
Smoothingby Example:
MeshDenoisingby Averagingwith Similarity-based Weights

ShinYoshizawa AlexanderBelyaev Hans-PeterSeidel

ComputerGraphicsGroup,MPI Informatik,Saarbr̈ucken,Germany
E-mails:f shin.yoshizawa j belyaev j hpseidel g@mpi-inf.mpg.de

(a) (b) (c) (d) (e)
Figure1: DenoisingAngel modelwith Non-Localmeans.(a) Original noisymesh(�at-shadingis used).(b) Original noisymeshcolored
by meancurvature;the curvaturemaphelpsus to identify surfacedefectsandroughness.(c) Coloring by similarity. A meshvertex is
chosenat theleft cornerof theright eyeof theoriginalmesh.Themeshis coloredaccordingto asimilarity with theshapeof themodelat
thechosenvertex. Thesimilarity increasesfrom whiteto blue.Theverticeswith highersimilarity valueshaveastrongercontributionto the
new (smoothed)positionof thechosenvertex. (d) Meshis smoothedby thesimilarity-basedmethoddevelopedin this paper(�at-shading
is used).(e)Smoothedmeshcoloredby meancurvature;thecurvaturemapindicateshighqualityof thesmoothedsurface.

Abstract

In this paper, weproposea new andpowerfulshapede-
noisingtechniquefor processingsurfacesapproximatedby
trianglemeshesandsoups.Our approach is inspiredby re-
centnon-local image denoisingschemesand naturally ex-
tendsbilateral meshsmoothingmethods. The main idea
behindtheapproach is verysimple. A new positionof ver-
tex P of a noisymeshis obtainedas a weightedmeanof
meshverticesQ with nonlinearweightsre�ecting a simi-
larity betweenlocal neighborhoodsof P andQ. Wedemon-
stratethatour techniqueoutperformsrecentstate-of-the-art
smoothingmethods.Wealsosuggesta new schemefor com-
paringdifferentmesh/soupdenoisingmethods.

1 Intr oduction

Real-world signalsdonotexist withoutnoise.Denoising
digital imagesandtheir 3D geometrycounterparts,polyg-
onal meshesand point clouds, remainsto be an active
areaof research.In geometricmodeling,recentadvances
in developingfeaturepreservingsmoothingtechniquesin-
clude diffusion-driven methods[23, 13], projection-based
approaches[8, 20], andthe so-calledbilateralmesh�lter -
ing schemes[9, 14]. Thelatterwereinspiredby imagepro-
cessingtechniquesbasedon spatial-tonalnormalizedcon-

volutions[22, 24] which in their turn canbeconsideredas
generalizationsof theYaroslavsky neighborhood�lter [25].

Very recently, the so-calledNon-Localmeans(or NL-
means) concept,a naturalandelegantextensionof the im-
agebilateral �ltering paradigmwas proposedby Buades,
Coll, and Morel [5, 6, 4]. The NL-meansmethodwas
inspiredby the famousTexture-Synthesis-by-Exampleap-
proachof Efros andLeung[7]. The methodandits appli-
cationsandextensionsarecurrentlya subjectof intensive
researchin imageandvideoprocessing[15, 17]. Thebasic
ideabehindNL-meansis very simple: for a givenpixel, its
new (denoised)intensityvalue is computedasa weighted
averageof the other imagepixels with weightsre�ecting
thesimilarity betweenlocal neighborhoodsof thepixel be-
ing processedandthe otherpixels. A similar ideawasin-
dependentlyproposedin [2] whereit was usedfor video
enhancementpurposes.

In this paper, we extendtheNL-meansconceptto mesh
denoising and develop a new mesh smoothing method
which has a number of important advantagesover the
main state-of-the-artmesh denoisingtechniques. Fig.1
demonstratedtheideaandpotentialof ourNL-meansmesh
smoothingmethod.

Recentlysemi-localsimilarity-basedshapedescriptors
received a considerableattentionin connectionwith shape
matching,retrieval, andmodelingapplications[3, 10, 11,
21, 27] whicharetooexpensive for practicalmeshsmooth-
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Figure2: Center: ”Trui” imagecorruptedby noise. Left: smoothedby bilateral�ltering; the differencebetweenthe original noisy and
smoothedimagescontainsimportantimagestructures.Right: smoothedby NL-means�lter of Buades,Coll, andMorel; the difference
betweenthe noisy andNL-smoothedimagescontainsmuchlessfeaturesof the original image. Thusthe NL-means�lter doesa much
betterdenoisingjob thanthebilateral�lter .

ing. Theapproachweusein thispaperis muchsimpler.
The rest of the paperis organizedas follows. In Sec-

tion 2, we brie�y overview theNon-Localmeansapproach
of Buades,Coll, and Morel. We also explain their very
simpleandextremelyusefulSNR (Signal-to-NoiseRatio)
analysisof the imagesmoothingprocess.In Section3, we
presentoursimilarity-basedmethodfor meshdenoising.In
Section4, wecompareourmethodwith two state-of-the-art
meshdenosingtechniquesanddiscussadvantagesandlim-
itationsof themethod.For thecomparison,we extendthe
SNRanalysisof Buadeset al. from imagesto meshes.We
concludein Section5.

