Four-Point Function in
Minimal Liouville Gravity

A.Belavin & Al.7Z

1 Preliminaries

e Liouville gravity (LG) — 2D quantum grav-
ity with effective action induced by a “criti-
cal” matter, i.e., CF'T M, with central charge
c. Induced action — universal Liouville action

(A.Polyakov, 1981).
{®;, A;} — set of primaries and their dimen-

sions in M..

e Liouville field theory (LFT) - QFT based
on the Liouville action. LF'T —> non-rational
CFT with ¢, = 1 +6Q% Q =b"1+b; b
parameter

1
L1, = = (aa¢)2 + pe?t?
7T

1+ — cosmological constant

quantized metric — ds? = €2*? g, dz*dz® (Gap
— “background metric”)

— Primary fields — continuous family of “ex-
ponentials” V, = exp(2a¢), a — (complex)
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parameter

A =a(Q - a)

— Exactly solvable (H.Dorn & H.Otto, 1992):
explicit OPE structure contants (3-p func-
tion)

C(L) = (Vi (1) Vay (22) Vag (23)),

ajl,a2,as

— In LG b 1s tuned as: ¢+ ¢, = 26

Reparametrization ghost field theory: BC
system (2, —1)

Agp = = /(053 + COB)d*x

T

with cgn = —26.

— matter 4+ Liouville T' central charge 26;
form BRST complex w.r.t. nilpotent

Q= jqf(CT+ cocp) 22

271

Correlation functions: matter operators
®; are “dressed” by appropriate V,, to form

— either (1,1) form U; = ®,;V,, (ghost # 0)



—or (0,0) scalar W; = CCU; (ghost # = 1)
Az‘ +ai(Q — ai) =1

— Gauge inv. corr. functions —> correlation
numbers (CN). Genus 0 n-point CN

/ (WiWoW3Uy(z)d?xy ... U(xy)d°x, )

M, —n—3 dim. moduli space of sphere with
n punctures.

— 3p : no moduli integration. Factorized

(U102U3) ¢ = 19203231 | X

(®1(21)Pa(22)Ps(ws)) (Vi(w1)Va(z2)V3(23))
e Four point CN : one moduli integration

(U10U3U4) ¢ = | T19T03231)° X
/ (®y(z1) ... Balza)) (Vi(21) ... Va(za)) P2

— general Liouville 4-p function

<V1 (561) ce V4(£134)> —

dP (L)
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2 4

— general 4p conformal block (BPZ 1984),
— less transparent then the 3p CN

(Generalized) minimal gravity (GMG):
matter CF'T = (generalized) minimal model
(GMM) M,2. If one ®; = ®,,,, — degener-
ate matter field — 4p modular integral can

be evaluated due to higer equations of mo-
tion (HEM) in Liouville.

4p CN in GMG with degenerate field

Gm,n (0417 a2, 043) — <Ua1 U062 UOé3 Uman>GMG

Unn = CIDm,nf/m,n, ‘N/m,n — appropriate LFT
dressing, U,, — GENERIC non-degenerate.
HEM: integrand —> derivative, integral —>
boundary terms + curvature term.

Curvature term —> (O, , W1 WoW3) of

Discrete state O, ,, (I.Klebanov and A.Polyakov,
1991; E.Witten, 1992) related to ®,,, and
the corresponding degenerate LE'T V,,, 5.



2 Generalized minimal models

e “Canonic” M, —rational CF'T with (p—
1)(p'—1)/2 (degenerate) primary fields ®@,,, ,;
(m,n)=(1:p—1,1:p'=1)and ®p_p, pr—p, =
By

e GMM M2 — formal CFT

— continuous b* = p/p’
e =1—6(b"1—b)?

— continuous spectrum of primaries ¢, with
(g=b"" =)

AR = a(a - q)

— Normalization (®4Pa) g = (ajj)—QAa
— Degenerate fields ®,, ,, (o =q/2 =+ )\m7_n)

AM = —g?/4+ 22, _,
— notation

A =mb™ 1 /24 nb/2

e Singular vectors in ®,, , rep. vanish

DMe ~=DMg —0

,
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M : :
Dfn% — “singular vector creating” operator
made of Virasoro generators M,

DY) = M2, — M _,
DY = M3, — 20 {M_oM_1} + 4b*M_3

::::>
e Degenerate OPE — finite # of terms, e.g.
B12(2) @4 (0) = CL () (27)°? [@ 4 0]
+ O (@) (7)1 707 (@ o]

in CFT normalization

(M) v (0%)y(2ab + 2b% — 1) 12
i la) = (202 — 1)v(b? + 2ab)]
(

b2~y (20 + b2 — 1)1 Y/?
C(_M)(Oz) /7 a0 + )]

2)y
7(26 — 1)y(2ab)

e Degenerate ®,, , 4-p correlation function

(m,n)

GLGMM) Z CM (ay)

(man)aal ,Oé2,0é3

C’1\/[ (041 + Ar,—s: 2, ag)FT,S(ZU)FT,S(:E)
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3

— finite number mn of bloks F, s(z) with
(r,s)=(—m+1:2:m—-1,—n+1:2:n-1)

— IMPORTANT: presently all remaining 3 «;
are generic non-degenerate.

