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Abstract

This thesispresentsa setof new meshprocessingmethodswhich arebasedon computational
di� erentialgeometrytechniques.Theunderlyingideaof themethodsconsistsof usingproper
discreteapproximationsof di� erentialsurfaceproperties.Themethodsdevelopedin the thesis
contribute to the areasof curvaturefeaturedetection,meshparameterization,fair meshgener-
ation, meshdenoising,andfree-formandvariationalmeshdeformations.Comparisonsof the
developedmethodswith severalstate-of-the-arttechniquesandalgorithmsaredone.Theresults
of numerousnumericalexperimentsdemonstratesigni�cant advantagesof theproposedmethods
overconventionaltechniques.Applicationsof themethodsarediscussedanddemonstrated.

Themaincontributionsof thethesisareasfollows:

Similarity-based MeshDenoising. A new, powerful, and high quality feature preserving
mesh/soupdenoisingtechniqueand a new schemefor comparingdi� erentmesh/soup
smoothingmethodsareproposed.The techniqueis basedon a similarity-weightedav-
eragingprocedureandanew androbustsimilarity measuringscheme.

Fair MeshGenerationvia Elastica. A new numericalschemefor generatingfair meshesis
developed. Applicationsto shaperestorationareconsidered.The schemeis build upon
a discreteapproximationof Willmore �o w. A tangentspeedcomponentis introducedto
the discreteWillmore �o w in order to improve the quality of the evolving meshandto
increasecomputationalstability.

Fastand Robust Detectionof FeatureLines on Meshes.A new, fast,androbustcrestline de-
tection methodis developed. Applicationsto feature-adaptive meshsimpli�cation and
segmentationareconsidered.A novel thresholdingschemeanda simplenew formulafor
computingdirectionalcurvaturederivativesarealsointroduced.

FastLow-StretchMeshParameterization. A new, fast, simple, and valid low-stretchmesh
parameterizationschemeandits applicationfor e� cientremeshingareproposedby using
a moving meshapproach.Theschemeis basedon a weightedquasi-conformalparame-
terizationwhich equalizesthelocal stretchdistribution. Particularly, theschemedoesnot
generateregionsof undesirablehighanisotropicstretch.

Free-Form Skeleton-drivenMeshDeformations. A new andpowerful approachfor generat-
ing natural-lookinglarge-scalemeshdeformationsis proposed.An interestingfeatureof
theapproachconsistsof preservingoriginalshapethickness.New self-intersectionfairing
schemesarealsodeveloped.Multiresolutionalandvariationalextensionsof theapproach
areconsidered.
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Kurzzusammenfassung

DieseDissertationstellt neueBearbeitungsmethodenfür Dreiecksnetzevor, die auf Techniken
der rechnergesẗutztenDi� erentialgeometriebasieren.Die zugrundeliegendeIdeedieserMeth-
odenist, geeignetediskreteNäherungenfür analytischeFlächeneigenschaftenzu verwenden.
Die Methoden,die in dieserDissertationentwickelt werden,stelleneinenBeitragzu folgen-
denGebietendar:ErkennungvonFlächencharakteristika,ParametrisierungvonDreiecksnetzen,
Erzeugungvon ästhetischenDreiecksnetzen,Entfernenvon Rauschenin Dreiecksnetzenund
Deformationvon Dreiecksnetzenfür freie Gestaltungmit Variationsmethoden.Vergleicheder
entwickeltenMethodenmit aktuellenTechnikenundAlgorithmenwerdenangestellt.Die Ergeb-
nissederzahlreichennumerischenExperimentezeigeneinehoheLeistungdervorgeschlagenen
Methoden.AnwendungenderMethodenwerdenbesprochenundvorgeführt. Die Hauptbeitr̈age
derDissertationsindfolgende:

Ähnlichk eitsbasiertesEntfernenvon Rauschenin Dreiecksnetzen.
Eine neue, leistungsf̈ahige Technik zum Entfernen von Rauschen in Dreiecks-
netzen mit und ohne Konnektivität mit qualitativ hochwertiger Bewahrung von
Flächencharakteristikaund ein neuesSchemafür das Vergleichen unterschiedlicher
Dreiecksnetz-Gl̈attungsmethodenwerdenvorgeschlagen.Die Technikbasiertauf einer
nachÄhnlichkeit gewichtetenMittelungundeinemneuenundrobustenSchemazurMes-
sungvon Ähnlichkeit.

Erzeugungvon ästhetischenDreiecksnetzenmit Elastica.
Ein neues, numerischesSchemafür das ErzeugenästhetischerDreiecksnetzewird
entwickelt. Anwendungen zur Gestalt-Rekonstruktion werden betrachtet. Das
Schemagründet auf einer diskretenNäherungdes Willmore-Flusses. Eine Tangen-
tialgeschwindigkeitskomponentewird im diskretenWillmore-Flusseingef̈uhrt, um die
Qualiẗat desentstehendenDreiecksnetzeszu verbessernunddie Berechnungsstabilität zu
erḧohen.

Schnellesund robustesErk ennenvon charakteristischenLinien auf Dreiecksnetzen.
Eine neue, schnelleund robuste Methodezum Erkennenvon Kammlinien wird ent-
wickelt. Anwendungenauf Dreiecksnetzvereinfachung und -segmentierung unter
Berücksichtigungvon Flächencharakteristikawerdenbetrachtet.Ein neuesSchwellwert-
SchemaundeineeinfacheneueFormelfür dasBerechnenvon Richtungsableitungenvon
Krümmungwerdenaucheingef̈uhrt.

SchnelleParametrisierung mit geringer Streckungvon Dreiecksnetzen.
Ein neues,schnelles,einfachesund gültigesSchemazur Parametrisierungmit geringer
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Streckungvon Dreiecksnetzenund seineAnwendungfür e� zientesNeuvernetzenwer-
denvorgeschlagen,indemmaneine”moving mesh”Methodeverwendet.Die Methode
basiertauf einer gewichtetenquasi-konformenParametrisierung,die die lokale Streck-
unggleichm̈aßigverteilt. InsbesondereerzeugtdieMethodekeineRegionenunerwünscht
hoheranisotroperStreckung.

Freiform, Skelett-kontrollierte Deformation von Dreiecksnetzen.
Eine neuerund leistungsf̈ahiger Ansatz für das Erzeugennaẗurlich wirkender, groß-
maßsẗablicherDeformationenvon Dreiecksnetzenwird vorgeschlagen.Eine interessante
EigenschaftdesAnsatzesist dasBewahrenderurspr̈unglichenDickedesKörpers.Außer-
demwerdenneueTechniken zum Glättenvon Selbst-̈Uberschneidungenentwickelt. Er-
weiterungenum Au� ösungs-Hierarchienund VariationsverfahrendesAnsatzeswerden
betrachtet.
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1

Intr oduction

We are witnessingan explosion in the useof digital multi-media: sound,image,video, and
digital 3D geometry. Rapidadvancesin 3D shapeacquisitiontechnologiesareforcing fastand
impressive developmentof Digital GeometryProcessing[SS01], a new researchareawhose
goalis to build new mathematicalandcomputationaltoolsneededfor e� cientprocessingof 3D
geometryinformation.

Modernsurfacedigitizing devicescanyield millions of 3D point locationsdistributedover
the surfaceof an objectbeingdigitized. Usually the collectedpointsare thenconvertedinto
a densetrianglemesh,a digital surfacerepresentationconvenientfor further shapeprocessing
stagesincluding smoothing,interrogating,editing,parameterizing,remeshing,decimating,�t-
ting with curvedsurfacepatches,etc.

In this thesis,we deal with piecewise-smoothsurfacesapproximatedby densetriangle
meshesand develop new theoreticaland computationaltools for meshinterrogating, fairing,
andediting. Extensive useof di� erentialgeometricconceptsis a commondenominatorof the
presentedmeshprocessingtechniques.Theproposedmethodsare�rst designedfor processing
smoothsurfacesandthenadaptedfor dealingwith densemeshes.

The main resultsdescribedin this thesisarepresentedin the works of the author[YB02,
YBS02, YBS03, YBS04, YBS05b,YBS05a, YBS06b, YBS06c, YBS06a]. The organization
andmaincontributionsof thethesisareasfollows.

Chapter 2. Similarity-based meshdenoising. A new similarity-basedmeshdenoisingmethod
developedin [YBS06b] is described.

Chapter 3. Fair meshgenerationvia elastica. A novel meshfairing and restorationscheme
[YB02] build upontheclassicalWillmore �o w is presented.

Chapter 4. Fastand robust detectionof feature lineson meshes.A new techniquefor fast
androbustdetectionof salientcurvatureextremaonsurfacesapproximatedby densetrian-
gle meshes[YBS05a] is discussed.Applicationsto feature-sensitive meshsimpli�cation
andsegmentationproblemsareconsidered.

Chapter 5. Fast low-stretchmeshparameterization. A moving mesh approachadaptedto
meshparameterizationandremeshingproblems[YBS04, YBS05b] is presentedanddis-
cussed.

Chapter 6. Free-from skeleton-drivenmeshdeformations. A powerful approachfor feature-
preservingfree-form shapedeformations[YBS02, YBS03, YBS06c, YBS06a] is de-
scribed.
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Figure1.1: Proposeddigital geometryprocessing.



1.1 Similarity-based Mesh Denoising 3

As demonstratedin Fig.1.1, all thesetopicsarecloselyconnectedwith eachotherwithin
variousdigital shapeprocessingpipelines.

In therestof thischapter, weprovidethereaderwith shortdescriptionsof eachof theabove-
mentionedthesiscontributions.