2 ImageFiltering with NL-means.

Consider a gray-scale image I (x) de�ned over a
boundeddomain
 (which is usuallya rectangle).TheNL-
means�lter is de�ned by

J (x) =
1

C(x)

Z



w(x; y )I (y ) dy ; (1)

wheretheconvolutionkernelw(x; y ) is givenby

exp
�

�
1
h2

Z
Ga(jt j) jI (x � t ) � I (y � t )j2 dt

�
; (2)

andmeasuresa similarity betweenneighborhoodsof pixels
x andy , C(x) =

R

 w(x; y ) dy is anormalizingfactor, and

Ga(�) is a Gaussiankernelof standarddeviation a. Hereh
anda are�ltering parameters.

In practice,integrationin (2) is performedoveraa�x ed-
size small window. The typical window size variesfrom
5 � 5 to 9 � 9.

A pictorialexplanationof theNL-meansmethodis given
in Fig.3.

While theNL-meansmethodis slow, it substantiallyout-
performsthebilateralschemeandothersimilar �lters. The
advantagesof the NL-meansmethodareespeciallymani-
festedby processingimageswith complex texturepatterns.
WecomparetheNL-meansandbilateral�lters in Fig.2.

Buades,Coll, and Morel also suggesteda simple and
convenient techniquefor evaluating the quality of image
smoothingmethods[5, 6]. The idea is to considerand
visualizethe differencebetweenthe original noisy image
I (x) and its smoothedversion J (x). If the difference
I (x) � J (x) doesnot containgeometricstructuresof the
original imageI (x) and looks like a randomsignal, one
can concludethat the testedsmoothingmethodremoves
noiseanddo not destroy imagefeatures.(Of course,sim-
ilar SNR-basedtechniquesarewidely usedin imagepro-
cessing,see,for example,[12, 19] andreferencestherein.)
In Fig.2, we applytheBuadeset al. imagedifferencetech-
niqueto demonstratethat theNL-means�lter substantially
outperformsbilateral �ltering in preservingsalient image
structures.
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Figure3: Wemeasuresimilarity w(x ; y ) betweentwo imagewin-
dows centeredat x andy by convolving the squareddifference
betweenthewindowswith aGaussiankernel.
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3 MeshFiltering with NL-means

Given a triangle meshM , considera meshvertex x
and denoteby 
 � (x) the 2� -neighborhoodof x on M :

 � (x) = f y 2 M : jx � y j � 2� g. Weusebilateralmesh
smoothing�o w of [9] asa basisof our methodanddenoise
M by updatingrepeatedlythepositionof eachmeshvertex
x:

xn +1 = xn + k(xn )nn
x ; (3)

wherenx is theunit normalat x,

k(x) =
1

C(x)

Z


 � 2 (x )

w(x; y )I (y ) dSy ; (4)

C(x) =
Z


 � 2 (x )

w(x; y ) dSy ; (5)

I (y ) = hnx ; y � x i ; (6)

w(x; y ) = exp
�

� D (x; y )/ (2� 2
1)

	
: (7)

HereSy standsfor theareaelementof M at y , ha; bi de-
notestheinnerproductof vectorsa andb, andD(x; y ) is a
similarity kernel.

Similarity Kernel. The main dif�culty of extendingthe
NL-meansapproachto meshesconsistsof de�ning an ap-
propriatesimilarity kernelD (x; y ).

Considermeshverticesw 2 
 � 3 (x), z 2 
 � 3 (y ), and
y 2 
 � 2 (x) asshown in theleft-top imageof Fig.4.
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Figure4: NeighborandLocalCoordinatesfor RBF.

Firstwechooseapairof unit tangentvectorst 1 andt 2 in
thetangentplaneof eachmeshvertex x (thetangentplaneat
meshvertex x is theplanepassingthroughx andorthogonal
to meshnormalnx ). Let usde�ne a translationvectort , a
meshcounterpartof theimagetranslationvectort in (2), by

t = � (uz ; vz ) = � (ht 1; z � y i ; ht 2; z � y i ) :

Now let useradialbasisfunctions(RBFs)to build alocal
approximationof the meshin a neighborhoodof x. Let
(uw ; vw ; ww ) be the local coordinatesof meshvertex w
w.r.t the basis(t 1; t 2; nx ). The local RBF approximation
nearx is givenby

Fx (u; v) = p(u; v) +
X

w 2 
 � 3 (x )

