

Scalar factor of the Zamolodchikovs’ S-matrix

u

u
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ϕ12 ϕ1

1

2

1

ϕ12 − ϕ1 = δbare + δback-reaction

(R-matrix)ln ln S0

Total scattering phase that the particle 1 acquires
in the presence/absence of the particle 2

How to compute the scattering phase?
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                              S-matrix with the dressing factorsu(2|2) ⊕ su(2|2)

su(2|2) ⊕ su(2|2)

“antiferromagnetic” vacuum

antiferromagnetic vacuum

Bethe equations for the           Heisenberg spin-chain

Zamolodchikovs’ S-matrix

R-matrix

Asymptotic all-loop                    Bethe equationspsu(2, 2|4)

(Beisert-Staudacher ’05)

su(2)

su(2)

R-matrix

(without the dressing phase)

(cf. Rej-Staudacher-Zieme ’07)(KS-Satoh ’07)

|φ1φ2Z+〉 + |ψ1ψ2〉

∼

∼

●

●
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1 =

K2∏
j=1

u1,k − u2,j + i/2

u1,k − u2,j − i/2

K4∏
j=1

1 − g2/x1,k x+
4,j

1 − g2/x1,k x−
4,j

,

1 =

K2∏
j "=k

u2,k − u2,j − i

u2,k − u2,j + i

K3∏
j=1

u2,k − u3,j + i/2

u2,k − u3,j − i/2

K1∏
j=1

u2,k − u1,j + i/2

u2,k − u1,j − i/2
,

1 =

K2∏
j=1

u3,k − u2,j + i/2

u3,k − u2,j − i/2

K4∏
j=1

x3,k − x+
4,j

x3,k − x−
4,j

,

(
x+

4,k

x−
4,k

)J

=

K4∏
j "=k

u4,k − u4,j + i

u4,k − u4,j − i
e2iθ(u4,k,u4,j)

K1∏
j=1

1 − g2/x−
4,k x1,j

1 − g2/x+
4,k x1,j

K3∏
j=1

x−
4,k − x3,j

x+
4,k − x3,j

×

K7∏
j=1

1 − g2/x−
4,k x7,j

1 − g2/x+
4,k x7,j

K5∏
j=1

x−
4,k − x5,j

x+
4,k − x5,j

,

1 =

K6∏
j=1

u5,k − u6,j + i/2

u5,k − u6,j − i/2

K4∏
j=1

x5,k − x+
4,j

x5,k − x−
4,j

,

1 =

K6∏
j "=k

u6,k − u6,j − i

u6,k − u6,j + i

K5∏
j=1

u6,k − u5,j + i/2

u6,k − u5,j − i/2

K7∏
j=1

u6,k − u7,j + i/2

u6,k − u7,j − i/2
,

1 =

K6∏
j=1

u7,k − u6,j + i/2

u7,k − u6,j − i/2

K4∏
j=1

1 − g2/x7,k x+
4,j

1 − g2/x7,k x−
4,j

.

All-order Bethe equations
1 =

K4∏

j=1

x
+
4,j

x
−

4,j

,

(Beisert-Staudacher ’05)

=

1
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Ŝ = S
2
0 [R̂su(2|2) ⊗ R̂su(2|2)]

u4

u2, u6

u1, u7

(16 dim irrep.)2 u4 ’s + 2 excitation u4’s2M

M stacks
S-matrix with the dressing phase

L → ∞

M → ∞

2 fundamental excitations over the physical vacuum
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• S-matrix, including the overall scalar factor, is          
completely determined by the                symmetry

Quantitative “proof” of the AdS/CFT correspondence
 in the limit 

su(2|2)

• Once the integrability is proven both in the Planar       
N = 4 super Yang-Mills and in the free superstrings on AdS,
the spectrum is uniquely constructed for arbitrary λ.

