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Intro

Worldsheet Action

= | 2d gravity (Liouville FT) | + | (p,q) minimal CFT

[Polyakov '81][DDK '88'89] [BPZ '84]
Ctot = CL + Cpq = 26.

Interesting for:
— String Theory, LFT itself, CFT on Random Surfaces, Integrability ...

e 2d gravity — gravitationally dressed CFT as Logarithmic CFT (LCFT)
[Bilal, Kogan '94]

e A puncture-type operator of LFT appears in LCFT [Kogan '97]

e A logarithmic Liouville 4-pt function in (p, q) = (4, 3) MST [Yamaguchi '02]

e Chiral logarithmic 4-pt functions in the Coulomb gas [Ishimoto '03]

e A op-valued relation of logarithmic degenerate field [Zamolodchikov '03]




Aim:

e 2d gravity (LFT) . LCFT.

e Logarithms in Minimal String Theory.

e Its relation to Matrix Models.

To do:

4-pt Liouville correlation functions of tachyons
in 2d (p, q) minimal gravity
a full correlation function

in Gravitational Ising Model
to see a relation to LCFT.
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2D minimal gravity: Action

MST (conformal gauge) —> + [Minima| CFT}

We First Focus On This T

The Action on S? [David88, DK89]:

S10.91 = o [ d2/3 (5706950 — QR + 4pe?) . (1)

Jap: the reference metric; R: 2d scalar curvature

w: the renormalised cosmological constant

Q — o — 2 Wlth o = 2q — LFT = CFT with cr, = 1 ‘|‘3Q

[Curtright, Thorn '82].



2D minimal gravity: Tachyon

‘Tachyon’ = Liouville primary ® (p, g) primary [DDK]:

(2)

with the on-shell condition Aor,t =1
O,1(z, Z): a gravitationally dressed operator.
D, (2, Z) is a Kac primary field of the (p, ¢) matter.
ePrit9(z2) is g gravitationally dressing operator of the Liouville sector.
B+ is fixed by the on-shell condition [Seiberg '90, Polchinski '91]:

(3)

These are common and basic ingredients...

2The conformal dim of 6'89{)(2’2) is h/B = —%,8 (B+ Q).

10



4-pt Liouville Correlation Functions of Tachyons

[Di Francesco, Kutasov '91]

By integrating out the Liouville zero mode ¢ (¢ = ¢o + @) :

4 S
H ePi?(zinZ) \ K ['(—s) G(s)
, 27T — L
1=1
4 B B _ B s
é£8) — <‘h‘. eﬁid)(ziazi) (/ d2u ea¢(uau)> > :

=1

with the free field action of qg Bi = Br;t; and h; = hﬂ for short, and
1

s s+1
ISR ) o — () ey e

© Then, we just need evaluate C;’is) as in [Dotsenko, Fateev '84 '85].
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Liouville correlation function for s € Z-

éés) _ H |Z,L' o Zj|—2(hi+hj)+%h |€|2(h1+h2)—%h—2,61,62
1<i<5<4
x |1 — g 22tha) =520 1) (o) — By, —afa; —a% €,€), (5)

4

_ Z e _ 212234 _ (21—29)(23—24) .

where i = hin & = 3754 = (21—23)(22—24) and:
i=1

1) (a,b, 5 pi€, €) = /Hdu@ TT [l — wil®fu; — €] TT fus — wil®™. (6)

=1 1<i<5<s
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To sort...

— What are possible combinations

for a particular s?
(sec 1.2)

— How to calculate [(57/&0)(575)
(sec 1.3).
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1.2 Four fields for s € Z>

Generally, s € Q) for coprime p, q.
= Analytic continuation from s € Z>.
c.f. 3pt func. in

Each 8; <+ (ri, t;) lives on the conformal grid G, .
Gpg={(rt) EZI0<7<q0<t<p}.

For this not to be an empty set, we assume p > 2, q > 2.

Finding possible combinations of four fields for given s, p, g
— a combinatorics problem on 8-dimensional lattice (G, 4)*.

2s =

QT

(Zo) ()0
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Kac Table, Conformal Grid G, ,

—»- T
2 3

Figure 1: The Kac table for the Ising model (¢ = 1/2).
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Four fields for s € Z>o and s = 1

For s € Z>, eq. for r; become dependent of ¢;,
and prescribes a 3-dim surface in 4-dim lattice.

Zri = n-q—+2 for n = 1,2,3.(for 4pt)
>t

e.g. for (p,q) = (4, 3) case, the following combinations give s = 0.

n-p—2(1+4s). (8)

eeel eee), (eeoo).

when p > 4, g > 3, Tfields s.t. s = 1:

( Ort Og—(r—1),p—(t42) Ort Og—(r—1),p—(t42) )

for 2<r<qg-—1,1<t<p-—3. (9)

- # of combinations is (p — 3)(q — 2).
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1.3 Integral expressions and explicit calculations for s = 1
By Dotsenko's formula [D88]:

ID(a, b, c;0;¢, ) = /d2u|u|2a|1—u|2b|u—5|26.

