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e Chiral gauge theories

— Gauge symmetry prohibits the mass terms of fermions

— Gauge anomaly cancellation

e Examples of chiral gauge theories (anomaly-free)

— standard model: SU(3)xSU(2)xU(1) gauge theory
— Georgi-Glashow grand unified model : SU(5) gauge theory (SO(10))
— (Extended) Technicolor model

e (Possible) Dynamics of chiral gauge theories

— Dynamical gauge symmetry breaking (MAC: Most attractive channel)

— Massless composite fermions ('t Hooft anomaly matching condition)

Spontaneous breakdown of electroweak gauge symmetry

e need better understanding of the mechanism

e dynamics of chiral gauge theories can be relevant

<— non-perturbative formulation
—> in the framework of lattice gauge theory (cf. Lattice QCD)

Recent development
Gauge-covariant and local lattice Dirac operator
satisfying the Ginsparg-Wilson relation

5D + D~s5 = 2aD~y5D

P. Hasenfratz et at., Neuberger, Hernandez et al.
— Exact chiral symmetry on the lattice
— (Gauge-invariant construction of chiral gauge theories on the lattice Liischer

e Abelian chiral gauge theories

< an approach using domain wall fermion
towards a practical (numerical) implementation
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V5D + D~5 = 2aD~sD
In terms of the fermion propagator S = D1

YsSr(x,y) + Sr(x, y)vs = ¥520(x, y)

e chiral symmetry is broken only in local contact terms

e such local terms do not contribute to the physical amplitudes
evaluated at long-distance, ® — y # 0

e represents the chiral limit for lattice Dirac operators
in a consistent manner with Nielsen-Ninomiya theorem

Exact Chiral Symmetry on the Lattice

Ginsparg-Wilson relation implies an exact symmetry of
the fermion action ! Lischer

Under the following transformation,

op(x) = 75 (1 — 2aD) p(z), dp(x) = P(z)7s
the fermion action is invariant,

68 =a') P {Dvys (1 —2aD) + D} ¢p(x) =0

e local transformation as long as D is local

e can be regarded as the lattice counterpart of chiral symmetry
in the continuum theory
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Locality of D = GW rel. = Index of D
vsD + D~5 = 2D~v5;D U
\ _ Index theorem
M Local chiral anomaly . the lattice
Y —trysD(z, x) "
N
Admissibility cond. TopoIc_>gicaI structure Topological charge
of lattice gauge fields Q=—3>,trysD(z, )

1= Pu(z)| <e
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Niedermayer, Liischer, Narayanan and Neuberger

the Ginsparg-Wilson relation:
"3/5 = 75 (]_ — 2CI,D)
¥sD + D%5 =0
{’3’5}2 =1

Weyl fermion:

(1-1—’)’5 — V5

) va(e) = vate),  da(e) (<57) = dn@

Path-Integral measure <= Chiral bases: {v;(x)} and {vg(x)}

“ “ 1 J
Pooa) = wi(a),  Pr=(+ 57

op(x)P- = vp(xz), P-= (1 —2’)’5>

Yr(x) = Zvi(w)cia Yr(x) = Z Cr U ()

D[Yr]D[YPr] = H de; H dey,

change of the chiral basis by a unitary transformation:
Bi(x) = vi(2) (@)
Ci = QijC;

D[¢r|D[¢pr] => D[r]D[Pr] det Q

3
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eTer(Uy) — / D] D[hr] €S PR DER()
= [ L[ dexesusstnonse
= det i(’t_Jval;)
cf. Overlap Formula
e Variation of effective action with respect to gauge field
Up(x) — Up(z) + 6,Uu(x), OpUpu(x) = nu(z)Uyu(x)
O0pLeg = 6, Tr Ln (Tg, Dv;)
= {(Bk, (8,D)v:) + (8, D(3,0:))} { (3, Do) }
— Ty {(énD)P+D_1P_} +3 (vi, 8,01)

ik

{@, Dv)_l}_k = vlP,D'P_5,

P, = Zvi®v§, P_ = Z(ﬁk)T(X)’t_fk
i k

Ly = ZZ (vis Oyvi) = a’ Z Nu(x)jp(x)
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0 = / AU, U@ 55 {56! det (5, Dv;) U] }

= (0:0[U]) + ({—025¢[U] + d.Te[U]} O[U])

5wreﬁ' — <Z &R(y)de¢R(y)> - Z]M(w)

local field equation = local j,(x)

e GGauge anomaly

Nu(x) = -1V, w(x), 0,D = ijw, D]

Opler = tTrw (P_ — P+> + Z (viy 0yv;)
. a .
= iTrw~s (1 — §D> + zw:w(a:) V233, (x)
In the continuum limit

1
ﬁdabceﬂVpang(x)pro (w) + O(a’)

a
trT? 1——D)(x,x) ~
Y5 ( 2 ) ( 9 ) 647

dabc — l]:\rTa{Tb, Tc}

Exact gauge invariance =—»