— ATTENTION: Naive limit o; — aup p, de-
generate isn’t always correct

Higher equations of motion

Degenerate Liouville exponentials V;,, ,, =
Vi » With @y, = Q/2 — Ap, . Kac dimen-
sions for cy,

A%}n — Q2/4 T Agn,n =1- A%T)L — mn

Singular vectors vanish in LFT
D) Vinn = D) Vipn =0

L : :
Dq(n)n — “singular vector creating” operators
in Liouville made of L,, — Liouville Virasoro
generators:

D%,)n — Dﬁnlv,lr)i, / {b2 — _b27 Mn — Ln}

e “Logarithmic degenerate” fields

10

m,n §%Va‘a:am,n — ¢exp(2a’m,n¢)
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inhomogeneous transformation

Yo 5 VL (y) =
Vrln,n(x) o A;”n,,nvm,n (x) log ‘y$|

with
d
A,’n’b n — _AELL)|CL:am n — mb_l _l_ nb
) da )
HEM

~

Df/(?%,)nD(L) v, — Bm,nvm,n

m,n’ m,n

Vm,n = Vala=a,. _, — LFT exponential
AR = Al +mn=1-A0

the “dressing” Liouville field for matter de-
generate P,

~

Unn=PmnVmn; dim=(1,1)
Coeflicient

(7T,LL’Y(b2))n pl+2n—2m
v(1 —m + nb?)

Bm,n — H;{:;’n}QAk,l

(k,1) = (—m+1:m—1,—n+1:n—1)\(0,0)



4  Generalized minimal gravity

e Dressed fields
Ua — (I)a—bva
— second solution Ug_, = Py Vo—_a.
e Three-point CN
3
<Wa1 Wa, WCL2>GMG =} H N<al)
i=1
with
Q/b _ _
Q = [muy ()] (B2 (672 = 1)b~?]

— “leg-factors”

1/2

 [v(2ab — b?)y(2ab~t — b=2)1"?
N(a) = (7 pry (b2)) 20/
— Two point CN
Uala)oue = [mmr (@) w(jz\; (_a)Q)

— partition function

1 —b?
QY (B2 (b72)

Zr = [muy (%)) 7"
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e Normalized CN'’s
{Uy...U)) = Z  (Ur - Un) ane

— “normalized leg-factors”

v(2ab — b%)y(2ab~1 — b~?) /2

Ma) = (mrp)2e/bry2e/0=1(52)y (2 — b~2)

— “gravitational normalization” of dressed fields
Ua) =N a)U,; W(a) =N"a)W,
2-p and 3-p normalized CN’s

(g +1)g(g — 1)

(U@U(@)) = =08
<<Z/{G1Ua2ua3>> — _7T3(g + l)g(g _ 1)
Moreover
Ula) =U(Q — a)

i.e., independent on the choice of Liouville
“dressing”. Price = singularities in the leg-
factors + dependence on pu.

4p integral and discrete states



and
@m,n — (I)m,nvm,n

Statement 1: For every pair (m,n) of pos-
itive integers there is a graded polynomuial H,y,
wn generators M,,, L, and ghosts B, C of order
mn — 1 and ghost number 0 (unique mod exact
terms) such that Hp, n,Op, n is closed and non-
trivial.

One finds explicitly

Hio=M_—L_;+b°CB
Hy3 = le —M_1L_1+ L2_1 — 2b° (M_2 + L_Q) +
+20? (M_y — L_1) CB — 4b*COB

(m,n) = (1,n) proof: C.Imbimbo, S.Mahapatra
and S.Mukhi. Nucl.Phys., B 375 (1992) 399. Gen-
eral statement is most likely also true (B.Feigin,
private communication).

