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1 Introduction

Spontaneous SUSY breaking should be treated non-perturbatively:
not broken in tree level not broken in all orders

• Witten index: spontaneously broken/unbroken
• Not available in some models:

• 2-dim N = (2, 2) pure SYM (maybe broken? Hori-Tong)

Lattice regularization of supersymmetric field theories:
• formulation

(SYM) CKKU, Sugino, Catterall, DKKN, ST,...

• Monte Carlo simulation it does work
Catterall, Suzuki, FKST

Our work:
Observe spontaneous (non-)breaking of SUSY via lattice simulation
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2 Idea
The order parameter of the SUSY breaking: Hamiltonian

H = 0 : SUSY H > 0 : SUSY
The conjugate applied field: temperature Z = tr e−βH

anti-periodic boundary condition for fermions

H = 0 comes form the SUSY algebra (〈Ω|H|Ω〉 =
∣
∣
∣
∣Q|Ω〉

∣
∣
∣
∣
2

)

• algebra: {Q,Q} = i∂0

• Noether charge for Q: Q

}

H ≡ i

2
QQ

H = Hcanonical + (e.o.m)

gauge invariant H

}

(later)

We should measure

E0 ≡ lim
β→∞

〈H〉aPBC (= lim
β→∞

trHe−βH

tr e−βH
)

The action must be Q-invariant (Q can be kept on the lattice)
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Note: periodic boundary condition
Under the periodic condition, 〈H〉 is always 0 or indefinite

ZPBC = N

∫

PBC

dµ e−S = tr(−1)F e−βH

= Witten index = #(E = 0 state)

Fujikawa Z.Phys.C15(1982)275

〈H〉PBC =
N

∫

PBC
dµHe−S

ZPBC

=
tr(−1)FHe−βH

ZPBC

=
− ∂

∂β
tr(−1)F e−βH

ZPBC

=
0

ZPBC

If ZPBC = 0, 〈H〉PBC is indefinite; simulation does not work

Q-exact H: If the action and the measure are invariant under Q,
∫

PBC

dµHe−S =

∫

PBC

dµQ

(
i

2
Qe−S

)

= 0
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3 Example: SQM

L =
1

2
(∂φ)2 − 1

2
(W ′)2 + ψ(i∂ −W ′′)ψ +

1

2
F 2 = Q

(
1

2
ψ(F − i∂φ+W ′)

)

+ ∂(. . . )

superpotential W = W (φ(x))

W (−∞)W (+∞) < 0 : SUSY is broken

W (−∞)W (+∞) > 0 : SUSY is kept

algebra: Q2 = Q
2

= 0 {Q,Q} = i∂0

Noether charge:
Q = −ψ(∂φ− iW ′)










Qφ = ψ Qψ = 0

Qψ = F + i∂φ−W ′ QF = −i∂ψ +W ′′ψ

Qφ = ψ Qψ = 0

Qψ = −F + i∂φ+W ′ QF = i∂ψ +W ′′ψ









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Construction of Hamiltonian
Hamiltonian

H = iQQ/2

=
1

2
(∂φ)2 +

1

2
(W ′)2 + ψW ′′ψ − 1

2
F 2

︸ ︷︷ ︸

=Hcanonical

+

(e.o.m)
︷ ︸︸ ︷

1

2
F (F − i∂φ−W ′)

+
1

2
ψ(i∂ −W ′′)ψ

After Wick rotation, we obtain the Euclidean Hamiltonian
(real time → imaginary time)

• Nilpotent Q
• Q-exact action
• Q-exact Hamiltonian
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SQM on the lattice
(Euclidean)

Nilpotent Q

Qφ(x) = ψ(x) Qψ(x) = 0

Qψ(x) = F (x) − ∂φ(x) −W ′(φ(x)) QF (x) = ∂ψ(x) +W ′′(φ(x))ψ(x)

∂φ(x) = φ(x+ a) − φ(x)

Q-exact action Catterall JHEP 05(2003)038

S ≡ −Q
∑

x

1

2
ψ(x) [F (x) + ∂φ(x) +W ′(φ(x))]

Q-exact Hamiltonian

H(x) ≡ i

2
Q

[

− 1

a
ψ(x)

{
i∂φ(x) − iW ′(φ(x))

}

︸ ︷︷ ︸

descritization of continuum Q

]
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Result of SQM (no SUSY breaking)
W = 1
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Result of SQM (SUSY breaking)
W = 1
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mφ2 + 1
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4 Two-dimensional N = (2, 2) SYM

Q-exact Lagrangian (continuum, twisted fermion basis)

L = Q(. . . ) =
1

g2
tr

{

− 1

4
[φ, φ]2 −H2 + 2HF01 +D0φD0φ−D1φD1φ

+
1

4
η[φ, η] + · · · − ψ0D0η + . . .

}

nilpotent Q (Twisted) SUSY Algebra

Q2 = δ
(gauge)
φ Q2

0
= −δ(gauge)

φ
{Q,Q0} = −2∂0 − 2iδ

(gauge)
A0

QA0 = iψ0 Qψ0 = D0φ

QA1 = ψ1 Qψ1 = iD1φ

Qφ = 0 . . .

Q0A0 =
i

2
η Q0η = −2D0φ

Q0A1 = −χ Q0χ = iD1φ

Q0φ = 0 . . .

Q0 Noether current J0
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Hamiltonian density

H = QJ 0

0
/2 = Q

1

g2
tr

{
1

2
η[φ, φ] + 2χH + 2ψ0D0φ− 2iψ1D1φ

}

=
1

g2
tr

{
1

4
[φ, φ]2 +H2 +D0φD0φ+D1φD1φ− ψ0D0η + iψ1D1η

− 1

4
η[φ, η] − χ[φ, χ] − ψ0[φ, ψ0] + ψ1[φ, ψ1]

}

This construction gives Q-invariant and gauge invariant
Hamiltonian
cf. H = Hcanonical + (e.o.m)
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Hamiltonian density(cont.)