Zdabc =0, {szu(w)}a — _itrTa'75 (1 - gD> (ZB,ZIZ)
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(local version)

ey — 0y ¢+ aliy = i) (¢vi, 6,v5) — (¢ = 1)

= ’l,rI‘I' P+ |:(SCP_|_, 5np_|_]

(global version)

exp (z jl{ dt 277) = det(1 — Py + PyQ1)

U,(x;t) t € [0,1] (a closed loop)
Pt = p+(t)

Pt = QtP()Qt_l Qt . Unitary
0:Qi = [01P, P]Qr Qo =1

v; = Qtzvllt:O(S_l)lia Sli—o =1
l
£, = iZ(vi,Btvi)
= i Y (vilt—0, Q) "0 Qevili—0) + i Y Sudi(S™")u;
l 2,1

9

= —10;Indet S

1
. exp {z/ dtSn} = det S|¢—1
0
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Construction of the Path-Integral measure

Dpr|Dpr] = | [ dei | [ der (Un(=))
) k

with the properties:
1. Local field equation (S-D equation)
2. Gauge invariance at finite lattice spacing

3. Smooth dependence on {U,(x)}

—

Construction of the measure term (current)

277 — ZZ (’Uiv 577’073) = a* Z"?u(m)h(m)

with the properties:
1. local with respect to {U,(x)}

2. anomalous conservation law
* e “ . a a
{Vuju(w)} = —itrT%%5 (1 — ED (x, )
3. global integrability condition

exp (ij{dt 2,,) = det(1 — Py + PyQq) ("7 = 0.U - U_l)
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— Four-dimensional lattice plus two continuum dimensions

Uu(2), z = (zy, s, t)
e = 0:U, - U, (=00, Ut

q(z) = itr P, [8t13+, 3813+] (x,x;8,1)

1
3272

4(2) = — s A e FY, (2)0,AL(2) DAL (2) + O(a)

Z/dsdt dq(z) =0

q(z) is a 442 dimensional local topological field

cf. Alvarez-Gaumé and Ginsparg

5 / dsdt iTrP, {8,511,83134
— / dsdt {i’I‘I‘513+ [atm,asm]

LiTr P, [atam, 83134 LiTrP, [atm, 33511} }
Trd1 Py - 6P - 03P, ~ Trd14s5 - 0295 - 0395 = 0

(35)* =1
05 45 + 45+ 095 =0

= / dsdt {9,4TrPy |9,Py, 6P, | — 84TrPy |6,Py, 8,6P, ] }
0
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1. Local cohomology problem

e 442 dimensional gauge invariance

D4 Uu(z) = 05,:Up(2) + Asp(2)Uu(2) — Up(2) Asy(z + )
: ~ A A 1 . 1 .
Y a(z) =iTr {P+ [atP—l—v 3sP+} — 50 A5 + Eas[At’Ys]}

e if g(2) is cohomologically trivial
q(z) = 0,ku(z) + Otks(z) — Oski(2)

where (k,, ks, kt) are gauge-invariant and local currents

S keal2) = 3 Dol - Uy (w) ()

where z = (x, s,t) and w = (y, s, t)

~ N - 1 1
iTr {PJr [BtP+, 83P+] — §3t[As’Y5] + 533 [At’%]}

=) [ DUU (w)ju(w)| = 8,3 | DULUL (w)ju(w)]

Yy

e anomalous conservation law : set U,(z) = U, (x), not depend on s, ¢

V;jﬂ(m) = —1itrvys (1 — gD) (x, )
e local integrability condition : set Ag4(z) = 0
ScLy — OpLe = iTr Py [5411, 5,,711}
where 0, = 8,U, U, " and ¢, = ;U U, "

9
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U,(x;t) t & [0,1] (interpolation!)

v.(x) — Q1w1(w)W_1
(@) {Qlwxw) (i # 1)

1
W = exp {z]{ dti}n}
0

Measure so defined is independent on the path of the interpolation

S — Qlwl(w)ﬁ/_l
) {cglwxw) (i # 1)
_ {Qlelvl(w)WW—l
Q:1Q7 'vi(x) (¢ # 1)

but for the closed loop

WW-! = det (1 _ P+ P1Q1Q1_1)

D[$r]D[hr] = D[Yr]D[Pr] x det (1 — Py + PIG:Q;" ) W'W

10
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theory on the lattice Nakayama-Y.K.

a(=) = q(=) [UP, U

Cohomological analysis of Ul(tl) <— Poincar¢ lemma on the lattice
cf. Lischer, Fujiwara-Suzuki-Wu

a(2) = a [UD| + B [UD| FD(2)
+Yuwpo (USR] FD(2)FD (2 + o + 9)
+0€porrF) (2)FD (2 + o+ D) X

FD(z+p+0+p+6)
‘|‘8Z,ku(z)

where
Fﬁ)(z) = 0,A,(z) — 0,A,(2) (pyvye-+=1,2,---,6)