1.1 Similarity-based Mesh Denoising

Real-world signalsdo not exist without noise. While recentdevelopmentsof digital recording
andscanningtechnologiesallowsusto generatedigital datawith arelatively highsignal-to-noise
ratio,denoisingdigital imagesandtheir 3D geometrycounterparts,polygonalmeshesandpoint
clouds,remainsto beanactive andimportantareaof research.A commonapproachto digital
signaldenoisingconsistsof usinglinearandnonlineardi� usion/convolutionprocesses.In signal
andimageprocessing,denoisingtechniquesareusuallybasedon a Fourier-basedanalysisand,
hence,arenicely adaptedfor processingsignalswith regularstructure.In geometricmodeling,
weusuallydealwith irregulardataand,therefore,straightforwardadaptionanduseof signaland
imageprocessingdenoisngtechniquesis not possible.A typical approachto meshsmoothing
is basedon di� usion-like meshevolutions[Tau95,DMSB99, HP04] andcanbe reformulated
in termsof weightedaveragingof meshvertex positions. Similar to the PDE1-basedstrategy
in adaptive imagesmoothing[PM90, Wei98] whereweightsdependon the imagegradient,the
weightsin meshsmoothingschemesshouldre�ect variationsof meshnormal�eld in orderto
achieveanedge-preservinge� ect.

Figure1.2: Denoisingvia similarity-weightedaveraging. Left: an input noisy scannedmesh
coloredby meancurvature. Center: coloring by similarity. A meshvertex is chosenat the
left cornerof the right eye of theoriginal mesh.Themeshis coloredaccordingto a similarity
with theshapeof themodelat thechosenvertex. Thesimilarity increasesfrom white to blue.
The verticeswith highersimilarity valueshave a strongercontribution to the new (smoothed)
positionof the chosenvertex. Right: the meshis smoothedby our similarity-baseddenoising
methodcoloredby meancurvature.

In Chapter2, we follow [YBS06b] anddescribea new andpowerful shapedenoisingtech-
nique for processingsurfacesapproximatedby triangle meshesand soups. Our approachis
inspiredby a recentnon-localimagedenoisingschemeproposedby Buades,Coll, andMorel
[BCM05a] andnaturallyextendsbilateralmeshsmoothingmethods[FDCO03,JDD03]. The
main ideabehindthe approachis very simple. A new positionof vertex P of a noisy meshis
obtainedasa weightedmeanof meshverticesQ with nonlinearweightsre�ecting a similarity

1PartialDi� erentialEquation



1.2 Fair Mesh Generation via Elastica 4

betweenlocal neighborhoodsof P andQ. Theuseof similarity weightssuppressessmoothing
e� ectover local patternsconsistingof theneighborhoodsof P andQ (pattern-preserving).We
demonstratethatour techniqueoutperformsrecentstate-of-the-artsmoothingmethodsin terms
of quality. Also, a new schemefor comparingdi� erentmesh/soupdenoisingmethodsis sug-
gested.Figure1.2 illustratesoursimilarity-basedmeshdenoisingmethod.

1.2 Fair Mesh Generation via Elastica

Surfacefairing,generatingfree-formsurfacessatisfyingaestheticrequirements,is importantfor
many computergraphicsandgeometricmodelingapplications. A commonapproachfor fair
surfacedesignconsistsof minimizationof a fairnessmeasurewhich penalizeslarge curvature
valuesandcurvatureoscillations. The aestheticsurfacesareusuallymodeledby solutionsof
geometricPDEswhich arederived from minimizing the fairnessmeasures,e.g. themembrane
(squaredsurfacegradient),surfacebending(squarednormalcurvature),andminimumvariation
curvature(squaredgradientcurvature)energies.

Variationalapproacheshave beenbecamepopularin geometricmodelingsince90's (see
referencesin [Yos01]) becauseof developingfastcomputersandrobustnumericalmethodsfor
PDEsolving.Theso-calledelasticasurface[HKS92] is anaturalextensionof theEuler'selastica
curve [Eul44] wherethe correspondingfairnessmeasureis the surfacebendingenergy. The
correspondingsurfaceevolutionwhosespeedis chosento minimizethebendingenergy is theso-
calledWillmore �o w [BS05]. Thelinearizationsof thebendingenergy suchasthin platesplines
andbiharmonicradialbasisfunctionsareoftenappliedin CAGD (ComputerAided Geometric
Design)[Far02] andscattereddatainterpolations[BN92, CBC+01].

Surfaceevolution techniqueshave beenappliedfor fair shapemodeling[YB02, XPB06],
imageprocessing[Wei98],smoothing[Tau95,DMSB99, HP04],�uid mechanicsandgrid gen-
eration[Set96,Lis04], featureextractionandrecognitionof shapeandimage[Set96],andmany
otherapplications.In Chapter3, we follow [YB02] anddescribea numericalapproachfor fair
surfacemodelingvia geometricsurfaceevolutionsof trianglemeshes.Chosenthespeedfunction
of theevolutionproperlyminimizingthesurfacebendingenergy, theevolving surfaceconverges
to a desiredshape:a discreteelastica.A tangentspeedcomponentis introducedto improve the
quality of theevolving meshandto increasecomputationalstability. Figure1.3 illustrateshow
ourmethodcanbeusedin variousgeometricmodelingapplications.

(a) (b) (c) (d)

Figure1.3: Generatingfair trianglemesheswith discreteelastica.(a): An initial meshoutlined
a complex tubularobject.(b): A discreteelasticasurface(mesh)obtainedfrom theinitial mesh.
(c): TheStanfordbunny modelwith a largepartof themeshremovedandthentriangulated.(d):
Themodi�ed partof thebunny is restoredasadiscreteelastica.Coloringby themeancurvature
is employedto demonstrateahighqualityof thegeneratedmeshes.
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1.3 Fast and Robust Detection of Feature Lines on Meshes

Surfacecreases,curveson a surfacealongwhich thesurfacebendssharply, areimportantshape
descriptors.They canbeintuitively de�ned asloci of sharpvariationpointsof thesurfacenor-
mals. Mathematicallythe surfacecreasescanbe describedvia extremaof the surfaceprinci-
pal curvaturesalongtheir correspondinglines of curvature. Varioussubsetsof suchcurvature
extremahave beenthoroughlystudiedin connectionwith researchon classicaldi� erentialge-
ometryandsingularity theory [Koe90,Por01], quality control of free-formsurfaces[Hos92],
facepatternanalysis[HGY+99], andmany otherareasof engineering,geographical,geological,
medical,andcomputersciences.Seerecentpapers[OBS04,YBS05a, HPW05] andChapter4
of this thesisfor moreor lessextensive literaturesurveys.

Practicalextractionof curvatureextremais adi� cult computationaltaskbecauseit requires
a good estimationof high-ordersurfacederivatives. In Chapter4, we follow [YBS05a] and
describean accurateande� cient methodfor detectingsalientcurvatureextremaon surfaces
approximatedby densetrianglemeshes.Our approachcombinesa local polynomial�tting pro-
cedurewith anew thresholdingschemeandallowsusto achievea fastandaccuratedetectionof
curvatureextremalinesonmodelswith complex geometry.

We aremainly interestedin detectingridge-valley structureson surfacesanddemonstrate
the power of our approachby dealingwith the so-calledcrestlines, probablythe mostsalient
line featureson a smoothsurface.Thecrestlinescanbeconsideredasa naturalgeneralization
of imageedgesto surfacesand are de�ned as the loci of points wherethe magnitudeof the
largest(in absolutevalue)principalcurvatureattainsamaximumalongits correspondingline of
curvature[MBF92]. Thus,providedwith a surfaceorientation,we distinguishtheconvex crest
lines(ridges)andconcaveones(valleys).

(a) (b) (c) (d)

Figure 1.4: (a): The crestlines detected,no �ltering is applied. (b) Our novel thresholding
schemeallows us to keepthemostsalientridgesandvalleys while eliminatinglesssigni�cant
crestlines andspuriouslines resultingfrom noise. (c) Our feature-sensitive meshdecimation
procedurekeepsa highermeshdensitynearthe most importantcrestlines. (d) Our feature-
sensitivemeshsegmentationschemetakesinto accountsalientridgesandvalleys.

Figure1.4 demonstratestypical resultsobtainedusingour approach.The left imagesshow
the crestlines (the ridgesandvalleys arecoloredin blue andred, respectively) detectedon a
detailmeshapproximatinga surfacewith complex geometry. Noticehow well themostsalient



1.4 Fast Low-Stretch Mesh Parameterization 6

ridgesandvalleys aredetected.The right imagesillustratehow the ridgesandvalleys canbe
usedfor featuresensitivemeshsimpli�cation andsegmentation.

1.4 Fast Low-Stretc h Mesh Parameterization

A surfaceparameterizationprocessconsistsof a surfacedecompositioninto a set of patches
andestablishingone-to-onemappingsbetweenthe patchesandreferencedomains.Numerous
applicationsof surfaceparameterizationin computergraphicsandgeometricmodelinginclude
texturemapping,shapemorphing[Ale02], surfacereconstructionandrepairing[AUGA05], and
grid generation[Lis04].

Wedealwith aplanarparameterizationfor a trianglemeshapproximatingasmoothsurface,
abijectivemappingbetweenthemeshandatriangulationof aplanarpolygon.An excellentsur-
vey of recentadvancesin meshparameterizationis givenin [FH04], seealsoreferencestherein.
While variousalgorithmsaredevelopedfor meshparameterizationapproachesbasedon solid
mathematicaltheories(e.g.,conformalmappings),e� ectivecomputationalschemesfor generat-
ing low-stretchmeshparameterization[SSGH01]havenotyetbeenproposed.Generatingmesh
parameterizationwith low distortionmeasuredvia the stretcherror of [SSGH01]andsimilar
quasi-isometrytype error metrics[SGSH02,TSS+04, ZMT05] is importantin many applica-
tions. Besidesthe meshparameterizationproceduresof [SSGH01,SGSH02]often generate
regionsof high anisotropicstretch,consistingof slim triangles.Suchtheregionson a parame-
terizedandtexturedmeshlook like cracksandwe call themparametercracks. The left image
of Figure1.5 demonstratesanappearanceof suchparametercrackson thetexturedMannequin
Headmodelparameterizedby thestretchminimizationmethodfrom [SSGH01].