G |Fi(6)]" + G2 | F2(6)17,

where G;'s are coefficients and F;(£)’s are two independent hypergeometric
functions. In LCFT cases, this form may be indefinite.

& One way: the differentiation method [Ya '02, etc. |

& Another way: perform the same analytic continuation as in [D88],
then express two of them in |£ — 1| < 1:

1" (a, b, ¢;0; €, &) = —sin(ma) Io(€) I3(€) — sin(nb) Li(€) I, (€) , (10)
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[ duut =1 o

1
I'N—1—a—-—b—c¢)T'(1+4b)
I'(—a — ¢)

2F1(—c,—1—a—b—c—a—cg),

& a b c
/ duu” (1 —u) (£ —u)
0

P +a)T(+o),

14+a+c
Fi(—b,1 ;2 ;

0 00
= / du (—u)?(1 — u)b(f —u)" = /1 du (u)®(u — 1)b(u —(1-¢)°

'N(—1—a—-b—¢c)I'(1 4+ a)

Fi(—c,~1—a—b—ci—b—c:1—¢),
e 2F1(—c a c ;1 —§)

1 1—¢
= / duu®(1 — u)’(u — €)°¢ = / du (u)?(1 — w)%(1 — € — u)°
3 0

T(1+b)D(1+c)

T4+ o) (1) m(—a, 14+ b;24b4+c;1—€).  (11)
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Substituting the above into (10), we obtain:
1W(a,b,c:0,6,8) = —T(-1—a—b—c)T(1+c)
x [sin(m) Ugg g1 Tote
XoFi(=b,1+a;2+a+c¢;&)oFi(—¢c,~1—a—b—c;—b—c¢;1—¢)
+ sin(xb) Uy (1 — €)' F0F°
XoF(—a,14+b;24+b+c;1—¢&)oF(—c,—1 —a—b—C;—a—C;ﬁ_)] :

(12)

. I'(14a)]? I(14b)]?
with Uzg = F(2—|—[a—(|—c) F)(]—b—c) and Uy = F(2—|—[b—|§c) Fz]—a—c)'

Note:
& No-pole condtion: a,b,c & Z_.
& The analytic continuation is well-defined and exact when (a +b+¢) < —1

and & is real. However, we assume that & can be analytically continued to C
(or regard as a regularised expression).
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Evaluation of G\*) for s = 1

GS) — |Zl _ 23|_4h1|22 o Z4|_4h2|5(1 o S)|—2,81ﬁ2
XTM(A, A, —1 — 4;05¢,8) . (13)
where .
— —1 r
1WA, A, —1 — A4;0;¢,8) = (=1) "' y
sin <7r(1 + t)%)

{oF1(—A, 1+ A;1;8) o0 (—A, 14+ A;1;1 — &) + (c.c.)} . (14)

and

—af] = A:—l—I—r—(1—|—t)g,
p
—afy = —r+(1+HL= 14, (15)
p

& Crossing symmetric and Monodromy invariant as usual.
& Most conditions for this calculation are satisfied by A & Z.
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1.4 Result with Logarithms

This correlation function is logarithmic

since
oF1(—A, 14+ A;1;€)

_ Si“(:A) {mu — &) oF (—A, 1+ A;1;1 — €)

1-8"{2¢(n+1) —p(—A+n) —¢p(1+A+n)}|,

(16)

(n!)?

X (A (1 + Ay,
Z()( Jn(1+ A)

where (a)p, is the Pochhammer symbol and 9 (z) = (.% In(T'(x)).
Hence,

2D minimal gravity

or Minimal string theories are logarithmic.
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4-pt function of Full Theory
[JPS talk, work in progress]

Recall ‘tachyon’ primary field (2):

(17)
We show the form of 4-pt func. of the full theory:
(02,1 04193021 0¢-1,p-3)
4 4
= / [T %2 (] ] Oi(zi 2)) o mrgn
i=1 i=1
I'(—s) (s)
( ) o /Hd GV x Gy x Gy, (18)

and try to compute in the (p, q) = (4, 3) case, i.e.,

Gravatational Ising model.

[communication with Al. Z]
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Gravity part by Liouville

2

~ T _ _ _
GP = T Jzmal Mzl 21— )|
sin.(—zg)
P
X {oF1 (A, 14+ A;1;8) oFy (A, 14+ A 151 =€) + (ce) }
(19)
B 2q Br_ . P B2 _ P
where A = 1 T P 1 27 o 1+ 4
hi = _M, ho = _ﬁ. (20)
4q p
In the (p, q) = (4, 3) case, O1 = O3z and &5 ; = ¢, and
] B \/§ O— 7 5 1 52_1 P -
— 5 o = — 2’ ——%, ——%, — 5 -~y (21)

Hence,
GV = 72| z1gm] 2E(1 — )]
X {oF1(1/2,1/2;1;€) 2F1 (1/2,1/2;1;1 — €) + (c.c.) } (22)
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Matter part by Coulomb gas