0,8 (z) =0, 8, Yups(z) =0

e Admissible gauge field (k,l = 1,2,3,4)
1
|1— PP I<e<gm

(lemnalFéyl(Z) = 0)
—> Parameterization by the vector potential

UM (2) = exp (iAx(2))

1

11
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a(2)[U2, Ay] = —a()(UP)*, —A] = —a(2)[U?, —A,]

a(2)[U?,0] =0

a(2) = B [UP| F)(2)
+0€poreF\) (2)FSD(z + o+ D) X
F(z+p+0+p+6)
‘|'3Zku(z)

e Anomaly cancellation conditions in the electroweak theory

(), e (33, Lo o

where 4 is the color index (2 = 1, 2, 3).

Y ¢
v u(1) v SU(2)
u(@d) u(1)

YU T SUQ)

doublet(L)

> Y=o0

singlet(R)

12
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So far

Complete construction:
1. Abelian chiral gauge theories (in finite volume)  Liischer
Gauge anomaly cancellation:

1. Non-abelian chiral gauge theories in all orders of lattice perturbation theory
Suzuki, Liuischer

2. SU(2)r X U(1)y electroweak theory — Nakayama-Y.K.
Global aspects:
1. SU(2) doublet ~ Neuberger, Bar-Campos

13
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e Anomaly-free condition
N
St =0
a=1

e On a finite lattice of the size L with P.B.C.

I'={x = (xo, -+ ,x3) €Z* | 0< z, < L}

U(z + Lo, p) = Uz, p)
Yr(x + L) = Pr(x)

e admissible U(1) gauge fields

1
F(r) = ;lnP(w,p,,l/)

P(z,p,v) = Uz, w)U(z + g, v)U(x + D, p) " 'U (2,v) 7"
[Flu(x)| < €
— Mangetic flux sectors
L—1
P (x) = Z Fo(x+sp+to) =2mmy,,
s,t=0

e Dirac operator (kernel) : localization range g

Di(z) = > D(x,y)¥(y)

yezt

Dy(z) =) Di(z,y)¢(y), Dr(z,y) = ) D(z,y+nlL)

yel’ nez4

Dy(z,y) = D(z,y) + O (e~*/2)
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e a unique parametrization of U (&, w)

U(, ) = U(a, ) Vi) (@, 1)

m](m’ u) — e L2 [L5w“ L— ].Zy>p, muu$v+zy<u muymy]

~

(£, = x, mod L)

U(z,p) = ) Upy (e, p) A@) Az + 1)~

Al(x) = ) Gr(z —y)93Fu(y)

yely
w, if £, =0 modL

U (2, ) = { |

otherwise

9%8,Gr(z) = §z9 — L9
GL(Z + Lj) = Gr(z)
> Gr(z)=0

ZEFd

e Topology of the space
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e A U(1) bundle (determinant line bundle)
associated with the basis transformation

CHES v7Qji(a — b)

gab — det sz-(a — b)

gab — ha dab hgl

— the connection of the U(1) bundle: “measure term”

eh =1 (vfs oyvf)
L) = £2 — id,Indet Q(a — b)

— the curvature of the U(1) bundle: “integrability condition (local)”
588 — 6,88 = iTry P [5C13_, 5,,15_]

— the Wilson line of the U(1) bundle: “integrability condition (global)”

exp (z}l{ dt 2;) = det(1 — Py + P,Q1)
Tl

e Smooth measure over LU[m]

— if and only if the U(1) bundle is trivial

— the U(1) bundle on T™ is trivial if the magnetic flux vanishes:

/ iTr, P_ [5P_,5,P| =0
T2

e Non-trivial U(1) bundle < Global obstruction
along a gauge loop: Gauge anomaly => Global obstruction

Alvarez-Gaumé and Ginsparg
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£, = Z Nu(x)ju(x) :  smooth on MU[m]

e Integrability condition (local) == magnetic flux vanished !
e Ly — 0,8 = iTry P_ [5@3_, 57713_}
gap = 1 (the U(1) bundle is trivial)

e Integrability condition (global) ==~ the Wilson line reproduced

exp (z}g dt 2,,) = det(1 — Py + P,Q,)
Tl

2% = £, — 10, Indet Q
(U(1) bundles are equivalent )
e Gauge anomaly cancellation

for n,(x) = —0,w(x)

)= w@)dju(x) =) w(x)tr (1 — aD) (v, )

Zr xr
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e, = £+ AL,

iTe P |§cP_,6,P | = iTx P_ |§:P_,6,P_| +iATx P_ |5:P_,6,P|
qr(z) = q(z) + Aq(z)

cf. Dp(x,y) = D(z,y) + O (e—L/Q)

1
e = z/o dt Trp {P_[BtP_,énP_]} n

/0 dt Z {m(w)’_ﬁu(w) + Au(w)‘snéu(w)}

xel'y
Up(m, p) = e4n®)

e Use of vector potential

Uz, p) = e, A, (x)] <7(1+8 ] )
Fu(r) = 0,A,(x) — 8,Au(x)