H = Hcanonical + (e.o.m)

=
1

g2
tr

(
1

4
[φ, φ]2 +H2 + ∂0φ∂0φ+ . . .

)

Hcannonical

+ 2 tr(A0G) +
1

g2
tr

{
ψ0(−2[φ, ψ0] + 2iD1χ−D0η)

}
(e.o.m)

G: Gauss law constraint
G = 1

g2

{
D1H + i

2
[φ,D0φ] + i

2
[φ,D0φ] + i{ψ1, χ} + i

2
{η, ψ0}

}

canonical momentum: not gauge covariant
πA = ∂

∂(∂0φA)

∫
dxL
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SYM on the lattice
Sugino, JHEP 01(2004)067

Nilpotent Q Q2 = [φ, · ] = δ
(gauge)
φ

QU(x, µ) = iψµ(x)U(x, µ)

Qψµ(x) = iψµ(x)ψµ(x) − i
(
φ(x) − U(x, µ)φ(x+ aµ̂)U(x, µ)−1

)

Qφ(x) = 0

Qχ(x) = H(x)

QH(x) = [φ(x), χ(x)]

Qφ(x) = η(x)

Qη(x) = [φ(x), φ(x)] U

ψµ, χ, η
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SYM on the lattice
Q-invariant action (SU(NC))

S = Q
1

a2g2

∑

x

tr

[

χ(x)H(x) +
1

4
η(x)[φ(x), φ(x)] − iχ(x)Φ̂(x)

+ i
∑

µ=0,1

{
ψµ(x)

(
φ(x) − U(x, µ)φ(x+ aµ̂)U(x, µ)−1

)}
]

=
1

a2g2

∑

x

tr

[
1

4
Φ̂TL(x)2 + . . .

]

iΦ̂(x) =
U(x, 0, 1) − U(x, 0, 1)−1

1 − 1

ǫ2 ||1 − U(x, 0, 1)||2 ∼ 2iF01 ||1 − U(x, 0, 1)|| < ǫ

To suppress lattice artifact “vacua”, we need:
0 < ǫ < 2

√
2 for NC = 2, 3, 4

0 < ǫ < 2
√
NC sin(π/NC) for NC > 5
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SYM on the lattice
Q-exact Hamiltonian
Discretized “Noether current”:

J 0

0
(x) =

1

a4g2
tr

{

η(x)[φ(x), φ(x)]2 + 2χ(x)H(x)

− 2iψ0(x)
(
φ(x) − U(x, 0)φ(x+ a0̂)U(x, 0)−1

)

+ 2iψ1(x)
(
φ(x) − U(x, 1)φ(x+ a1̂)U(x, 1)−1

)
}

H(x) = QJ 0

0
/2
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Monte Carlo simulation
〈H〉 under anti-periodic boundary condition

• quench + reweight: S = Sb + Sf , 〈O〉S =
〈OPf(D)〉Sb

〈Pf(D)〉Sb

Z =
∫
Df Db e−Sb−Sf =

∫
DbPf(D)e−Sb

• gauge grope: SU(2)

• fixed spatial physical length: gL = 1.414

• lattice size: 3 × 6 – 36 × 12

• lattice spacing: ag = 0.2357 – 0.0707

• 9900–99900 independent configurations for each parameter
• Computer: RIKEN Super Combined Cluster
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Result
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<hamiltonian>aPBC (continuum limit)

〈H〉aPBC → 0, SUSY is not spontaneously broken
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Result
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<hamiltonian>PBC (continuum limit)

〈H〉PBC = 0 within error.
consistent with 〈H〉PBC ∝ ∂

∂β
(Witten index)
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Details: more about reweighting of Pfaffian
The Pfaffian is real positive in the continuum: argument = 0

 0
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 45

-0.6 -0.4 -0.2  0  0.2  0.4  0.6

argument of the Pfaffian(aPBC)

ag=0.2357
ag=0.1179

result of the direct
calc.

practically,
Pf = +

√
Det

(−π/2 < θ < π/2),
less computation
time

ZaPBC = N

∫

aPBC

DbDfe−Sb−Sf = N

∫

aPBC

DbPfe−Sb 6= 0
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Details: effect of the boundary condition (SQM)

Z = N

∫

DbDfe−Sb−Sf

= N

∫

DbDet e−Sb = N

∫

Db sign(Det) e−Sb−ln |Det|
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Details: effect of the boundary condition (SQM)

Z = N

∫

DbDfe−Sb−Sf

= N

∫

DbDet e−Sb = N

∫

Db sign(Det) e−Sb−ln |Det|
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Details: effect of the boundary condition (SQM)

Z = N

∫

DbDfe−Sb−Sf

= N

∫

DbDet e−Sb = N

∫

Db sign(Det) e−Sb−ln |Det|
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SUSY breaking potential
PBC case
ZPBC = 0

numerically, expectation
value is ill-defined
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5 Conclusion
We have developed a method to observe spontaneous SUSY
breaking using lattice simulation
• Lattice model with one exactly kept nilpotent Q
• Algebraic construction of the Hamiltonian(

∫

PBC
dµHe−S = 0)

• Measure H at finite temperature (anti-PBC), then take β → ∞
Two-dimensional N = (2, 2) pure SYM: SUSY is not broken

First physical result with recent development of lattice SUSY

Future works
• Simulation with reweighting pseudo fermion (less error)
• Other models: Two-dimensional N = (4, 4) SYM, SYM with

matter,...
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Taking the continuum limit
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Taking the continuum limit
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