Parameterization
Parameter Crack

Texture Mapping

[SSGH01],Stretch1.327,Time23m.

[Flo97], Stretch5.792,Time0.32s.

Ourmethod, Stretch1.382,Time1.09s.

Figure1.5: Fast low-stretchparameterization.Left: parametercrackson texturedMannequin
Headmodel parameterizedby the stretchminimization methodof Sanderet al. [SSGH01].
Top-Right:aquasi-conformalparameterizationby Floater[Flo94]. Bottom-Right:our fastlow-
stretchparameterization.

In Chapter5, we follow [YBS04, YBS05b] andproposeto usea moving meshapproach
which resemblesa populargrid adaptiontechniquein computationalmechanics.Our approach



1.5 Free-Form Skeleton-driven Mesh Deformations 7

is usedfor generatinglow-stretchmeshparameterizations.Insteadof minimizing nonlinear
stretchdistortionsdirectly, we equalizethelocal stretchdistribution over theparameterdomain
by optimizing theparameterizationgradually. At eachimprovementstep,we optimizethepa-
rameterizationgeneratedat thepreviousstepby minimizinga weightedquadraticenergy where
the weightsare chosenin order to minimize the parameterizationstretch. This optimization
proceduredoesnot generatetriangle�ips if theboundaryof theparameterdomainis a convex
polygon. Moreover alreadythe �rst optimizationstepproducesa high-qualitymeshparame-
terization. We compareour parameterizationprocedurewith several state-of-artmeshparam-
eterizationmethodsanddemonstrateits speedandhigh e� ciency in parameterizinglarge and
geometricallycomplex models. Our methodis signi�cantly fasterthanthe conventionallow-
stretchparameterizationschemes[SSGH01,SGSH02], anddoesnot generateparametercracks
becauseof our stretchequalizingstrategy. Figure1.5 shows the parameterizedmeshesof the
MannequinHeadmodelvia conventionalschemes(Left andTop-Rightimages)andourmethod
(Bottom-Rightimage).

Wealsoproposeanovel remeshingschemebasedontwo parameterizationswhichequipped
with di� erentmappingcharacteristicssuchasa low-stretchmapfor samplingnew verticesand
aquasi-conformalmapfor triangulationof thesampledvertices.

1.5 Free-Form Skeleton-driven Mesh Deformations

Generatingnatural-lookingdeformationsof complex shapeshasmultipleapplicationsin CAGD,
computeranimation,andgeometricmodeling.Sincethepioneeringworks[Bar84, SP86],devel-
opingfast,e� cient,andintuitivemethodsfor localandglobalfree-formshapedeformationsis a
subjectof intensiveresearch.See,for example,recentworks[BPGK06,vFTS06,HSL+06]. Re-
cently skeleton-basedglobal shapedeformationsdrew considerableattention[LCF00, SK00b,
CGC+02] becausethey arewell-suitedfor large-scaleshapedeformationsand,therefore,canbe
usedin numerousapplicationsin thecomputergameanddigital movie industries.

Bloomenthal[Blo02] proposedto usethemedialaxisof Blum [Blu67] asintermediatecon-
trol interfacein orderto obtainnatural-lookingdeformationsby preservingoriginalshapethick-
ness(distanceto the medialaxis). In Chapter6, we follow [YBS03, YBS06c, YBS06a] and
presentnew schemesfor free-formskeleton-driven global meshdeformations.First a skeletal
mesh,a Voronoi-basedapproximationof themedialaxis, is extractedfrom a givenmesh.Next
theskeletalmeshis modi�ed by free-formdeformations.Thena desiredglobalshapedeforma-
tion is obtainedby reconstructingtheshapecorrespondingto thedeformedskeletalmesh.We
developmeshfairingproceduresallowing usto avoid possibleglobalandlocalself-intersections
of thereconstructedmesh.

Figure 1.6 representsour basic free-form skeleton-driven meshdeformationprocessde-
scribedin Section6.3. In Section6.5,thereconstructingandfairing proceduresareextendedto
a variationalapproachcalleddiscretedi� erential coordinates[Sor05]. We combinea skeleton-
driven meshdeformationtechniquewith discretedi� erential coordinatesin order to create
natural-lookingglobal shapedeformations. In particular, our variationalskeleton-driven de-
formationframework workswell for bending,twisting,andothercomplex large-scaledeforma-
tions. Finally, usinga multiresolutionsurfacerepresentation[LMH00] improvesthespeedand
robustnessof our approach.Theresultingdeformationsvia thevariationalextensiondescribed
in Section6.5aredemonstratedin Figure1.7.
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(a) (b) (c) (d) (e)

Figure1.6: A free-formskeleton-driven meshdeformation. (a): The original handmesh,its
skeletal mesh,and control points to be usedto deform the skeletal mesh. (b): A deformed
skeletalmesh. (c): Folds andprotrusionsareobserved in the deformedmesh. (d): The folds
andprotrusionsareremovedby themeshevolutionsproposedin Section6.3.1;however global
andlocal self-intersectionsarestill presented.(e): The global andlocal self-intersectionsare
eliminatedby our fairingschemeproposedin Section6.3.2.

Figure1.7: Examplesof variationalskeleton-drivenmeshdeformations.
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Similarity-based Mesh Denoising

Recentadvancesin digital recordingtechnologiesdramaticallyincreasetheuseof digitizedreal-
world signalswhich usuallycontainnoise. Consequently, developingdenoisingmethodshas
beenanactiveandimportantareaof research.

In signaland imageprocessing,denoisingtechniquesbasedon a Fourier analysisand its
extensions(Wavelets)[SN96]andPDEs[Wei98] arepopularandwell studied.Thesetechniques
arenicelyadaptedfor processingregularstructuresasimages.See[BCM05b] for arecentreview
of imagedenoisngmethods.In geometricmodeling,we usuallydealwith irregular datasuch
aspolygonalmeshesandpoint clouds. Therefore,new ideasandapproachesarerequiredfor
e� cientdenoisingof irregulardata.

Since seminalworks of Taubin [Tau95, Tau01] and Desbrunet al. [DMSB99], many
meshsmoothingtechniqueshave beenproposedin computergraphicsand geometricmodel-
ing. Recentadvancesin developingfeaturepreservingsmoothingtechniquesincludedi� usion-
driven methods[TWBO03, HP04, LP05], projection-basedapproaches[FCOS05,OBA05],
and the so-calledbilateral mesh �ltering schemes[FDCO03, JDD03, CT03]. The latter
wereinspiredby imageprocessingtechniquesbasedon spatial-tonalnormalizedconvolutions
[Weu94,AW95, SB97, TM98] which in their turn canbe consideredasgeneralizationsof the
Yaroslavsky neighborhood�lter [Yar85].

Very recently, theso-calledNon-Localmeans(or NL-means) concept,a naturalandelegant
extensionof the imagebilateral �ltering paradigm,wasproposedby Buades,Coll, andMorel
[BCM05a, BCM05b, BCM06]. The NL-meansmethodwas inspiredby the famousTexture-
Synthesis-by-Exampleapproachof Efros andLeung[EL99]. The methodandits applications
and extensionsare currently a subjectof intensive researchin image and video processing
[KOJ05, MS05]. The basicideabehindNL-meansis very simple: for a given pixel, its new
(denoised)intensity value is computedas a weightedaverageof the other imagepixels with
weightsre�ecting thesimilarity betweenlocal neighborhoodsof thepixel beingprocessedand
theotherpixels. A similar ideawasindependentlyproposedin [BM05] whereit wasusedfor
videoenhancementpurposes.

In this Chapter, we follow [YBS06b] andpresenta new meshsmoothingmethodbasedon
theNL-meansconcept.Thedevelopedmethodhasa numberof importantadvantagesover the
mainstate-of-the-artmeshdenoisingtechniques.Sinceonly vertex positionsandcorresponding
normalsareusedin our denoisingprocedure,our methodcanbeappliedfor not only watertight
meshesbut alsotrianglesoupsandpointcloudswith normals.Fig.2.1illustratestheideaandpo-
tentialof ourNL-meansmeshsmoothingmethod.Wealsosuggestanew schemefor comparing
di� erentmesh/soupdenoisingmethods.

9
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(a) (b) (c) (d) (e)

Figure 2.1: DenoisingAngel model with Non-Local means. (a): Original noisy mesh(�at-
shadingis used).(b): Original noisymeshcoloredby meancurvature;thecurvaturemaphelps
us to identify surfacedefectsand roughness.(c): Coloring by similarity. A meshvertex is
chosenat the left cornerof the right eye of the original mesh. The meshis coloredaccording
to a similarity with theshapeof themodelat thechosenvertex. Thesimilarity increasesfrom
white to blue.Theverticeswith highersimilarity valueshave a strongercontribution to thenew
(smoothed)positionof thechosenvertex. (d): Meshis smoothedby thesimilarity-basedmethod
developedin this thesis(�at-shadingis used).(e): Smoothedmeshcoloredby meancurvature;
thecurvaturemapindicateshighqualityof thesmoothedsurface.