A:L(w) = Au(xz) + Ouw(x)

e Cohomological analysis in the infinite lattice

q(z) = tr (1 —aD) (z,x)

Z dq(x) =0

q(x) = Yeupo Fyv(x) Fpo(x + o + D) + 8;’_%(53)

5
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Liischer, Fujiwara-Suzuki-Wu

Up(, p) = e4n®)

Oq(z)
a@) = at [ty A,(v)
8A,u(y) A g
=at) Ju(w, Y)Au(y)
y
e Topological property and Gauge invariance
Z Ju(wa y) =0
xr (_*
Ju(z,y) 0, =0
e Poincaré lemma
Lemma
f be a k-form which satisfies
d'f =0 and )Y f(x)=0 if k=0.

xel'y,

Then there exist a form g € €241 such that
f=dyg
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Kadoh-Nakayama-Y . K.

e A finite algorithm to produce the Weyl fermion measure
for a given admissible U(1) gauge fields

— Gauge invariance
— Locality

— Smoothness
e [ssues in practical implementations

— Use of the infinite lattice

— Continuous interpolation
Uy (a0, ) = et4n®)
— Vector potential A, (x) is not bounded
e Our approach

— U(1) construction within a finite lattice

— Discrete interpolation within the Zn subspace

— Z chiral gauge theories with exact Zxn gauge invariance
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e Poincaré lemma on a finite lattice
I'n={xe€Z"|—-L/2<x,<L/2}
anti-symmetric tensor fields
fugop(® + LD) = fiu p () (forall p,v =1,---,n)

locality properties

a reference point &g € Iy,
—L/2 < (x, — xo,) < L/2 (mod L)

(@) < Ci(1+ || @ — 2o [P) e Io=m0l/e () & —aq [|< L/2)
[ Frren (@) < CoLPr e7/% (Il 2 — @0 > L/2)

Lemma a Let f be a k-form which satisfies

d'f =0 and )Y f(x)=0 if k=0.

xel'y,
Then there exist a form g € Q41 and a form A f € Qy such that

f=d'g+ Af, |A fryoy ()| < cL7e1/2@

Lemma b Let f be a k-form which satisfies
d*f =0 and > f(z)=0.

xel'y,

Then there exist a form g € €241 such that
f=dyg



e bounded vector potential A, ()

U(z,p) = ﬁ(mv ) ‘/[m](wa ©)

M) = U (a, )
2T,

BMAV(QC) - BVAu(w) = Fu () — 12

[Au(@)| <71 +4]lzl) @ #L/2-1
|Au(x)] < w(1 4 2L + 6L?*) otherwise

A:,,(m) = Au(m) + Ouw(x)
e Interpolation with A, ()
Uy(x, p) = &40 Vi (2, 1)

e Cohomological analysis within a finite lattice
qr(x) = tr (1 — aDy) (x, x)
Z dqr(z) =0

qr(z) = q[m](az) ‘|‘~¢[m]u1f(f3) FW(QU) .
+ Yim€uvpo Fpw () Fpo(T + o + D) + 3:]6“(33)

e the measure term on a finite lattice

1
e, = z/ dt Try {P_[atﬁ_,anﬁ_]} +
0

/01 dt Z {nu(w)’;’u(w) + Au(w)‘sn’;u(w)}

xel'y

3
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e the Z subspace

U(x,p) € Zn (N =pL* pel)
U(ZE, ”) = () ‘/[m](wa ”)

Au(@) = 27 (@ule) + 9,2(@)

N .
du(x) = <A£(w) —¢1n wuéxwo>

2

e Interpolation within the Zn subspace

S —
t(S):M (s=0,1,--- ,M) M = Maxy, {|@.(z)|}

~ 27
Apu(x) )= —

~ (@@ + 0,2(2))

Gu(@)" = sign(@u(@)) [¢) % |qu(@)]]
2(2)® = sign(z(z)) [t<8> X |z(a;)|] (even s)
()& — sign(z(x)) [t(s_l) X |z(a:)|] (even site) odd <
(z)™ = {sign(z(w)) [t x |z(2)|] (odd site) (0dds)

— A, (x)®) is admissible provided that N is large enough

- - S
|F(z)® —t@ F,,(x)] < ~ <e
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e the measure term as a U(1) lattice gauge field

Uz, ) = @y (z,u) @ ¢ Zy(minimal)

det(v;, ’vj(-+6"))

v, -
| det(v;, v;+ Y

ceU(1)

® COITESP ondence

Z(fvi,énvi) < InV,

Tr { P[5, P, 0cP1)} & Indet (1— Py + PoPysyProniacProcPo)

e Gauge anomaly e?«(®) ¢ Zy(minimal)