— Normalization of H,, ,

mn—1
Hmm = Z (M_l)mn—l—k (—L_l)k 4+ ....
k=0

— Apparently
(8Hm,n — QRm,n) @m,n =0

Ry, »n graded polynomial of order mn, ghost # —1.
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— Let
@,Tn,n — (I)m,nvrln,n

Statement 2:

Dm,nﬁm,n@;n,n —
(8Hm,n — QRm,n> (5Hm,n — QRm,n> @/m,,n

Verified directly for (m,n) = (1,2) and (m,n) =
(1,3). General (m,n) =7

o 4-p CN <<Um,nUa1 U(){g Ua3>> Of Um,n
ZITl/<Um,n($)Wa1Wa2Wa3>GMG d’x

_an/(’?c‘? (0! ()W, Wy Way))

— here
/ I /
Om,n — Hm,nHm,n@m,n

Integral —> Boundary terms near W, (x;)
insertions + “curvature term”. In “grav. nor-
malization”
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6 Curvature term
Field Oy, ,,(x) is not exactly a (0,0) form but

O;n,,n<y) = O;n,n(x> — 2Xm,nOm n () 1og |y |

where
Om,n — Hm,nHm,n@m,n

a discrete state (I.Klebanov and A.Polyakov, 1991),
i.e., a physical state of ghost # 0. Discrete states
form algebra called the ground ring (E.Witten,
1992).

Let gup = €904 — a background metric. Then

o(y) = o(x) — 2log [y.|
hence
01 (%) = Opy (%) = A0 (2) Oy ()
is a scalar. Covariant HEM reads

1 ~ ~ ~
BmnUmn = Z\/ﬁ (AO;nm — )\m,nROm,n) +exact

AN AN

A\ — covariant Laplace operator in g,,, R — scalar
curvature. Second term gives

/<<850;1,nUa1Ua2 Ua3>> d2x =
- 27T)\m’” <<Om7nUa1 UOéz Ua3>> + b.t.
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7 Ground ring in GMG

Discrete states O, ,, act in the space of classes W,
From fusion rules for ®,, ,, and V,,, »,

(m,n)

Z A m ”)W + A\ s) + exact

Evaluate the coefficients Ag’? For (m,n) =

(1,2)

Vi2(y)Va(0) = C (a) (i) [V o] +

+ct )( )(yy)' ™ ab+* [Vato/2]
Combine with

1 2(2)84(0) = C1V () (22) [@0yp)0]

+ ™M (a)(zz) 7Y [0,y 5]

Acting by His = 0, — 9, + b*C'B deletes “wrong
terms” while decorates “good” ones with multipli-
ers (1 — 2ab + b2>

AS = (1= 2ab+0?)" ™ (0 — b)) (a)
AS = (1= 2ab+8?)" M (a - b)) (a)

Result reads in general

A(m,n) _ Am,nN(a’)
ne N(a+ A s)
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with

Am,n — b_le,nN(am,—n)
and B,, , are those entering HEM. Let O,,, =
AL O

m,n " 1M,n

(m,n)

(’)m,nW(a) = Z W(CL + )\r,s)

e The ring structure follows

[m,m'] [n,n’]
Om,nom’,n’ — S: S: Ol,k
l k

where ZL”’”I] implies sum over kK = min(|n — n’|,0) :
2:n+n’ (Cp. N.Seiberg & D.Shih, 2003)

8 Boundary terms

e Controlled by OPE of the logarithmic field
Oy, n(x) with a field W,,. Study OPE ©7, ,, =
P n Vi With CC®,_,V,. Basically, rele-
vant terms in

Vi W)Va(0) = ...
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Discrete degenerate OPE
Vinn(y)Va(0) =

(m,n)

(L) A(M)_ A(L)
Z (j(mn )Aa—f—)\r,s A=A, [Va+Ar,3]

from the singular vector decoupling.

General Liouville OPE
V. (0) =

(L) _ AL) _ A(L)
/ —0<L>p 2)A A=Al [y )

4
with
C@L)p _ Ty (2g) (py (b?)p? 207 ) P=a—9) )
g,a — —
YTo(p+g—a)Yyla+g—p)
Ty (b)Th(2a)Y(2Q — 2p)
To(p+a—g)To(a+g+p—Q)

(see picture)

Discrete terms. Let g — 0. Poles at p =
a+gand p=C0Q —a— g give

Vy(y)Va(0) =
1

§(y§)_2“g (Vatg(0)] + Rr(a + 9)[Vg-a—g(0)])

+ integral term
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Y, (pta—g) Q/2+IP @
Y, (p+a+g-Q)
g-a Q_a_{ Q-atg  2Q-a-g

