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Introduction

m The intimate relation between Liouville theory and SL(2,R) WZNW
model dates back to early days of quantum gravity.

m Early hope: SL(2,R) is more tractable?
m Inreality: Liouville is better understood.

m  Application of LFT:
Noncritical string (matrix model)
2D quantum gravity
Homogeneous tachyon condensation

m Application of SL(2,R) WZNW model
AdS/CFT
Little String Theory (2D BH).
Nonhomogeneous tachyon condensation
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m Zamolodchikov’s equation in Liouville and
SL(2,R) WZNW model.
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m Stoyanovsky-Ribault-Teschner map.

(P .. P VS L(2,R)

Jj1,mi1,m1 IN,MN, TN

2N-2 | |
N( H Vat(zt»qum”e
t=1



"
Liouville Field Theory
V2

S = i/dzz (3995(,0 | 2@R<p + 27?;1,6‘/5590)
2m 4

m Central charge: c=1-4+ 6@2,,Q — bt b_l

m Action

= Vertex operator: 1/, ~ eﬂatp
s Dimension: Aq = a(Q — o)

m Structure constants are known (DOZZ, Teschner)
= Classical limitis b — 0o, 22bp — @
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SL(2,R) WZNW model

m Euclideanized action (classical limit £ — o0)

_ 1 /- = V2 1 _=  —\/735%
S= / d z(@qb@qﬁ: s Tk + 030 )

m Central charge ¢ = 3+6/(k-2). x—{>
m Vertex operator in x (harmonic) basis

2j + 1

®j(z) = — (Iy — z[?e? + =)
A, = JG+1)
k—2

= m (Cartan-eigenvalue) basis .J3|j, m) = m|j, m)

ij:m;'ﬁl — /d2$¢j(m)$_1_j+m&—g—l—j+ﬁl



Zamolodchikov’s

higher equation of
motion and USO

Al. Zamolodchikov: hep-th/0312279
G. Bertoldi, G. Giribet: hep-th/0405094
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Zamolodchikov relation for Liouville theory

m Liouville Field Theory contains two characteristic equations

m Decoupling equation (Virasoro Null Vector)
D1-1=0,-1=0,

Dy-e ¥/2 = (02 + %T)E_wc/g =0,
D3 e $=(834+2T8,+TNe ¥ =0,

i 9 3 L
Dy -e3%/2 = (0% + 5T92 + 579, + (ZTQ 4+ ET”))E—?’W /2=0.
m One to one corresponding higher equation of motion
1—-m C l—I—m C

DmDmlpfe 2 Y] = Bnpe 2 ¥

Bm = (=2) ™ (u®)™m!(m — 1)!
m  Quantum mechanically, they hold as operator valued equations.
m Important for solvability of noncritical string (2D gravity)?
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General argument

m Consider Virasoro decoupling operator f)m,n
ijan ~ (a0 — am,n)Am,n + O((a — @m,n)z)
omm = —(m—1)b"1/2 — (n—1)b/2

m Ay, n is no more right primary but still left primary.

= 10
B SO Dm!nAmjn — Dm!an,nV! VC;: = —Va

Im,n 2 0«
IS a primary field (note V'’ Iis logarithmic primary).

m Because we assume all primaries are spanned by V,
_ , . :
Dm,an,nVam’n — Bm,nvamjn

mn = —(m—1)b"1/24+ (n+1)b/2
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Zamolodchikov relation for SL(2,R) WZNW

m  Similar construction is possible for any (solvable) irrational CFT.