� w �(
p

u2 + v2); (8)

where�( � ) = � 2log(� ), p(u; v) is a linearpolynomialand
RBF coef�cients f � w g areobtainedby solvinga systemof
linearequations

Fx (uw ; vw ) = ww ;
X

w 2 
 � 3 (x )

� w p(uw ; vw ) = 0:

We approximateI (x � t ) correspondingto I (y � t ) by
Fx (uz ; vz ), asseenin Fig.4. Finally we de�ne thesimilar-
ity kernelD (x; y ) by

D(x; y ) =
Z


 � 3 (y )

G� 3 (jt j) jFx (uz ; vz ) � I (y � t )j2 dt ; (9)

whereI (y � t ) = hnx ; z � x i and G� (�) is a Gaussian
kernel.

4 Resultsand Discussion

In our numericalexperiments,we use gcc3.3.5 C++
compiler on a 1.7GHz Pentium4 computerwith 1GB of
RAM. We usethe N.Max weights[18] for computingthe
meshnormals.

Parameters. Four user-speci�ed parametersare usedin
ourmethod:

1. � 1, thestandarddeviationof thesimilarity kernel(7);

2. � 2 thesizeof theintegrationdomainin (4) and(5);

3. � 3, thesizeof thesimilarity domainin (9);

4. n, thenumberof iterationsof (3).

Similar to [14], wemake theparameters� sproportional
to the averageedgelength e of the evolving meshM =
M n :

� i = � i e; i = 1; 2; 3:
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Ideally � 1 representsthenoisedeviation, thereforesim-
ilar to [9] it couldbechosenasa standarddeviation of the
heightsof verticesy for eitherauser-speci�ed�at regionor
anaveragestandarddeviation of anentiremesh.Theother
two coef�cients � 2 and� 3 areconstantfor themostof mod-
els, similar to the imagecase[6, 4, 15]. Accordingto our
experiments,setting� 2 = f 1:0; 2:0g and� 3 = f 0:75; 1:0g
leadsto goodresults.

Quality Evaluation and Comparison. We have imple-
mentedtwo recentstate-of-the-artsmeshdenoisingtech-
niques: the Anisotropic Mean Curvature Flow (AMCF)
[13] andBilateral MeshFilter [9]. In our implementation
of AMCF, the weight for ij edgeis given by G� (kij )hij ,
wherehij is a cotangent-basedweight associatedwith ij
andkij is a directionalcurvature[16]. In our experiments,
for boththesemethodswe try to chooseparametersettings
producingthebestresults.

We usetwo visualizationschemesto comparethe tech-
niqueswith our method. The �rst schemeconsistsof col-
oring by the meancurvature. The secondschememea-
suresthe differencebetweenthe original and smoothed
meshes. More precisely, we visualize the differencesin
the positionsof the correspondingverticesof the meshes
jxnoisy

k � x smoothed
k j.

Weusethreemodelsin ourcomparison:anoisyFandisk
model(Fig.5), anoisyDragon-headmodel(Fig.6), andthe
Angel model(Fig.10). For thesemodels,Table1 presents
timing resultsandparametersettingsusedfor our method
andour implementationsof methodsof [13] and[9].

Fig. Method n � 1 � 2 � 3 Time
[13] 3 10 25 1.2s

5 [9] 3 0.25 1 1 0.8s
our 3 0.4 1 0.75 13.2s
[13] 1 2 � 104 100 14.7s

9 [9] 2 1.5 4 1 126s
our 3 0.35 1 0.75 606s
[13] 1 100 25 1.67s

10 [9] 2 0.25 1 0.75 3.7s
our 2 0.25 1 0.75 64.5s

Table1: ParameterSettingandTiming results.Heren standsfor
the numberof iterations. For AMCF [13], � 1e and� 2e denotes
thestep-size(implicit scheme)andthesize� of theGaussianker-
nel, respectively. For bilateral �ltering [9], the deviation of the
hight Gaussiankernelis equalto � 1e, theintegrationdomainsize
is given by � 2e, andthe deviation of the spatialGaussiankernel
is setequalto � 3e. Heree denotestheaverageedgelengthof the
evolving meshM = M n .

As seenin Fig.8 our methodoutperformsits rivals in
restoringsharpedgesand low-curvature regions. In ad-

dition, the max-normandaverageerrorsproducedby the
methodandmeasuredw.r.t. theoriginalcleanFandiskmesh
aresubstantiallysmallerthanthoseof theAnisotropicMean
CurvatureFlow [13] andBilateral MeshFilter [9]. Fig.9
demonstratesthatourmethoddeliversthebestperformance
accordingtheentropy of thedifferencesbetweentheorigi-
nal (noisy)andsmoothedmodels.It alsoindicatesthat the
methodpreserves�ne geometricfeaturesbetterthantwo its
competitors.Fig.10 shows thatour methodproduceslow-
estoversmoothingto comparewith thetwo othersmoothing
techniques.