2 N . A A .
exp (iwwq(w)> = det (1 — P+ P[] BP) det (1 — Pp+ PRe_"s‘”(w))

x [ det (1—150+150H13il30>

q(z) = 0;ku(x) (Z €n = 0)

e Mmeasure term

ei‘m" = H det | 1 — p() + po H PZ PO ei(snc
(6€,0¢)€S 1€(6€,0¢)

0,C =Y Au@)ku(@)| .= Au@ku(@)|

5
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wj(x)e? (j =1)

vi(@) = { wi(z) (G #1)

M M
i A 5 (k) £ —igh)
e'? = det ('wi, P H P(k)P(O)w;}) H e tn

(w;(x) : arbitrary chosen basis)

Possible Applications

e Still numerically demanding in four dim.

e Ready in two dim.

— two-dim. chiral Schwinger models

*x Composite massless fermion

« Check of the cluster property

e Analysis of non-abelian theories ...
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S = SB + SF?
Sp = /dzw {0.0"0,¢ + W*W'}
. TxxsM 1+ Y
= /dzm {"»b’Yua;ﬂ»b + YW 73¢ + '%bW 273?70} .

e Nicolal mapping
1 . , 1 .

M(x) = —01A(x) — 0:B(x) + U(x),
N(x) = —0A(x) + 01B(x) + V(x),

oM ON 1 1 —
det ((% gj%) = det {'m@u + W At w*" 73} -
8B 0B 3

T 2
1
5{_7\4(:1;)2 + N(x)*} = 8,¢*0,¢p + W*"W' + W'0.¢p + W . "

e Super-transformation

0A = "75157 0B = _7"'7525
01 = —EM, Ot = €N
81 =0, &Py =0
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Sakai-Sakamoto
e Nicolai mapping
M(z) = (—V§ - Vi - VA A(x) - V§B() + U(a),
N(z) = =V;(z) + (Vy = Vi = V})B(z) + V(z),

VS:%(Vj+V;) , V‘.“:%<V;F—V._).

J J J

e Jacobian
oM ON
dot (4 39
OB 0B

143 ol — 3
= det {Z ('yMVf; — V;‘) + W 5 + W " 5 }
m

e Would-be surface term

P(Vy —iVHW' + ¢* (Vi +iV5) W
— (Vi + VHW — ¢*(V{ + VHW’

— wrong holomorphic structure
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Nakayama-Y.K.
Sr =) ¥(D+ F)y

n 1+ //1+ﬁ/ 1—7 anl =7
=Y () <D+ 5 ‘w "+ 5 W 5 3) Y(y)-
'Y T,y

2

[T+ S iS,
D‘(—isz T—Sl>’

where T', S1, S are defined as

:1<1_ ! )_Vf+vé4:tT
a XTX XTX ’
\vEl
X:]_—CI,DW

In this notation, the Ginsparg-Wilson relation can be written as

a(T? — S — S;) = 2T.
e Nicolali mapping
a a
M= A(T+ S,)+ BS;+U (1 — E(T + 5’1)) — VESz,
a a
N=AS,+B(T—-S,)+V (1 — E(T — Sl)> — UESQ,

e Bosonic action A = (T? —S? — S2) =2T/a

a2
Sp = Z{qb*Agb + W1 = AW

xr

L W/(—8) 4 iSs)p + WH (=8 — 7:52)¢*}

3
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e The action proposed:

1 1
S = 52 [_(wn—i Ty = Tu B+ Yo Yoy = Yo ¥n)’
g° 5 12

+2|T0Y, 4 — Yn®, 5|7 + dud,
_'_\/i(anjnAn o an—fAnin—f) + \/i(ﬁngnAn T lgn—jAngn—j)

— V2, i — 0 inthn) + VE(Ba, 0 — Bibaa) |

A mapping:

F) = (B, 32, 3 — ToZn + Jy_i Yy — Yn Fa) — idn
Ff = 2(2aYy4i — YnZyy))

Super-transformation in terms of F*, F¢;

gmn = —\/iian
dyn = —V2i0,
Ay = —i(FM)
0, = 0
0y, = 0
da, = 0
083, = 0
8dn = V2(Z, 0, ; — & + Y5 By_; — BuYn)
Nilpotency:
(3)>=0
3(EN! = 0

S(FT = 0
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6F) = —2V2i(Z, ;0 ; — 0 Zn+ §o_; By_; — B Un)
OF; = —2V2i(anY, i — Yn@y 5 + ZuBy i — Buyy;)

S =3 (Z %Tr A FN + §HF§]>

1 1 i _ i
= Tr | Z|FM? + Z|FS)2 — =\, 0F — — n5F€]
Z _zl 2 +2| N 5 . 26 o

1 1
=) Tr (@0 i@y i~ T @+ Gy Yo it U Un)’ + 5 dndn
+2|wnyn+i — ynwn+j|2

‘|‘\/§(anjnAn - an_fAnin_f) + \/i(ﬁngn)\n - Bn_j)‘ngn_j)
_\/i(anyn_ﬁgn — an+j€nyn) + ﬁ(ﬂnwn_ﬁgn — Bn+i€nwn)