(a) (b) (c)

(d) (e)

Figure2.2: (b): ”Trui” imagecorruptedby noise.(d): Smoothedby bilateral�ltering; (a): The
di� erencebetweentheoriginalnoisyandsmoothedimagescontainsimportantimagestructures.
(e): Smoothedby NL-means�lter of Buades,Coll, andMorel; (c): Thedi� erencebetweenthe
noisy andNL-smoothedimagescontainsmuch lessfeaturesof the original image. Thus the
NL-means�lter doesamuchbetterdenoisingjob thanthebilateral�lter .
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2.1 Image Filtering with NL-means.

Considera gray-scaleimageI(x) de�ned over a boundeddomain
 (which is usuallya rectan-
gle). TheNL-means�lter is de�ned by

J(x) =
1

C(x)

Z



w(x; y)I (y) dy; (2.1)

wheretheconvolutionkernelw(x; y) is givenby

exp
(

�
1
h2

Z
Ga(jtj) jI (x � t) � I (y � t)j2 dt

)
; (2.2)

andmeasuresa similarity betweenneighborhoodsof pixels x andy, C(x) =
R

 w(x; y) dy is a

normalizingfactor, andGa(�) is a Gaussiankernelof standarddeviation a. Hereh anda are
�ltering parameters.

In practice,integrationin (2.2) is performedover a a �x ed-sizesmallwindow. The typical
window sizevariesfrom 5 � 5 to 9 � 9.

A pictorial explanationof theNL-meansmethodis givenin Fig.2.3.
While theNL-meansmethodis slow, it substantiallyoutperformsthebilateralschemeand

other similar �lters. The advantagesof the NL-meansmethodare especiallymanifestedby
processingimageswith complex texturepatterns.WecomparetheNL-meansandbilateral�lters
in Fig.2.2.

Buades,Coll, andMorel alsosuggesteda simpleandconvenienttechniquefor evaluating
the quality of imagesmoothingmethods[BCM05a, BCM05b]. The idea is to considerand
visualizethedi� erencebetweentheoriginal noisyimageI(x) andits smoothedversionJ(x). If
the di� erenceI(x) � J(x) doesnot containgeometricstructuresof the original imageI(x) and
looks like a randomsignal,onecanconcludethat the testedsmoothingmethodremovesnoise
anddo not destroy imagefeatures.(Of course,similar SNR-basedtechniquesarewidely used
in imageprocessing,see,for example,[GSZ05, MN03] and referencestherein.) In Fig.2.2,
we apply theBuadeset al. imagedi� erencetechniqueto demonstratethat theNL-means�lter
substantiallyoutperformsbilateral�ltering in preservingsalientimagestructures.

x

y
t

t

Image

Sub-Image of y

Sub-Image of x

x
t

y
t

Gaussian Cross-Correlation

2

Figure2.3: We measuresimilarity w(x; y) betweentwo imagewindows centeredat x andy by
convolving thesquareddi� erencebetweenthewindowswith aGaussiankernel.
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2.2 Mesh Filtering with NL-means

GivenatrianglemeshM , considerameshvertex x anddenoteby 
 � (x) the2� -neighborhoodof
x on M : 
 � (x) = fy 2 M : jx � yj � 2� g. We usebilateralmeshsmoothing�o w of [FDCO03]
asabasisof ourmethodanddenoiseM by updatingrepeatedlythepositionof eachmeshvertex
x:

xn+1 = xn + k(xn)nn
x; (2.3)

wherenx is theunit normalat x,

k(x) =
1

C(x)

Z


 � 2(x)

w(x; y)I (y) dSy; (2.4)

C(x) =
Z


 � 2(x)

w(x; y) dSy; (2.5)

I (y) = hnx; y � xi ; (2.6)

w(x; y) = exp
n
� D(x; y)/ (2� 2

1)
o
: (2.7)

HereSy standsfor theareaelementof M at y, ha;bi denotestheinnerproductof vectorsa and
b, andD(x; y) is asimilarity kernel.

Similarity Kernel. Themaindi� culty of extendingtheNL-meansapproachto meshescon-
sistsof de�ning anappropriatesimilarity kernelD(x; y).

Considermeshverticesw 2 
 � 3(x), z 2 
 � 3(y), andy 2 
 � 2(x) asshown in the left-top
imageof Fig.2.4.

First we choosea pair of unit tangentvectorst1 andt2 in the tangentplaneof eachmesh
vertex x (the tangentplaneat meshvertex x is the planepassingthroughx andorthogonalto
meshnormalnx). Let usde�ne atranslationvectort, ameshcounterpartof theimagetranslation
vectort in (2.2),by

t = � (uz; vz) = � (ht1; z � yi ; ht2; z � yi ) :

Now let useradial basisfunctions(RBFs)to build a local approximationof the meshin a
neighborhoodof x. Let (uw; vw;ww) be the local coordinatesof meshvertex w w.r.t the basis
(t1; t2; nx). ThelocalRBFapproximationnearx is givenby

Fx(u; v) = p(u; v) +
X

w2
 � 3(x)

� w� (
p

u2 + v2); (2.8)

where� (� ) = � 2log(� ), p(u; v) is a linearpolynomialandRBF coe� cientsf� wgareobtainedby
solvingasystemof linearequations

Fx(uw; vw) = ww;
X

w2
 � 3(x)

� w p(uw; vw) = 0:

We approximateI(x � t) correspondingto I(y � t) by Fx(uz; vz), asseenin Fig.2.4. Finally we
de�ne thesimilarity kernelD(x; y) by

D(x; y) =
Z


 � 3(y)

G� 3(jtj) jFx(uz; vz) � I (y � t)j2 dt; (2.9)

whereI(y � t) = hnx; z � xi andG� (�) is aGaussiankernel.
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Figure2.4: Neighborandlocal coordinatesfor RBF.

2.3 Results and Discussion of Mesh Denoising

In ournumericalexperiments,weusegcc3.3.5C++ compilerona1.7GHzPentium4 computer
with 1GBof RAM. WeusetheN.Max weights[Max99] for computingthemeshnormals.

Parameter s. Fouruser-speci�edparametersareusedin ourmethod:

1. � 1, thestandarddeviationof thesimilarity kernel(2.7);

2. � 2 thesizeof theintegrationdomainin (2.4)and(2.5);

3. � 3, thesizeof thesimilarity domainin (2.9);

4. n, thenumberof iterationsof (2.3).

Similar to [JDD03], wemaketheparameters� sproportionalto theaverageedgelengtheof
theevolving meshM = M n:

� i = � ie; i = 1;2;3:

Ideally � 1 representsthenoisedeviation, thereforesimilar to [FDCO03]it couldbechosen
asa standarddeviation of the heightsof verticesy for eithera user-speci�ed �at region or an
averagestandarddeviation of anentiremesh.Theothertwo coe� cients� 2 and� 3 areconstant
for themostof models,similar to theimagecase[BCM05b,BCM06,KOJ05]. Accordingto our
experiments,setting� 2 = f1:0;2:0gand� 3 = f0:75;1:0gleadsto goodresults.
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Quality Evaluation and Comparison. We have implementedthreerecentstate-of-the-arts
meshdenoisingtechniques:theAnisotropicMeanCurvatureFlow (AMCF) [HP04] andBilat-
eralMeshFilters [FDCO03]and[JDD03]. In our implementationof AMCF, theweight for i j
edgeis givenby G� (ki j)hi j , wherehi j is a cotangent-basedweightassociatedwith i j andki j is
a directionalcurvature[LP05]. In our experiments,for both thesemethodswe try to choose
parametersettingsproducingthebestresults.

We usetwo visualizationschemesto comparethe techniqueswith our method. The �rst
schemeconsistsof coloringby themeancurvature.Thesecondschememeasuresthedi� erence
betweentheoriginal andsmoothedmeshes.More precisely, we visualizethedi� erencesin the
positionsof thecorrespondingverticesof themeshesjxnoisy

k � xsmoothed
k j.

We usethreemodelsin our comparison:a noisyFandiskmodel(Fig.2.5),a noisyDragon-
headmodel (Fig.2.6), andthe Angel model (Fig.2.10). For thesemodels,Table2.1 presents
timing resultsandparametersettingsusedfor our methodandour implementationsof methods
of [HP04]and[FDCO03].

Fig. Method n � 1 � 2 � 3 Time

[HP04] 3 10 25 1.2s

2.5 [FDCO03] 3 0.25 1 1 0.8s

our 3 0.4 1 0.75 13.2s

[HP04] 1 2 � 104 100 14.7s

2.9 [FDCO03] 2 1.5 4 1 126s

our 3 0.35 1 0.75 606s

[DMSB99] 2 0.15 2.7s

[JDD03] 2 0.25 1 0.75 16.4s

[BO01] 10 10.0 2 5 134s

[HP04] 1 100 25 1.67s

2.10 [FDCO03] 2 0.25 1 0.75 3.7s

our 2 0.25 1 0.75 64.5s

Table 2.1: Parametersettingand timing results. Here n standsfor the numberof iterations.
For MCF [DMSB99], the step-sizeparameteris equalto � 1e. For nonlinearnormaldi� usion
[BO01], thestep-sizeparameteris equalto � 1e, � 2e and� 3e denotethespatialsizeof summing
normalsandthe size� of the Gaussiankernel,respectively. For AMCF [HP04], � 1e and� 2e
denotethestep-size(implicit scheme)andthesize� of theGaussiankernel,respectively. For
bilateral�lterings [JDD03]and[FDCO03],thedeviationof thehightGaussiankernelis equalto
� 1e, theintegrationdomainsizeis givenby � 2e, andthedeviationof thespatialGaussiankernel
is setequalto � 3e. Hereedenotestheaverageedgelengthof theevolving meshM = M n.