(02104-1,p—302104-1p—3) M

2p
e e e e e T B e A

= |z13
2 —2(3—2) 2
q
X | G1 2F1(]—),1—B;4—B;£> + Go : ‘ 2F1<B,1—1—);—2+1—);§>
q q q 1—-¢ q q q

where (G;’s are some constants which satisfy the crossing symmetry and monodoromy invariance,

and
crr :1_M:1_12a2 ao:p—q oy = 2_pa _ 2q
pq 0 V2pq q’ p’
o 2—q 4 —p
HT Ty ME Ty T Ty
M 3p — 2q M 2q D
ha1 = P hq—l,p—3:_1+;a 051012:19—2—5 (23)
In the (p, q) = (4, 3) case,
2 2 2|2
(eeee)m = Galz13224] “|€(1 — §)| ‘1—§+§‘ : (24)
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A full correlation function of the Grav-Ising model
Plugging all into one, one gets a moduli integral over C:

<€€€€>All = <02,1O2,1O2,1O2,1>
4
— / H d’z;( ecee) { ece€) i
i=1

(inw) G [ Pele— o1 1-g+ ]

X [K()K(1—-& +K(1—-¢K(£)]
= (plnp)G. (25)

According to ¢ = % matrix model, G = 0 [Crnkovi¢, Ginsparg, Moore '89].

We infer that (G is a finite real constant. However, a straightforward calculation

with no regularisation shows that this moduli integral is divergent. Because...

1. The integral is of the same order as the integral on the unit disk D.
7
2. The integral on D is apparently divergent, since [, |&(1 — )| 3 ~ oo.

appearing in the calculation for the Virasoro-Shapiro amplitude...
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Meaning of Logarithms in minimal CFT
[Gurarie 93]

At ¢ = —2,
(P12P12P12P12)

~  |zizzaal Y€1 = €)M

X (K(&K(1—§) + K(1—-§K()) (26)
Operator algebra (Fusion rules) for ordinary CFT are:
Dy (2)P2(0) = 2 "17"54(0). (27)
{h3}

But the above implies a fusion rule:
®15(2)P12(0) ~ 2 (C(0)Inz 4+ D(0)) + - - . (28)
Conformal property of C'(0) and D(0) shows the Jordan cell under L:

States: Lo|C) =0, L¢|D)=|C). (29)
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LCFT

LCF

(Logarithmic Conformal FT)

[ Gurarie '93, Knizhnik '87 |

e Non-unitarity

Unitarity

e Logarithmically Degenerate fields

Correlation functions [Caux,Kogan, Tsvelik '96]

(C(2)C(w)) ~ 0, (C(z)D(w)) ~

(D(z)D(w)) ~

States:

(8
(z . w)2hc’

(z — w)?hc (

Lo |C) = hcl|C),
Lo|D) = he|D)+|0).

29

—2aln(z — w) + a').

(30)
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Fusion rules of the Liouville theory

Structure constant, i.e., 3pt func. [Dorn, Otto '92][Zamolodchikov” '95]

1-a2/2\ °
Cp1.62.85 = <7T,LL -y (a2/2) - (a2/2) >

o T (a/V?2) ﬁ Y (vV28;)
T((B + Q)/\/E) i=1 T((B _ 25@)/\/5)

where 8 = > B;, v(x) = I'(x) /T (1 — x), and Y (x) is the Barnes double
gamma func., which is an entire func with zeros in the 1st and 3rd quadraple
on the lattice (m,n) € Z?, i.e., C123 has poles at

(32)

T = Ty = (ma—|—n-z> /\/5.

(0%

Fusion rules [Curtright, Thorn '82][...]

dpP C—Q/2+z‘PmP2+---e%(Q/%"’P)d’

e’19(2)e”2?(0) > Co . (33)
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Fusion rules of the Liouville theory

A pole at P = 0, gives something like

1 _

Ce Q/2¢,
€

with a small ¢ — 0.

Remind you that ... [Kogan, Wheater '00|[Rasmussen '04][...]
1
O = —(01+ (1 + €)0y), Ol = €. (34)

form a C- D-like states. Maybe, it may renown the interpretation of the structure
constant and corresponding boundary states in the continuous spectrum...
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Concluding remarks

& We have studied (p, q¢) minimal gravity (or MST).

showed the explicit form of the full correlation function with logarithms in
the gravitational Ising model, in particular.

Q@ No strange conditions for logarithms for generic p, q.
Q@ Convergence of the moduli integration is still under investigation.

Minimal String Theory is Logarithmic!
Emergence of In ;v — inconsistent to Matrix Models?

The logarithms in the Liouville sector seem to suggest that the fields are
logarithmically degenerate in fusion rules of the Liouville sector.

Interesting directions:

— Precise structure of local continuum theory (at the zero-volume limit).
— The effects of boundary
— Relation to Branes, Rings, Matrix Models, etc.
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