Fermionic part of the action:

SF = Z Tr |:+\/§(an£n)‘n - an_i)‘nin—f)

+\/§(/8ngn>‘n - Bn_jAn'gn_j)

_\/i(anyn+i€n - an+j€nyn)

+\/§(,8nmn_|_j€n - Bn+§€nwn) ]
0 F)\ 0 F€

= X Va (e ﬁm>( 5 5‘“F£>(sj?2>

oym N Odym
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v x, = n,a
x, = n,a ,/ a
T
Pu € [_E’ E] 5
~ H
il

The fermion field is introduced on the lattice site

P(x) x, =nya (n, € Z)
The differential of the field can be replaced by difference:

0ut() = ~ (Brsiy — B ¥(y) = — (B(w + ) — $(a))

Gauge-covariance on the lattice

e Link variable and its gauge transformation:
Uy(z) = 4@ € G, Uu(z) — g()Uu(z)g™ ' (z + )
e Gauge-covariant difference operator:
1 .
V(@) = - (Uu@) (@ + ) — ()
e [ield strength of lattice gauge field

Vo, V,u¢Y(x) = (1 = P,(x)) U(x)Uyu(x + )Y (x+ o + D)
P, (z) = Uy(@)U,(z + @)U, (z + 0) U, ()™
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Fermion action discretized on the lattice:

S = 4Z¢(w)w (8, — 8}) ¥(=)

- en ()

Propagator of the fermion:
—z"yu% sin k,a
S L sin’k,a

l/a2

(Y(k) p(—k)) =

Poles appear at k,a = (0,0,0,0), (7, 0,0,0),--- , (7,7, 7, T)

—> Inevitable due to Nielsen-Ninomiya Theorem

T/a d?
—7/a (271‘)4

L. b(k) is a periodic and analytic function of momentum k,,

S = »(—k) D(k) (k)

2. D(k) o< iy, k, for |kua < w
3. D(k) is invertible for all k,, except k,, = 0
1. vsD(k) + D(k)vs = 0
These four conditions cannot be satisfied simultaneously.

note: analyticity and locality

%D(k) zw:eik“’(im)lD(m) < o0

= |D(2)|| < Ce !



VVIIOUIl LTIl aliu Lilifal Jylijiiiicul y vicdnililg

Lift the degeneracy due to the species doublers
by the mass term which consists of a second-order derivative operator:

Sy =a*y %(x) (n% (a“ _ a;) i g (aﬂa;) i m) W ()

The Wilson mass term in the momentum space:

a (2 ., k. 2 2n
D (T R
2 2
u

a a

where n is the number of 7 of the “zero momentum” for the species doublers
All the species doublers, except the physical one, get masses of the order of the
inverse lattice spacing and decouple in the continuum limit, @ — 0

Lost of manifest chiral symmetry:
e SU(Nys)r X SU(Ny)g flavor chiral symmetry
e axial U (1) anomaly due to the explicit breaking
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Chiral Symmetry Breaking due to Heavy Species Doublers
Single massless Dirac fermion for sufficiently small momentum

|ku| L 7/a

Block Spin Transformation Ginsparg and Wilson

—> local low energy effective action for the massless mode 7!

V@) = ZE Toere 9@ b L L] L },”("’")

= B(x;v) — o P

Effective action for the blocked variables:

e~ S’ _ /Hd@b(w)dvﬁ(w) e Swl:¥l

exp {—a > (@) — B@';9)) (¥'(z)) — B(; ¢))}

Fixed point D*: B
S*=a*) P(z)D*yp(x)

It turns out that this effective Dirac operator satisfies the relation:

2
v5sD* + D*v5 = aD*vysRD™, R = -



e ST = / [ dv(z)dd(x) [ dn(=")di(a’) x
exp {— Y (@) Dy (z, y)9(y) — % > i@ )n(a’) x
+3° (#(2') — B3 9) n(@) + 3 (@) (' (') — B(a' w))}

- / [[ dn(=")dn(z') exp {Z (@' (@ )n(a’) + ﬁ(w’)’t//(w,))} .

wl

exp {— > a(’) ((2’2)2 > Du(z,y) '+ éé(w', y’)) n(w’)}

zeb(z’),yeb(y’)

E) Z Dy, (z, y)_l + éé(w', y,)

d
2 zeb(z’),yeb(y’)

D&,y = (

Momentum space:

1
k= (kL + 27rlu) ., kuk, € [-m 7], 1,=0,1
D'(k)™" = —iv.a (k '(k
( ) — ?”Yﬂap( )+IB( )
2
b2\ | sin &z k, + 2wl
of (k) = (_> N IO (#)
o0 = 2 o) L gy gy | o7 (7
gy = 3 (bZ) I sin kv 26‘“” <ku-|—27'rl,,> 1
i 2d - ZSm2 (—”+227rl ) 2 a