As seenin Fig.2.8 our methodoutperformsits rivals in restoringsharpedgesand low-
curvatureregions. In addition,the max-normandaverageerrorsproducedby the methodand
measuredw.r.t. the original cleanFandiskmeshare substantiallysmaller than thoseof the
AnisotropicMeanCurvatureFlow [HP04]andBilateralMeshFilter [FDCO03]. Fig.2.9demon-
stratesthat our methoddeliversthe bestperformanceaccordingthe entropy of the di� erences
betweentheoriginal (noisy)andsmoothedmodels.It alsoindicatesthat themethodpreserves
�ne geometricfeaturesbetterthantwo its competitors.Fig.2.10showsthatourmethodproduces
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lowestoversmoothingto comparewith the� veothersmoothingtechniques.
Finally in Fig.2.11 we demonstratehow our methodhandlestrianglesoups. Denoisinga

complex Gargoyle model (about98K triangles)by our methodis ratherslow (� ve iterations
took31minutes)but theresultis worthseeing.

Figure2.5: Left: initial Fandiskmodelcoloredby meancurvature. CenterandRight: noisy
Fandisk(Gaussiannoisewith � = 0:1e is added).

Figure2.6: Noisy Dragon-headmodel(Gaussiannoisewith � = 0:2e is added)from [JDD03]
is coloredby meancurvature.

Min Average Max Low Average High

Figure2.7: Left: meancurvaturepro�le palette.Right: this paletteis usedfor visualizingthe
di� erencesin vertex positionsof noisyandsmoothedmeshes.

Comple xity . Theaveragecomputationalcomplexity of ourmethodis givenby O(VyVwVzV +
V log V) whereV is thenumberof verticesof M , Vy, Vw, andVz aretheaveragenumbersof
verticesof localpatches
 � 2(x), 
 � 3(x), and
 � 3(y). Retrieving 2� 2-neighborhoodof x requires
O(log V) operationsby usinga kd-tree,andevaluatingthesimilarity kernel(2.9) is doneusing
O(VwVz) operationsfor eachpair x andy.

At the �rst glance,O(VyVwVzV + V log V) looks too large. However Vy, Vw, Vz arethe
numberof verticesin local neighborhoodsof meshverticesy, w, z usedin our method.For a
typical uniformly densemesh,we have Vy � 20� 2 andVw � 20� 3 � Vz. If � 2 is large,a fast
implementationof RBFs[BN92] shouldbeused.

Althoughthein�uence of eachparameter� 1, � 2 and� 3 is clear, anoptimalselectionof all
of themis not trivial. Furtherwork is requiredfor a deeperunderstandingcorrelationsbetween
theseparameters.
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Ave error= 0.021 Aveerror= 0.0067 Aveerror= 0.0048

Max error= 0.11 Max error= 0.069 Max error= 0.03

Figure2.8: SmoothingnoisyFandiskmodel(V = 6474,F = 12944).Meancurvaturecoloring
enhancessurfacedefectsandroughnessof the smoothedmesheswhich cannot be recognized
by humaneyesif weusea �at /smoothshading.Left: AnisotropicMeanCurvatureFlow [HP04]
is used.Middle: BilateralMeshFilter [FDCO03]is applied.Right: ourmethodis employed.

Figure2.9: SmoothingnoisyDragon-headmodel(V = 100056,F = 199924).Top: Anisotropic
Mean CurvatureFlow [HP04] is used. Middle: Bilateral Mesh Filter [FDCO03] is applied.
Bottom: our methodis employed. Left: coloringby meancurvatureindicatesthatour method
outperformsits rivals in preserving�ne surfacefeatures.Right: our methoddeliversthe best
performanceaccordingtheentropy of thedi� erencebetweentheoriginal (noisy)andsmoothed
models.
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MeanCurvatureFlow [DMSB99] BilateralMeshFilter [JDD03] NonlinearNormalDi� usion [BO01]

AnisotropicMeanCurvatureFlow [HP04] BilateralMeshFilter [FDCO03] OurMethod[YBS06b]

Figure2.10: Smoothingnoisy Angel model(V = 24566,F = 48090). Our methodproduces
lowestoversmoothingto comparewith � veothersmoothingtechniques.

2.4 Summar y of Mesh Denoising

WehaveextendedtherecentNL-meansimage�ltering approach[BCM05a, BCM05b, BCM06]
to the3D meshesandtrianglesoupsapproximatingpiecewisesmoothsurfaces.Theextension
is far from beingstraightforward, sincethe original NL-meansapproachreliesheavily on the
imagestructureregularity. Wethink wehavefoundasimpleandelegantsolutionto theproblem
by employing localRBFapproximations.

Recentlysemi-localsimilarity-basedshapedescriptorsreceived a considerableattention
in connectionwith shapematching, retrieval, and modeling applications[BIT04, GCO05,
GGGZ05,SACO04,ZG04a]which are too expensive for practicalmeshsmoothing. The lo-
calRBFapproachweusein thisChapteris muchsimpler.

We have demonstratedthatour methodoutperformsotherrecentstate-of-the-artsmoothing
techniqueswhichareamongbestup-to-datemeshdenoisingschemes.

Finally we have suggesteda new way to comparedi� erentmesh/soupdenoisingmethods.
We believe that statisticalanalysis(entropy measurements,etc.) of the di� erencebetweenthe
original (noisy)andsmootheddatasetswill leadto developingnew surfacedenoisingtechniques
andnew principlesfor a fair comparisonof existingones.

Thesourcecodeof ourmethodis availableon theWebfor evaluation[YBS06b].
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Figure2.11:Denoisingacomplex Gargoyle model(V = 54907,F = 97769)by ourmethodwith
f� 1; � 2; � 3g= f0:28;2;1g. Left: original datacoloredby meancurvature.Right: smootheddata
coloredby meancurvature;noiseis gently removedand�ne geometricfeaturesareaccurately
preserved.
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Fair Mesh Generation via Elastica

(a) (b) (c) (d)

Figure3.1: Generatingfair trianglemesheswith discreteelastica.(a): An initial meshoutlined
a complex tubularobject.(b): A discreteelasticasurface(mesh)obtainedfrom theinitial mesh.
(c): Bunny modelwith alargepartof themeshremovedandthentriangulated.(d): Themodi�ed
part of the Bunny is restoredasa discreteelastica.Coloring by the meancurvatureis usedto
demonstrateahighqualityof thegeneratedmeshes.

Variationalshapefairing consistsof generatingshapessatisfyingcertainaestheticrequire-
ments. It is usuallyachievedvia minimizationof fairnessmeasurespenalizinglargecurvature
valuesandcurvatureoscillations[MS92, Gre94,WW92, WW94, SK01, CDD+04]. Seealso
recentworks [YB02, BS05, XPB06] andreferencesthereinfor fair shapegenerationvia geo-
metricsurface�o ws. A popularsurfacefairing measureusedin variouscomputergraphicsand
geometricmodelingapplicationsis theso-calledtotal curvature functional[HKS92]

ZZ
(k2

max + k2
min) dA (3.1)

Herekmax andkmin arethesurfaceprincipalcurvatures,anddA is thesurfaceareaelement.The
totalcurvature(3.1)approximatestheelasticbendingenergy of athin plate[HKS92]. Let uscall
thesurfacesminimizing (3.1)

ZZ
(k2

max + k2
min) dA ! min (3.2)

elasticasurfacesbecausethey generalizethe elasticacurves[Eul44] of Leonhard Euler (1707
- 1783). Seealso [BHN96] for a good literaturereview and for a very e� ective methodto
approximatetheelasticacurvesby polylines.

TheEuler-Lagrangeequationcorrespondingto (3.2) is givenby

4S(H) + 2H(H2 � K) = 0; (3.3)

19
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whereH andK arethe meanandGaussiancurvatures,respectively, and4S(�) is the Laplace-
Beltrami operatorintroducedby Eugenio Beltrami (1835 - 1900) [Str88][page 160]. See
[GH96][pages82-85]for aderivationof (3.3).

In this Chapter, we representan approachfor approximatingelasticasurfacesby triangle
meshes.Our approachto minimize the total curvaturefunctional(3.1) canbe consideredasa
combinationof the steepestdescentmethodfor (3.2) with �nite di� erencing(approximatinga
smoothsurfaceby a trianglemesh). A preliminaryversionof the approachwasdevelopedin
[Yos01].

Considera family of smoothsurfacesS(t; u; v), whereu; v parameterizethe surfaceandt
parameterizesthefamily. We supposet to beindependentof u; v. Let usassumethatthefamily
evolvesaccordingto thefollowing evolutionequation

@S(t; u; v)
@t

= F N; S(0;u; v) = S(0)(u; v); (3.4)

whereN(t; u; v) is theunit normalvectorfor S(t; u; v), F is a speedfunction.Thefamily param-
etert canbe consideredasthe time durationof the evolution. The gradient-descent�o w, also
calledWillmore �o w [BS05], for (3.2) is givenby (3.4)with

F � �4 S(H) � 2H(H2 � K): (3.5)

If a surfaceevolvedby (3.4), (3.5) convergesto a limit surfaceS(1 ;u; v), ast ! 1 , thenit is
anelasticasincetheEuler-Lagrangeequation(3.3)is satis�edfor thatlimit surface.In [HKS92]
theWillmore �o w wasappliedto closedtriangulatedpolygonalsurfacesvia thesurfaceevolver
[Bra92].

Weapproximatetheevolution (3.4),(3.5)by adiscreteevolutionof trianglemeshesanduse
discreteanaloguesof theLaplace-BeltramioperatorandGaussianandmeancurvatures.

Oneof theimportantcontributionsof our methodconsistsof addingto a discreteversionof
(3.4)aspecialtangentspeedcomponentusedto improvethequalityof theevolving meshandto
increasecomputationalstability.