No need of gauge/string perturbative data

N → ∞, L → ∞

• We proposed a possible form of the microscopic 
derivation of the S-matrix in AdS/CFT
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• The spectral problem of the dilatation operator is 
fully solved at one-loop

• General solutions of classical strings on the AdS 
background can be constructed

• Spectra of all-order dilatation operator / quantum 
strings are partly available

Summary
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Prospects

●

● Proof/disproof of integrability

Wrapping interactions and finite size corrections

(Janik-Łukowski ’07)

- Thermodynamic Bethe ansatz
- Lüscher formulas

(Arutyunov-Frolov ’07)

- Non planar case?

- Yangian symmetry (Beisert-Erkal ’07)

(Casteill-Janik-Jarosz-Kristjansen ’07)
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Appendix
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su(2|2) ⊕ su(2|2)

eipkL =
K4∏

j !=k

Ŝ(pk, pj)

● Periodic boundary condition

Yang equations:

diagonalization (by nested Bethe ansatz)

Asymptotic all-order                   Bethe equationspsu(2, 2|4)

Starting point: R-matrix

(Here: no direct correspondence with Yang-Mills operators)

(Beisert ’05,
Martins-Melo ’07,
de Leeuw ’07, ...)

Ŝ = S
2
0 [R̂su(2|2) ⊗ R̂su(2|2)]

S0(pk, pj)
2 =

x−

k − x+
j

x+
k − x−

j

1 − g2/x+
k x−

j

1 − g2/x−

k x+
j

e2iθ(uk,uj)

(S-matrix without the dressing factor)

=

1
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K4

K1+K3

K5+K7

K6

K2
≥

≤
≤

≥

g =

√
λ

4π

x
±(u) = x(u ±

i

2
)

x(u) =
u

2

(
1 +

√
1 − 4g2/u2

)

Constraints on
the occupation numbersRapidity variables
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e
iklLH =

M∏

j=1

sin kl − Λj − i|U |

sin kl − Λj + i|U |

Ne∏

j=1

Λl − sin kj + i|U |

Λl − sin kj − i|U |
=

M∏

j !=l

Λl − Λj + 2i|U |

Λl − Λj − 2i|U |

Lieb-Wu equations for the Hubbard model
in the attractive case (U < 0)

≈

How to construct the “anti-ferromagnetic” vacuum?
K4∏

j=1

1 − g2/x7,l x+
4,j

1 − g2/x7,l x−
4,j

=

K6∏

j=1

u7,l − u6,j − i/2

u7,l − u6,j + i/2

K7∏

j=1

u6,l − u7,j + i/2

u6,l − u7,j − i/2
=

K6∏

j "=l

u6,l − u6,j + i

u6,l − u6,j − i
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u

i/2

sin k

Λ

u6

u7

Hubbard model
(attractive case)

Ground state configuration

i|U |

‘AF vacuum’
of the bare model

k-Λ strings

stacks (Rej-Staudacher-Zieme ’07)

(Beisert-Kazakov-KS-Zarembo ’05)

(Woynarovich ’83, Essler-Korepin ’94)

(KS-Satoh ’07)
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stack u6

u7

u7

ψ2ψ1

φ2Z+

φ1

u7

u7

u6

k-Λ string bound state
of electrons●

●

| · · · φ1φ1 · · · 〉 → | · · · φ1φ2Z+ · · · 〉 + | · · · ψ1ψ2 · · · 〉

sin k

Λ

sin k
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(K1, K2, K3, K4, K5, K6, K7) = (2M, M, 0, 2M, 0, M, 2M)

(# of electrons             )

(length of the Hubbard model) 

Correspondence of occupation numbers

(# of down spins      )
K4 ⇔ LH

K6 ⇔ M

K7 ⇔ Ne &

charge-singlet (half-filled)
spin-singlet

Ground state of the Hubbard model

Ne = LH

M = Ne/2

Occupation numbers for the ‘AF vacuum’
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u2, u6

u1, u7

M stacks

Stack configuration
at nested levels

Insertion of
the dressing phase

(Rej-Staudacher-Zieme ’07)(KS-Satoh ’07)

In order to support the stack structure,●
one needs additional u4 roots.2M

75



u4 x4

Configuration of the central roots

This configuration, when considered in the physical
Bethe equations, corresponds to the pulsating string in S2

(
u ±

i

2
= x

± +
g
2

x±

)

g−g
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pulsating string point-like string
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