OO Dy, = —m!(m — 1)Id_,,

Pmn(z]z) = (|7 = 7(2)[2eH) 4 em0Dym1

Pon(z|z) = ?Qm_,},(z)|26<i>(z)_|_e—¢(z))m—1 In(lz—y(2)[2e?(®) 4=

m SL(2,R) Zamolodchikov relation looks simpler.
m Is there any relation? One observes that

o(z|z) = —2|n(g¢>2) 0:0z0(2|x) = —2eP(#17)

m Appearance of Liouville equation of motion!
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USO (Uniformizing Schwarzian Operator)

m Consider Riemann surface with metric
!|2

Cdrds = T drdz 7(2)
o (Imfr)QZz

m Liouville theorem: T is inverse of uniformization map.
m Uniformizing Schwarzian Operator Iis defined as

7

Dm — S?(_m) — T!(m—l)/Q Qsz_l o 837',_18‘;7';(?”_1)/2

m derivatives
m Theorem: USO is invariant under SL(2,C) transform of ©
AT -1 B / 2 /
T — T = (Ct+ D) “1
Cr+ D’ ( )

m Metric is only invariant under SL(2,R).
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Cruclal observation
m 3 SL(2,C) suchthat +/ — ¥

m \We choose

1 —T
C = D =
2i7/1/2 2i7/1/2
m This SL(2,C) depends on z , but USO is

Invariant.

m—1 _ _ m—1

m Theorem: Dy, = S(,g;) — ,i(rm)
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Zamolodchikov relation from USO

m Derivation of Zamolodchikov relation is much simpler by

using USO.
50m) §(m) e ml(m—1)le"2 ¥
m To derive this, it is important to realize
_m+1 1-m rn,
= Gr) o ()
ot T \or
_ 2 m—1
L,oelf”-’g:':—(lnaz —|—2|ny) m—1 % , y=Imt
T oT

m The result is the same as Zamolodchikov with y,c = —
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Hidden Liouville equation in SL(2,R)
m Consider SL(2,R) WZNW model

ds?® = dgbz —+ 62¢d7d5/ [>
= Degenerate operator

m /T m—1
T \2

Po(zle) = 2(|a — ()2 4 &4
m Hidden LiouviII?eT equation
p(zlz) = —2ln(g¢2) 0r0zp(z|x) = —2eP(2]2)
m Actually x is uniformizing (trivializing) coordinate
T(xz) =0
m USO is just a partial derivative! Origin of simplicity.
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An application to AdSs/CFT2

m Hidden Liouville equation in SL(2,R) yields a set of
Ward-Takahashi identity for boundary CFT.

0:0zp(z|x) = —2¢#(2])
OO ®,, = —m!(m — 1)Id_,),
m AdS/CFT correspondence
<H ¢ji(mi,:fi)> — <H/d23i¢ji(zi,5i|$i,:fi)>
U BCFT Z

m Infinitely many Zamolodchikov equation on RHS gives
nontrivial constraint on the CFT correlator on LHS.

ws

m Possible complete solvability of AdS3/CFT2 model?
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Summary 1

m/Zamo

lodchikov relation for Liouville theory

IS related to USO.

m USO becomes simple in the trivializing
coordinate (uniformizing coordinate).

mE/amo
mode

m Possi

odchikov relation for SL(2,R) WZNW
IS realized In such a coordinate.

nle application to AdS/CFT.



Stoyanovsky-Ribault-

Teschner map and string
scattering amplitudes

A. V. Stoyanovsky: math-ph/0012013
(withdrawn)

S. Ribault, J. Teschner: hep-th/0502048



Stoyanovsky-Ribault-Teschner map
m N-pt function in SL(2,R) ~ 2N-2 pt function in Liouville

. . D. _ \SL(2,R)
<q).71:m1&m1 CI)jNamNamN)

2N -2 _ *
N < H Vo.:t (Zt»qumlle
t=1

m Application to string theory on AdS3, 2D BH, tachyon
condensation.

m Many non-perturbative effects in string theory will be
understood from Liouville theory through SRT map.
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The Formula (SRT map)

N - 2N 2
<-T cbjz:mz&ma(zi)} H N‘h T /d zTFk('Z)X
=1 T—N—'—l
N 2N-2 .
X H Vo (2t) H Vﬂf1?2(zi“)>
t=1 ?"=N+1
With Fo(2) ~ .u—l—l—b—l S a—b-1 (o — 2 ) timetk/2
' [(—7 +m
Leg factor: N) _ = (= )

(14— m)

Parameter map:

or =bjr+b4+b"1/2; b °=k—2
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Instanton in AdS3

m Instanton contribution is encoded as bulk poles (Liouville part).
worldsheet boundary of AdS3

Existence of holomorphic map ~v(z) = 2

N
Divergenceat k+ N -3+ ) 4, =0

i=1
Liouville theory correlation has bulk poles at
N
Y aj+ngb+n b l=Q

=1

Under SRT map, they totally agree (w=1 2> n-=1)
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LSZ in LST

m Gauge/Gravity correspondence: String ON-shell = Gauge OFF-shell
m Parameter tune of String - Gauge theory ON-shell!

m Green function should have LSZ poles (Aharony et al hep-th/0404016 ).