Figure3.1 illustrateshow our methodcanbe usedin variousgeometricmodelingapplica-
tions. The two left imagesdemonstratean initial trianglemeshapproximatinga tubular object
andadiscreteelasticaobtainedfrom thatinitial meshby adiscreteapproximationof (3.4),(3.5).
Thetwo right imagesshow how a largemissedpartof a complex mesh(Bunny) canberestored
by adiscreteelasticasurface.Coloringby themeancurvaturedemonstratesahighqualityof the
generatedmeshes.

3.1 Discrete Willmore Flow

To solve (3.4)numerically, we �rst approximatethetime derivative termin (3.4)by its forward
di� erenceapproximation

@S(t; u; v)
@t

�
S(t + � ; u; v) � S(t; u; v)

�
; � � 1:

Thusweapproximate(3.4)by adiscreteevolutionprocess

S(t + � ; u; v) = S(t; u; v) + � FN(t; u; v); (3.6)

wherethespeedfunctionF is de�ned by (3.5). ThenthesurfaceS(t; u; v) is approximatedby a
trianglemeshanddiscreteapproximationsto theLaplace-Beltramioperator, Gaussianandmean
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curvatures,andothergeometricattributesareconsidered.Thusthediscreteevolutionof surfaces
(3.6) is approximatedby ameshupdatingprocess

P(k+1)
i = P(k)

i + � (k)F(k)
i N(k)

i ; (3.7)

wherethe pointsfP (k)
i gform a meshM (k) obtainedafter k stepsof the processfrom an initial

meshM (0) approximatingS(0)(u; v) andN(k)
i is theunit meshnormalatP(k)

i . Heretheunit mesh
normalN at vertex P is computedas the normalizedweightedsumof of the normalsof the
incidenttriangles,with weightsequalto theareasof thetriangles.

Since(3.4), (3.5) is a fourth-orderpartial di� erentialequation,(the term 4S(H) involves
fourth-ordersurfacederivatives)wechoosethestep-size� (k) in (3.7)proportionalto thesquared
areaof the smallesttriangleof M (k). More precisely, we set � (k) = A2

k=150, whereAk is the
minimal triangleareaamongtheall trianglesof M (k).

Tangential Drift for Equalization of Mesh Triangles. Note that (3.7) is similar to an ex-
plicit �nite di� erenceschemefor aparabolicpartialdi� erentialequationand,therefore,maybe
unstableif step-size� (k) is not smallenoughin a comparisonwith meshtriangles.Thuswe can
expectthata betterstability of thediscretemeshevolution processcanbeachievedif themesh
triangleswhicharecloseto equilateraltrianglesandhavealmostthesamesize.

Our meshtriangleequalizationtechniqueconsistsof addinga tangentspeedvectorto (3.7).
Note thataddinga tangentspeedcomponentto (3.4) a� ectsonly thesurfaceparameterization.
Thereforeinsteadof (3.7)weconsider

P(k+1)
i = P(k)

i + � (k)F(k)
i N(k)

i + � (k)T(k)
i ; (3.8)

whereT(k)
i is avectororthogonalto N(k)

i andattachedatP(k)
i , � (k) is asmallpositiveparameter.

At aninnermeshvertex P let usconsidertheso-calledumbrella-operator[Tau95,KCVS98]
de�ned by

U (P) =
X

i

wi
�� �!
PQi ; (3.9)

wheresummationis takenover all neighborsof P, wi arepositive weights.Thegeometricidea
behindtheumbrellaoperatoris illustratedin Figure3.2.

P

Q

Q
Q

i

i+1

i-1

u(P)

Figure3.2: Umbrellaoperatorassociatedwith ameshvertex P is de�ned asaweightedaverage
of theneighborvectors,see(3.9).

In [OBB00] it was proposedto usethe tangentcomponentof U 0, the umbrellaoperator
with equalweights,for meshregularization.Thetangentcomponentof thebi-umbrellaoperator
U 2

0 = U 0 � U 0 wasusedin [WDSB00] for similarpurposes.
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Following [Yos01] we usethetangentcomponentof anareaweightedbi-umbrellaoperator
U 2

area:
T = �

h
U 2

area� (U 2
area� N)N

i
; (3.10)

where

U area(P) =
1

2An

nX

i=1

ai

0
BBBBBB@

�� �!
PQi

j
�� �!
PQi j

+
�� � � �!
PQi+1

j
�� � � �!
PQi+1j

1
CCCCCCA;

whereai is the areaof the triangle QiPQi+1, n is the numberof neighboringverticesfor P,
A =

P n
i=1 ai is thetotal areaof thetrianglesadjacentto P.

If P is aboundaryvertex, wesetU area(P) = 0.
Accordingto ournumericalexperiments,setting� (k) = 12Ak producesgoodresults.HereAk

betheminimal triangleareaamongthetrianglesof theevolving meshM (k).
Figures3.3and3.4demonstratesequalizingmeshtrianglesby (3.8)with thetangentcompo-

nentde�ned by (3.10)and� (k) = 0. Noticehow well theproposedprocedureof meshequaliza-
tion preservestheshapeapproximatedby theoriginalmesh.Thebi-umbrellaoperatoris abetter
choicethanthesingleumbrellaoperatorin tangentialsmoothing,seeimages(b) of Figure3.4.
Especiallythe tangentialsmoothingbasedon the singleumbrellaoperatordoesnot regularize
themeshwherethemeshconsistsof saddlepoints.

Figure3.3: Left: a meshconsistedof two partswith di� erentsamplingrates.Right: tangential
meshevolution (3.8)with � (k) = 0, (3.10)wasusedto equalizethemeshtriangles.

The meshboundaryverticesaretreatedin a similar but morecomplex way sincethey are
allowedto movealongtheboundaryof S(u; v) only. For implementationdetailssee[Yos01].

Appr oximation of Laplace-Beltrami Operator and Curvatures. Recentlya very e� cient
approximationof theLaplace-Beltramioperatorfor a surfaceapproximatedby a trianglemesh
wasintroducedby Pinkall andPolthier[PP93]in geometricmodeling,seealso[MDSB02]. A
discreteLaplace-Beltramioperator4S(P) atameshvertex P is de�ned by

4S(P) =
3
A

nX

i=1

(cot � i + cot � i)(Qi � P); (3.11)

whereA is the total areaof the trianglesadjacentto P, � i and� i aretheangles\ PQi� 1Qi and
\ PQi+1Qi , respectively.
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(a) (b) (c) (d)

Figure3.4: Comparisonsfor tangentialsmoothingschemes.(a): Initial mesh.(b): Meshevo-
lution basedon the tangentcomponentof umbrellaoperator. (c): Meshevolution basedon the
tangentcomponentof bi-umbrellaoperator. (d): Tangentialmeshevolution (3.8)with � (k) = 0,
(3.10)wasusedto equalizethemeshtriangles.

Givena smoothsurfaceS anda trianglemeshM approximatingthesurface,we usea stan-
dardangle-de�citapproximationfor theGaussiancurvature

K =
3
A

(2� �
MX

i=1

' i);

where' i is theanglebetweenPQi andPQi+1.
Sincefor asmoothsurface4S(S) = 2HN [Str88],adiscreteapproximationof themeancur-

vatureH canbederivedfrom theabovediscreteapproximationof theLaplace-Beltramioperator

H =
1
2

N � 4S(P):

Thisapproximationworksverywell in many applications[DMSB99,MDSB02].
AlthoughH2 � K is alwayspositive for asmoothsurface,it is notnecessarytruefor discrete

approximationsof the Gaussianandmeancurvatures. A standardapproachto copewith this
problemis to detectthemeshverticeswhereadiscreteapproximationof H2 � K is negativeand
setit equalto zeroat thosevertices.

However thisapproachis notacceptableto ussincethetermH2 � K is presentedin (3.5)and
it is notdesiredto have it discontinuous.

Let D denotethe setof thosemeshverticesfor which H , 0 andH2 � K < 0. We �rst
compute

� = min
D

r
H2

K
:

Thenwere-scalethemeancurvatureH ! H=� for theall verticesof D.
Sincethequalityof themeshis improvedduringtheevolution (3.8),� ! 1 ask ! 1 .
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Subdivision. In orderto acceleratethe meshevolution process(3.8) we startfrom a coarse
meshandperformthelinearone-to-fourmeshsubdivisionwhen(3.8)is closeto its steady-state.
Figure3.5 show variousstagesof approximatingan elasticasurfacevia combining(3.8) with
subdivision.

Figure3.5: Startingfrom a coarsemeshevolvedby (3.8), linearone-to-fourmeshsubdivision
is usedwhen(3.8) is closeto its steady-state.

3.2 Numerical Experiments of Discrete Willmore Flow

Mesh Fairing. WecomparethediscreteWillmore �o w (3.8),(3.5)with thebilaplacian�o w

P(k+1)
i = P(k)

i � � U 2
0(P(k)

i );

andameshevolution (3.8)by theLaplacianof meancurvature�o w with speedF equalto

F = �4 S(H) (3.12)

(various numericalapproachesto the Laplacianof meancurvature �o w were developedin
[SK00a,SK01]).

Figures3.8,3.9,and3.10demonstratevariousstagesof meshfairingby thebilaplacian�o w,
the Laplacianof meancurvature�o w, andthe discreteWillmore �o w, respectively. The mesh
shown in Figure3.1(a) is usedastheinitial mesh.Thefairingprocessesarealsocombinedwith
subdivision. These�gures andFigure3.11demonstratethesuperiorityof thediscreteWillmore
�o w (3.8), (3.5) over thebilaplacian�o w andtheLaplacianof meancurvature�o w. Coloring
by themeancurvatureis usedto visualizethegeometricqualityof themeshes.