Finally in Fig.11 we demonstratehow our methodhan-
dlestrianglesoups.Denoisinga complex Gargoyle model
(about98K triangles)by our methodis ratherslow (� ve it-
erationstook31minutes)but theresultis worthseeing.

Figure5: Left: initial Fandiskmodelcoloredby meancurvature.
CenterandRight: noisyFandisk(Gaussiannoisewith � = 0:1e
is added).

Figure6: Noisy Dragon-headmodel (Gaussiannoisewith � =
0:2e is added)from [14] is coloredby meancurvature.

Min Average Max Low Average High

Figure7: Left: meancurvaturepro�le palette.Right: this palette
is usedfor visualizingthedifferencesin vertex positionsof noisy
andsmoothedmeshes.

Complexity. The averagecomputationalcomplexity of
ourmethodis givenby O(Vy Vw VzV + V log V) whereV
is thenumberof verticesof M , Vy , Vw andVz aretheav-
eragenumbersof verticesof local patches
 � 2 (x), 
 � 3 (x)
and 
 � 3 (y ). Retrieving 2� 2-neighborhoodof x requires
O(log V ) operationsby usingakd-tree,andevaluatingthe
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Aveerror= 0.021 Aveerror= 0.0067 Aveerror= 0.0048
Max error= 0.11 Max error= 0.069 Max error= 0.03

Figure8: SmoothingnoisyFandiskmodel(V = 6474, F = 12944). Meancurvaturecoloringenhancessurfacedefectsandroughness
of thesmoothedmesheswhich cannot berecognizedby humaneyesif we usea �at/smoothshading.Left: AnisotropicMeanCurvature
Flow [13] is used.Middle: BilateralMeshFilter [9] is applied.Right: ourmethodis employed.

Figure9: Smoothingnoisy Dragon-headmodel (V = 100056, F = 199924). Left: AnisotropicMeanCurvatureFlow [13] is used.
Middle: BilateralMeshFilter [9] is applied.Right: our methodis employed. Top: coloringby meancurvatureindicatesthatour method
outperformsits rivals in preserving�ne surfacefeatures.Bottom: our methoddeliversthebestperformanceaccordingtheentropy of the
differencebetweentheoriginal (noisy)andsmoothedmodels.

Figure10: Smoothingnoisy Angel model(V = 24566, F = 48090). Left: AnisotropicMeanCurvatureFlow [13] is used. Middle:
Bilateral MeshFilter [9] is applied. Right: our methodis employed. Our methodproduceslowestoversmoothingto comparewith two
othersmoothingtechniques.
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Figure11: Denoisinga complex Gargoyle model(V = 54907, F = 97769) by our methodwith f � 1 ; � 2 ; � 3g = f 0:28; 2; 1g. Left and
top-center:original datacoloredby meancurvature.Right andbottom-center:smootheddatacoloredby meancurvature;noiseis gently
removedand�ne geometricfeaturesareaccuratelypreserved.

similarity kernel(9) is doneusingO(Vw Vz ) operationsfor
eachpair x andy .

At the�rst glance,O(Vy Vw VzV + V log V) lookstoo
large. However Vy , Vw , Vz are the numberof vertices
in local neighborhoodsof meshverticesy , w, z usedin
our method.For a typical uniformly densemesh,we have
Vy � 20� 2 andVw � 20� 3 � Vz . If � 2 is large, a fast
implementationof RBFs[1] shouldbeused.

Althoughthein�uence of eachparameter� 1, � 2 and� 3

is clear, an optimal selectionof all of them is not trivial.
Furtherwork is requiredfor a deeperunderstandingcorre-
lationsbetweentheseparameters.

5 Conclusion

In thispaper, wehaveextendedtherecentNL-meansim-
age�ltering approach[5, 6,4] to the3D meshesandtriangle
soupsapproximatingpiecewise smoothsurfaces. The ex-
tensionis far from beingstraightforward,sincetheoriginal
NL-meansapproachrelies heavily on the imagestructure
regularity. We think we have found a simpleandelegant
solutionto the problemby employing local RBF approxi-
mations.

We have demonstratedthat our method outperforms
two recentstate-of-the-artsmoothingtechniqueswhich are
amongbestup-to-datemeshdenoisingschemes.

Finally wehavesuggestedanew way to comparediffer-

ent mesh/soupdenoisingmethods.We believe that statis-
tical analysis(entropy measurements,etc.) of the differ-
encebetweenthe original (noisy) and smootheddatasets
will lead to developing new surfacedenoisingtechniques
andnew principlesfor a fair comparisonof existingones.

Thesourcecodeof our methodis availableon theWeb
for evaluation[26].
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