]. T 171 nor
(©01(p1) - Onlpn) ~ [T 55010 ™ (1) . OF™ (p)]0)

m Each vertex should contain such poles. (p~j, M ~m)

NI (=7 +m)
e [(14+j5—m)

m SRT map:

m EXxpected poles at 1

m RST map can be seen as LSZ reduction.
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Winding violating correlator

L0=>¢

FZZ (unpublished) computed winding violating correlator in

SL(2,R)/U(1), or 2D BH. @
N

Following FZZ, we introduce conjugate representation of identity
operator (spectral flow) $_k/2’_k/2}_k/2
Under SRT map, it becomes just 1.

‘ _ ‘ _ _ _ \winding _
(q:)jl:’m*l 11 qp.??:mQ:mQ qD.?S:mB:mB}

WZNW
~ <CDJ"1:"’”1}"’7“'1CD—k/Qa—k/Z—k/2¢j21m2,ﬁ2¢j3,’rn3ﬁh3>

3 . p 3 S o
~ I N3, [ P2ad®esP )T Vg T Voajan(e) Bt
=1 ‘ i=1 =4

In general, M violating N-pt amplitudes become 2N+M-2 pt function.
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Explicit winding violating amplitudes (3pt)
m FZZ gives the explicit amplitudes in terms of elementary functions.
T 4142+ i3+ k/2) ﬁ M (—ji + m)
F(=g1—Jo—J3—k/2) =T (1475 —m;)
x B(j1)C" (—k/2 — j1, 52, j3)

m Our formula captures several features without calculation.

m LSZ pole explains group factor: HNji = = (=ji + mi)
pole explains group factor: - [T N, = Tl 75— 23

m Liouville 5pt function (in the leading order singularity) explains
structure const:
3

( H Vﬂiv_l/zbv—1{/2b>LiGuvi”e ~ OH(_k/Q — jl:jﬂaj?})
=1
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Sine Liouville becomes Liouville at k = 0 (c=-2).
» FZZ dualtiy > Sine Liouville = SL(2,R)/U(1) WZNW.

1 2 = - 1 —/ 5520
S = E[d 2(9pDp +OXOX — R + cos VEX

m If we set k=0, is it Liouville (at 5° = —-1/2 ) with free boson X?

m This system can be seen as the toy model of closed string tachyon
condensation (Hikida-Takayanagi).

m SRT m]\P answers this questlon YES|

(IT ®s.0000)°" H Ro(ii) H [

(H Vi (i) H ACH )
—1 —

m Reflection amplitudes come from our convention.

Ro(j) = 22712 (—5) /I (1 + )
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Summary 2

m SRT map enabled us to understand important features of
string scattering amplitudes on curved background.

m World sheet instanton effects in AdSs.
Bulk poles from dual Liouville screening

m LSZ reduction mechanism in LST.
Complete separation of LSZ poles from bulk poles
m \Winding violating amplitudes in 2D BH.
M violating N pt function ~ 2N+M-2 pt function in Liouville

m k- 0 limit of FZZ conjecture and tachyon condensation.
Agreeing with the naive action level arguments.



" A
Open question and loose end

m Can we understand Zamolodchikov’s higher equation of
motions from SRT map?

m SRT map for j‘fgjn:m;l—g(k—m we have
. m+1 n—-1 . b1
G = b=~ = = bjn b+ =

m ZamolodchikoVv’'s coefficient seems to agree.

m However, the operation on WZNW looks nontrivial on
Liouville side.
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