Shape Restoration via Willmore Flow. Whena real-world object is digitized by a range
�nder, apartof shapeinformationmaybelostbecauseof specularre�ection e� ects,objectself-
occlusion,etc. TheWillmore �o w canbeusedto restoremissedshapeparts[YB02, CDD+04,
XPB06].

Figure3.6 demonstratestheBunny having a largepartof its �ank removedandthentrian-
gulated. The discreteWillmore �o w is appliedto the triangles�lled the hole. The result is
presentedin Figure3.7.Noticeahighqualityof therestoredpartof theBunny.

3.3 Summar y of Discrete Willmore Flow

Wepresentedanumericalapproachfor generatinghighquality, nice-lookingshapesvia thedis-
creteWillmore �o w. Contributionsof our methodincludeaddinga tangentialspeedcomponent
to theWillmore �o w for increasingcomputationalstability of the�o w andcombiningthemesh
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evolution approachwith meshre�nement. Applicationsof theproposednumericalapproachto
meshfairingandshaperestorationweredemonstrated.

Combining the developed approachwith the automatic dynamic connectivity method
[KBS00] and using implicit numericalschemesfor the Willmore �o w (3.4), (3.5) constitute
themesfor futureresearch.

Figure3.6: Bunny with a largepartof its �ank removedandthentriangulated.

Figure3.7: TheBunny �ank is restoredby thediscreteWillmore �o w.
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Figure3.8: Meshfairingby bilaplacian�o w.

Figure3.9: Meshfairingby theLaplacianof meancurvature�o w.

Figure3.10:Meshfairingby discreteWillmore �o w.

Figure3.11:DiscreteWillmore �o w produceshighqualityshapes.
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Fast and Robust Detection of Feature Lines on
Meshes

Figure4.1: Detectedcrestlines. Changingthe�tting neighborsizeand�ltering thresholdgives
us wide variety of salientsurfacefeaturesfor examplefrom highly detailedcrest lines (left
image)to largescalecrestlines(right image).

Surfacecreases,curvesonasurfacealongwhichthesurfacebendssharplycanbeintuitively
de�ned asloci of sharpvariationpointsof thesurfacenormal. Mathematicallythesharpvaria-
tion pointsof thesurfacenormalsaredescribedvia extremaof thesurfaceprincipalcurvatures
alongtheir correspondinglines of curvature. Thesecurvatureextrema,calledalsoridgesand
crestlines, have beenthoroughlystudiedin connectionwith researchon classicaldi� erential
geometryandsingularitytheory. Suchcurvatureextremumcurves�rst appearedin theresearch
of the opticsof the humaneye [Gul04] by Allvar Gullstrand (1862- 1930). He received the
Nobel Prizefor medicineor physiology in 1911[Gul11]. Sincethenthe ridgesandtheir sub-
setshave numerousapplicationsin humanperception[HR85], quality controlof free-formsur-
faces[Hos92], free-formshapedeformations[IFP95], imageanddataanalysis[Ebe96],reverse
engineering[HDW98], imagereconstructionand registration[LFM96, GPA97], analysisand
registrationof anatomicalstructures[GM98], facepatternanalysisandrecognition[HGY+99],
meshsegmentationand�attening [SF04],meshsimpli�cation [WB01, YBS05a], geomorphol-
ogy [LS01], andnon-photorealisticrendering[IFP95, DFRS03]. Seealso referencestherein.
The so-calledcrestlines areformedby the perceptuallysalientridge pointsandconsistof the

27
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surfacepointswherethemagnitudeof thelargest(in absolutevalue)principalcurvatureattains
amaximumalongits correspondingline of curvature[MBF92].

Developingmethodsfor fastandaccuratedetectionof featurelines on polygonalsurfaces
is currentlya subjectof intensive research[YBS05a, HPW05,KK05]. Numerousridgesand
crestlines detectiontechniqueshave beenproposedfor analyticalsurfaces(seefor example,
ridgeson explicit [TG96], parametric[Mor96], and implicit [BPK98] surfaces)and images
[MB95, BLBK03]. Practicaldetectionof the crestlines andothertypesof curvatureextrema
on polygonalandpoint-sampledsurfacesis a di� cult computationaltaskbecauseit requires
a high-qualityestimationof the curvaturetensorandcurvaturederivatives. In general,global
�tting methodsdo a betterjob in estimatinghigh-ordersurfacederivatives and lead to more
accuratedetectionof curvatureextrema[KMW96, KLML96, OBS04,KK05] thanthelocal es-
timationschemes.On theotherhand,thelocal schemesaremuchfasterandoftendemonstrate
aquitesatisfactoryperformance[Gué93,SF03,SF04,CP04a, YBS05a, HPW05].

In thisChapter, wefollow [YBS05a]anddescribeafastandrobustmethodfor detectingsur-
facecreasesonsurfacesapproximatedby densetrianglemeshes.Ourprocedurefor detectingthe
crestlinescombineslocalpolynomial�tting basedonamodi�cation of themethodof [GI04], a
�nite di� erencescheme/testproposedin [OBS04]andusedfor curvaturemaxima/minimaidenti-
�cation, andacarefulthresholdingbasedontheMVS functionalof MoretonandSequin[MS92].
Our methodis fastsincewe estimatenecessarysurfacederivativesvia local polynomial�tting.
For example,for theIgeamodelconsistingmorethan200K trianglesit takesonly nineseconds
for estimatingthecurvaturetensorandcurvaturederivativesandfour secondsfor detectingcrest
lines on a standard1.7GHz Pentium4 PC.Our approachis capableof achieving high quality
resultscomparablewith thoseobtainedvia global �tting procedures[OBS04]. Figures4.1 and
4.3show crestline patternsfoundonsimpleandcomplex geometricalmodelsfor variousvalues
of auser-speci�edparameterwhichcontrolsthestrengthof detectedcrestlines.

Applicationsof the crest lines for adaptive meshsimpli�cation and feature-guidedmesh
segmentationarealsodiscussedin Sections4.8and4.9,respectively.

4.1 Diff erential Geometr y Backgr ound of Curvature Extrema

We describedi� erentialgeometrybackgroundof the curvatureextremumcurves (ridgesand
crestlines)throughtheirconnectionswith focalsets, medialaxis, andDupin'scyclidesby using
singularityanalysis.Thenweexplainwhy practicaldetectionof crestlinesis di� cult, andshow
thresholdingbasedon theMVS functionalasa robustapproachto tacklethedi� culty. Figure
4.3 illustratestherelationshipsbetweenasurface(curve), its oneof focal set(evolutecurve), its
focal setsingularitycalledfocal rib (evolutecusp),andmedialaxis.

Curvature Extrem um Sets. Let usconsidercurvatureextremumcurveson a surfaceS(u; v)
wherethey areloci of principalcurvatureextremaalonglinesof curvature.Let kmax andkmin be
themaximumandminimumprincipalcurvaturesof S(u; v), andtmax andtmin bethecorrespond-
ing principal directions,respectively. In [Hos92], Hosakaderived the di� erentialequationsof
thecurvatureextremumcurves.His equationsarecharacterizedby thefollowing four equations:

@kmax

@tmax
= 0;

@kmax

@tmin
= 0;

@kmin

@tmin
= 0;

@kmin

@tmax
= 0:

Here,we areinterestedin only two setsof curvatureextremumcurveson S(u; v) suchthat
they are loci of principal curvatureextremaw.r.t. correspondingprincipal directions. Denote



4.1 Differential Geometry Background of Curvature Extrema 29

Figure4.2: Crestlines detectedon varioustrianglemeshes.A scale-independentparameterT
de�nedby (4.10)is usedto keepthemostvisuallyimportantfeatures:T = 2:4 for theFanmodel,
T = 1:0 for the Felinemodel,T = 2:7 for the Igeamodel,T = 3:2 for the MannequinHead
model,T = 0:9 for theCamelmodel,andT = 2:3 for theMoai model. For all themodelone-
ring neighborhoodpolynomial�tting is usedfor estimatingthe curvaturetensorandcurvature
derivatives.

Figure4.3: Curvatureextrema,focal sets,andmedialaxis.
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by emax andemin thederivativesof theprincipalcurvaturesalongtheir correspondingcurvatures
directions:

emax =
@kmax

@tmax
and emin =

@kmin

@tmin
(4.1)

Following [Thi96] let us call emax andemin the extremalitycoe� cients. The extremality coef-
�cients arenot de�ned at the umbilical points(kmax = kmin) sincethe principal directionsare
unde�ned there. The surfacecreasesconsideredin this Chapterareformedby the closureof
pointson S(u; v) whereoneof theextremalitycoe� cientsvanishes[Yui89]. Accordingto this
de�nition, theumbilicalpointsbelongto thesurfacecreases.In [Por01, HGY+99,CP04b,CP05]
thecurvatureextremumpatternsin smallvicinitiesof umbilicalpointsareanalyzed.

Crest Lines. In previousliterature,de�nitions of curvatureextremumcurves,ridges,andcrest
lines are sometimemixed. According to [MBF92, OBS04,YBS05a], we de�ne the ridges,
ravines,andcrestlinesasfollows. Ridge(ravine)pointsarecharacterizedby positive (negative)
maxima(minima) of maximum(minimum) principal curvaturesw.r.t. maximum(minimum)
principaldirections:

Ridge: kmax � 0; emax = 0; @emax
@tmax

< 0;

Ravine: kmin � 0; emin = 0; @emin
@tmin

> 0:

Thecrestlinesconsistof perceptuallysalientridgepoints. We distinguishconvex andcon-
cavecrestlines.Theconvex crestlinesaregivenby

kmax > jkminj; emax = 0;
@emax

@tmax
< 0;

while theconcavecrestlinesarecharacterizedby

kmin < �j kmaxj; emin = 0;
@emin

@tmin
> 0:

Figure4.4demonstratestheexamplesof two setsof curvatureextremumcurvesandtheirsubsets
(ridge, ravine, andcrestline). The convex andconcave crestlines aredual w.r.t. the surface
orientationaswell asridgesandravines: changingthe orientationturnsthe convex crestlines
(ridges) into concave one (ravines) and vice versa. According to the above de�nitions, one
particulardi� erencebetweenthe ridge-ravine andthe crestlines is that the ridgesandravines
canbe intersectedbut the convex andconcave crestlines cannot, seeimages(g) and (h) of
Figure4.4.