Fixed point solution:

b2
(@) o=t

. sin % ? k, + 2wl,
Oéu(k) Z H ( k —|—27rl )> (k + 27Tl)2

leZu

B (k) = =
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vsD + D~ = 2aD~sD

In terms of the fermion propagator S = D1

YsSr(x,y) + Sr(T, y)vs = ¥520(x, y)

e chiral symmetry is broken only in local contact terms

e such local terms do not contribute to the physical amplitudes
evaluated at long-distance, ® — y # 0

e represents the chiral limit for lattice Dirac operators
in a consistent manner with Nielsen-Ninomiya theorem

Exact Chiral Symmetry on the Lattice

Ginsparg-Wilson relation implies an exact symmetry of
the fermion action ! Liischer

Under the following transformation,

dp(x) = 75 (1 — 2aD) p(z), dp(x) = P(z)7s
the fermion action is invariant,

0S = a4ZQZ {D~5 (1 — 2aD) +~vsD}¢¥(x) =0

e local transformation as long as D is local

e can be regarded as the lattice counterpart of chiral symmetry
in the continuum theory
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Gauge-covariant form :  Neuberger

D—1(1—|—X ! )—1(1+ H)
- 2a xix/) 2a 75\/H2

a
1 a
_ - R vAl _ T
P zu: {7"2 (V= Vi) +3 (V“’V“>}
free fermion :
. 1 VP + 3P° — Mg
D(p) = > | 1T -
\/132 + (%ﬁz — my)

Py =sinp,, p, = 2sin%

e analytic periodic function in momentum p,, for mg € (0, 2)
indeed local !

e D(p) ~ Ziv,p, (lp| < =)
e D(p) ~ 1 (Ip| = =)

e %D(p)™' 4+ D(p) 'y = 275
Chiral symmetry breaking only in local contact term !

Consistent with Nielsen-Ninomiya theorem !
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1. Locality Hernandes, Jansen and Liischer

Non-trivial due to inverse square root of the hermitian Wilson-Dirac operator

H
VI

Eigenvalue spectrum of H? is closely related to

the size of field strength of lattice gauge field

2
I1E2) > {(1 = 30€)2 — [1 = mo|} >0

for 1 :
| 1— Pu(x) [[<e e<—(1—|1—m0|)
30
(mo = 1)
1 . a . 1
X =2 {”“5 (Ve +72) - avﬂvu} T a
1 1
_ %:{%5 (Vutv3) - (vu—vu)} -
1
CI,ZXTX =1 + Z Z {By,l/ + C;u/ + Dw/}
HFV
B, = a4V:VMV;iV,, = a4VZV;iV,,VH — a?’V: [Vuv v’ — V,,]

1 . 2 * *
Cov = Sioua V4V, V4V,
Dy, = —y,a* |V} +V,, Vi =V, ]
| a® [V Vo] < e

a’XTX >1— 30€
8
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K
1—1¢

i

T exp{—0|z — y|/2a}

(w,y)H <

o Assume H? is bounded from below and above by positive constant
0<a<|aeH?|<p

e Consider the generating function of the Legendre polynomials

1 e @)
= t*Piu(z), |P(2)l| <1
V1 — 2tz + t2 —
e Set
B+a—2H?
z =
08—«
- 4t
coshé’:'8 a, t=e? k=
0+ « 8 — «
1

——— =K Z t* Py(2)
k=0
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Chiral transformation depending on gauge fields

dp(x) =5 (1 — 2aD) Y(x), dP(x) = P(x)vs
Chiral Jacobian

5 [H dip () d¢<w>] ~ [H dip () d¢<w>] (—2)Trvs(1 — aD)

e Chiral anomaly in the (classical) continuum limit A. Yamada and Y.K.

K. Fujikawa, H. Suzuki, D. Adams

92

2151 — aD)(@,2) = - cun Fi (2) F, (@) + O(a)

e Index theorem at a finite lattice spacing P. Hasenfratz et al.

Zero modes of D are chiral eigenstates !

Dspo(xz) = (=D + 2aD~v5D) o = 0

Index theorem

2Ny Index(D) = —2Trvy5(1 — aD)
—2a(D 4+ m)~s(D 4+ m)
=2m(1 + am)ys — (1 4+ 2am) {(D + m)vs + (D + m)}

1
D+ m

—2aTrvys; D = 2m(1 + am)Tr~s

10
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e Figenvalues of D

D + D' =2aD'D = 2aDD" (normal)
D' = v5D~; (75-conjugate)

A+ A —2aA°A = (—2a) [(A —1/2a)(A — 1/2a)* — (1/2a)
=0

.. on the circle with center (1/2a,0) and radius 1/2a

-
)