[ ] [ ] ¢ \ ¢
a L.a+g.—Q. a-g avg
Y, (a+g-p) Q-g+a
Y, (p—a+g)
Y, (p+a-g) @
Y, (p+a+g-Q) O-a-g 20
g-a Q-a+g —a-g
SRR 0, .. X )
° o\o ° ° ° ° \ ° ° °
a+tg-Q 79| atg Q-g+a
Y, (a+g-p)
Y, (p—a+g)
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ib (p+a—q) ( : )
, (p+a+g—Q) |
g-a
. Sl
a+ . _
g_ [ ] @ a+
Yb (a_I_Q a°@\.®f . g . 2Q_a
g_ _g [ ) [ ] _g
Y, (p— - h 3
a+q) Q. " ..
i
g-—>0
Y
b (p+a_
g ( ;
Yy (p+a+g)—Q) |
[ ] g_a )
L. 2 Q—-a—-g-b Q
a+ _. [ ) [ ] [ ] ° _a+
E S
, (@+g- a_é\\. |
Y, (p- i ™
o Q-g+a
a
g-—>
-h/2
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with Liouville “reflection amplitude”

RL(CL) —
—2a b= ?v(2ab — b?)
p2Y) (@ —20)/b
(T (57)) v(2 —2ab—t — b=2)
IMPORTANT: Above implies Re(a + g) <
Q/2. If Re(a + g) > Q/2 we have to pick up
instead the polesp=Q—a+gandp=a—g
1 — —a
Vo(®)Va(0) = 5 Ru(a)(yg) @~
(IVo-a+4(0)] + Ri(a — g)[Va—g(0)))
+ integral term

Limit ¢ — 0 gives (in both cases) V,(0) as
expected: the integral term vanishes.

Derivative w.r.t g before the limit (Rea <
Q/2)
d(y)Va(0) = —alog(yy)Vs(0) + const

+ less singular terms

simulates the free field OPE. Denote
2] = x if Rex >0
YIRe = —x if Rexz <0

then (unlike free field)

¢(y)va(0) —
(1Q/2 — alg, — Q/2) log(y7)Va(0) + ...
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Point ¢ — —b/2 is treated similarly. There
are two singular terms. Direct limit —> two
terms of the standard discrete OPE

Vi2()Va(0) = C () (y7)® [Vasyo]
+ C(—L)(a)(yg)l_ab+b2 Vato/2]

with correct structure constants

cM(a) =1
Wy — K v(2ab — b* — 1)
R 3 N O3

For the logarithmic field
V1/,2(y)va(0) = log(yy) X
1,2 .\ ab ~(L
(461 (@) )™ ) (@) Va2 (0)+

, _\1—ab+b? ~(L
252 () () = Y (@) Vas0(0))
+ ...

where
g5 (@) = |a — bs/2 — Q/2|p — M2

OPE O1 5(7)W, goes as for the discrete states
— “wrong terms” go away due to H; o while
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“cood” terms combine to
12(@)W, = Ay 2 log(xT) %
1,2 1,2
(68 (@ Wacssz + 52 (@) Wi o)

+ less singular terms

e General logarithmic OPE Oy, . (z)W,

(m,n)

Oy ()Wa = log(2) Z @™ (@) Waon, .

with the sum over the standard for (m,n) set

of (r,s)

qv(ﬂn; n)( ) =la— A s Q/Q‘Re Am,n

and

O, (@) =A"O;

m,mn = 1m,n

4-point CN

e Sums up to (together with curvature term)

ZI_Tl/<um,n(x)walwa2wa3>d2$:

7T4(b_2 -+ 1)b_3(b_2 — 1)Zm,n(a1, as, CL3)
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with

Zm,n(afl, as, @3) = —2mn)\m’n
3 (m,n)
=0 27 (la = Ars = Q/2ge = M)
1=1 r,s
3 (m,n)

= — Z Z |afz' - >\'r,s — Q/2‘Re + mn)\m,n
1=1 nr,8

10 Comparing with matrix models
e Critical O(n)-model, or critical loop gaz with
n=2cosm(g—1)

is described by GMM M2 with 1 < g < 2
(9=10b77)

em=13—6(g+g7 1)

e Off-criticality: “massive” loops of mass ¢.
Spherical partition function Z(x, t) (I.Kostov,
2005)

u = _(g T 1)Zxa:

— x ~ cosmological constant, p =1/(g — 1)

uP L tuPl =2
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Perturbative expansion in ¢

Z(x, t)z

—1 g1
$g+1j{: vr et [l
n

(U)) =—(g+1)g(g—1)
{U*y) = =3(g+ 1)glg —1)(g — 2)

Our expression:
(g+1)g(g—1) x b™'E

where

3

§@+3—w—ikﬂg—$—m—5D

= —3(9-2)

b1y =
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