A=0 tovsa(x) = 2a(z) ng
A=1/a : ya(z) =xYa(z) Ni

. . . A — ’l,b)\ + o
A#0,1/a: pair-wise { A — ~sihy P\ Y5Pr = 0

cf. Eigenvalues of Dg = ~,D, —

e [ndex theorem

Tr{vs(1 —aD)} = > lvsthr —a D Aeplysipa
A A

1
= Z lb;’YE»",bA —a Z — 10175"#)\
A=0,1/a A=1/a a
= (ny —n_) + (Ny — N_) = (N4 — N_)

= n+—n_

11
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Q=Y tr{m(1 - aD)(@.2)} = - 3 tr{ (@)}

e Fermionic definition (using Wilson-Dirac operator)
Narayanan-Neuberger(1995), Ito-Iwasaki-Yoshie(1987)

e depending on {U,(x)} smoothly and locally

Lattice gauge fields {U,(x)} does not have any topological structure
Any two lattice gauge fields are smoothly connected 7!

A sufficient condition for non-trivial topological structure of {U, ()}

11— Pu(x)| <e
P.(x) =U,(x)U,(x + p)U,(x + ) U, (x)t

cf. Geometrical definition Liischer (1982), Pillips-Stone (1996)
cf. Wilson action  Continuum limit (Weak coupling limit)

Sg = %Z > ReTr (1 — P, (z))

T pv

12



Locality of D = GW rel. = Index of D

vsD + D~5 = 2D~vs;D U
\ _ Index theorem
M Local chiral anomaly  _ the lattice
Yo —trysD(z, x) "
N
Admissibility cond. _—  Topological structure _, Topological charge
of lattice gauge fields Q=—3>,trysD(z, )

11— Pu(z)]| <e

13
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Free Overlap Dirac fermion Lischer
Spectral representation of free fermion propagator

aD=1— A(ATA)"Y2, A =1 —aD,

D, = % {v (8, +8,) — a8;0,}

_ o /a d3p —E(xg—yo)+ip(x—y)
(@) b)), .. :/0 dE /_ﬂ/a Gy PEP)e

such that

dEd*p (' p(E,p) ¢ >0

for all complex Dirac spinors.

p(E,p) = (vosinh E — i sin py)

1 cosh E — 1p2?
X { 6(E — w,)0 | cosh E — —p? - 2P
2 sinh 2F

{p? (cosh E — cosh Ep)}l/2 }

p? (cosh E—cosh Ep)-l-(COSh E_%ﬁz)z

1
27

+ H(E o Ep)

Unitarity is OK for any value of a!

14
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OK with the admissibility condition
How about with Wilson action 7

S¢ = iz > > ReTr(1— P (z))

9

Small and zero eigenvalues of H

1. Isolated (almost) zero modes
local large fluctuation of field strength 1 — P, ()
\/% remains local <= localized zero modes ¢o(x)  Hernandes-Jansen-
Liischer

#(localized zero mode) oc L*  Kiskis-Narayanan-Neuberger

2. Collapse of Continuum spectrum

global large fluctuation of field strength 1 — P, ()

cf. Aoki (Parity-Flavor broken) phase of Wilson-Dirac fermion S. Aoki
order parameter (two-flavor Wilson fermion):

. n . i h
A () s (@i = iy <Tr(’75 (D +72))" + h’2>h

Nonzero density of zero eigenvalues of the Wilson-Dirac operator

indeed triggers the phase transition -

g° = oo

.“.\.\"‘-._‘_.\ g2 — O

4 -3 2 -1 0 mo

Figure 1: Phase Diagram of Wilson Fermion

cf. Strong coupling region Brower elg al, Ichinose-Nagao, Golterman-Shamir



L Ul IT PLIAST st utvulc UL 1AvCUPDTLETL S LlabulLe L AL 1CLITITULL

am

e3>
Smooth and Local, '?g =1

31 >0> 0

Not local and smooth

o 3 < B

Smooth and Local, 42 = 1, but no massless fermion

mo >~ 1.0 ,61 > 5.7
moy =~ 1.6 ,61 < 5.85 1/a ~ 1.5GeV

Hernandez-Jansen-Lellouch (1999)

16
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How to implement the sign function:
H

VH?
1. Legendre polynomial expansion  Bunk, Hernandes-Jansen-Luscher
1 B+ a—-2H?
vV H? . B-a

e(H) =

=K Z t*"P.(z) =z
k=0

2. Rational approximation and Domain wall fermion  Neuberger, Borici

_ @+ :H)Y -0 -H)"

N H) = TNy = m)y
(0 .
H = 75(Dw - 70)
en(H) = H - 1 1

n a—1 0082 (7"(3—1/2)) tan2 (7"(3—1/2)) _|_ H?2

2n 2n

my 1

a )2 —|—a5(Dw — M)

a

H = ’)/5(Dw —

Transfer matrix of 44+1 dim. Wilson-Dirac fermion
1—-H
1+ H

=T

aDy = % (1 +vsen(H)) = (Pr+ PLTY) /(1 +TV)

17