4.2 Focal Sets

For a givensurfaceS(u; v), a focal setf (u; v) which is the3D analogof theevoluteof a planar
curve is de�ned by

f (u; v) = S(u; v) + R(u; v)n(u; v); (4.2)

whereR(u; v) is equalto either1=kmax or 1=kmin andn = n(u; v) is the unit normalof S(u; v).
In [HH92, HHS+92, HHS95] the focal setsarestudiedfor shapeinterrogation purposes.The
focal setsfmax andfmin consistsof two sheetscorrespondingto kmax andkmin have singularities.
Thesingularitiesof thefocal setsconsistof spacecurvesaretheso-calledfocal ribs calledalso
cuspidaledges[Por87, Por01].
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(a) (b)

(c) (d) (e)

(f) (g) (h)

Figure4.4: Curvatureextremumcurvescharacterizedby theconditionsemax = 0 andemin = 0
are visualizedin (a) and (c). Here (b) and (d) representridge-ravine subsetsof (a) and (c),
respectively. The crestlines of Bunny is given in (e). Here the ridges(ravines) and convex
(concave) crestlines areequivalent in the octahedronmesh(b). The images(f), (g), and(h)
representthemagni�cationsof samepartsof (c), (d), and(e), respectively.
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Proposition1 A curvature extremumcurvepoint at P = S(u0; v0) correspondsa point on the
focal rib at f (u0; v0); focal setsdegenerate to thespacecurvei� emax = 0, emin = 0, or kmax =
kmin.

ConsidertheprincipalcoordinatesystematasurfacepointP = S(u0; v0) wherethedirections
of basictangentsSu = @S(u;v)

@u andSv = @S(u;v)
@v coincidewith theprincipaldirectionstmax andtmin,

respectively, at P. Assumeftmax; tmin; ngformsorthogonalbasisat P andlocally choosethearc
lengthparameterizationof the linesof curvature: jtmaxj = jtminj = 1. Accordingto theclassical
formulaof Rodrigues,weobtain

dn + k dS = nudu + nvdv + k(Sudu + Svdv) = r n � t + k r S� t = 0:

In suchprincipalcoordinatesystem,we canexpressthepartialderivativesof thenormalnu and
nv by

nu = � kmaxSu and nv = � kminSv;

where(du;dv) = (constant; 0) leadsk = kmax andt = tmax, and(du;dv) = (0; constant)leads
k = kmin andt = tmin. Thefocal setdegeneratesi� theorientedareaelementof f (u; v) vanishes.
It gives

fu � fv = (Su + Run + Rnu) � (Sv + Rvn + Rnv) (4.3)

= An(1 � Rkmax)(1 � Rkmin) � SuRu(1 � Rkmin) � SvRv(1 � Rkmax) = 0 (4.4)

wherefu andfv arethe partial derivativesof f (u; v), A = jSu � Svj, andR = 1=kmax or 1=kmin.
Thus the kmax-branchof f (u; v) degeneratesat f (u0; v0) if emax = 0, the kmin-branchof f (u; v)
degeneratesat f (u0; v0) if emin = 0, andboththebranchesdegenerateat commonpoint f (u0; v0)
if kmax = kmin (or emax = 0 = emin).

A singularityanalysisof thefocalsetshasbeenacommontool for investigatingthebehavior
of varioustypesof curvatureextrema.Theequation(4.4)wasderivedin [ABK94], andapplied
in [YBS05a] for practicaldetectionof thecurvatureextremumcurves.

Generaliz ed Offset Surfaces. The above singularityanalysisfu � fv = 0 of the focal set
(4.2)canbedirectoryappliedto thegeneralizedo� setsurfaceswhereR(u; v) of (4.2) is a graph
of functionde�ned onS(u; v).

Theorem1 (O� setSingularity) Let n(u; v), kmax, and kmin be the unit normal,maximumand
minimumprincipal curvaturesof a surfaceS(u; v), andR(u; v) is a graphof functionde�nedon
S(u; v). I� 8

>>>>><
>>>>>:

Ru(1 � Rkmin) = 0

Rv(1 � Rkmax) = 0

(1 � Rkmax)(1 � Rkmin) = 0

where (u; v) = (u0; v0) thenthegeneralizedo� setsurface

g(u; v) = S(u; v) + R(u; v)n(u; v) (4.5)

hasa singularityat (u0; v0).

For examplewhenaclassicalo� setsurfaceR(u; v) = constanthasthesingularitiesi� R = 1=kmax

or R = 1=kmin.
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4.3 Medial Axis

The medial axis was proposedby Blum for 2D shapeperceptionand recognitionpurposes
[Blu67]. In 3D, the medial axis has been intensively studied in computationalgeometry
throughconnectionwith the Voronoi diagramandsurfacereconstructions[ABK98, ACK01a,
DZ02, DG03, MAVdF05], meshingand�nite elementgenerations[Owe98,ACSYD05],CAD
[WF00, Sur03], solid modeling[BBGS99, BL99], shapedeformationtasks[Blo02, YBS03],
motionplanning[Lat91], andmany otherapplications.

Mathematicallythe medialaxis is de�ned asloci of centersof maximalemptyballs for a
bounded�gure F . Themaximalemptyball, alsocalledmedialball [ACK01b], is completely
containedin no otheremptyball. Themedialaxis togetherwith this associatedradiusfunction
is calledthemedialaxis transform. Thesharpboundariesof medialaxisarecalledtheskeletal
edges, see[ABOK94] for classi�cationsof pointson themedialaxis.

Considershrink wrappingof a boundary@F to the medial axis: two-sidedmedial axis.
The mathematicaldescriptionof the two-sidedmedialaxis �rst appearedin [SPW96]through
analysisof topologicalstructureof themedialaxis; thereexistsa continuousmappingbetween
themedialaxisandits correspondingboundary@F [Wol92], seealso[ABE06] for a survey of
topologicalanalysisfor themedialaxis. Practicalusageof the two-sidedmedialaxiswas�rst
proposedrecentlyfor featuredetectionof meshes[HBK02], and later it wasappliedto mesh
deformations[YBS03, YBS06c, YBS06a].

Considera bounded3D �gure F whoseboundary@F is a smoothclosedsurfaceS(u; v).
Considera point S(u0; v0) 2 @F . Let r(u0; v0) be the radiusof the innermedialball for which
S(u0; v0) is a tangency point. See[SPW96]for mathematicalconstructionof r(u; v). Thepara-
metric representationof themedialaxis is givenby m(u; v) = S(u; v) + r(u; v)n(u; v) which is a
particularcaseof thegeneralizedo� setsurface(4.5)with R(u; v) = r(u; v).

Accordingto Theorem1, if m(u; v) degeneratesat m(u0; v0) thenr(u; v) is equalto either
1=kmax or 1=kmin at (u; v) = (u0; v0). This immediatelygivesus eitheremax = 0 or emin = 0 at
S(u0; v0). Thus,themedialball boundaryof radiusr = 1=kmax (r = 1=kmin) at (u0; v0) coincides
with the osculatingsphereof radius1=kmax (1=kmin) at (u0; v0). Consequently, m(u0; v0) with
r = 1=kmax (r = 1=kmin) belongsthefocal rib fmax(u0; v0) (fmin(u0; v0)).

Proposition1 andtheaboveanalysisof themedialaxisindicatethattheskeletaledgesbelong
to focal ribs. This factis well-known in 2D [Ley87, CCM97]and3D [YL90, ABK94, BAK97].
A geometricdescriptionof focal ribs which belongto theskeletaledgeswasgiven in [BY01].
Proposition1 also leadsa relationshipbetweenthe curvatureextremumcurvesanda special
family of surfacescalledDupin's cyclides.

4.4 Dupin' s Cyclides

TheDupin's cyclideswereintroducedby theFrenchgeometerPierre CharlesFrancoisDupin
(1784- 1873)at thebeginningof 19thcenturywhile hewasstill anundergraduateat theEcole
Polytechniquein Paris. Sincethenthe Dupin's cyclideshave beenintensively studiedin con-
nectionwith variousshapemodelingtasks. See,for example[CDH89] for a shorthistorical
survey of theDupin'scyclidesandtheirusageand[FG04] for recentapplicationsof theDupin's
cyclidesin geometricmodelingasa CAGD primitive. The family of Dupin cyclidesincludes
spheres,cylinders,cones,andtori, seeFigure4.5.

TheDupin'scyclidesarecharacterizedby theconditionemax = 0 = emin. Hereemax andemin

aretheextremalitycoe� cientsde�ned in (4.1). It meansthat linesof curvatureareall straight
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Figure4.5: Cyclideexamplesfrom www.mathworld.wolfram.com.

lines or circular arcs[Pin86]. From emax = 0 = emin andProposition1, the focal setof the
Dupin's cyclidesdegenerateseverywhere to thefocal ribs which form spacecurvesincludethe
isolated-points.In factthis is ananotherde�nition of theDupin's cyclides[Hir90]. Themedial
axisof theDupin's cyclidesdegeneratesto a setof spacecurves. A sphereanda planecanbe
consideredasdegeneratedDupin'scyclideswhosefocalsetsandmedialaxisareisolatedpoints;
thefocalpointof aplaneis locatedat in�nity . TherearenosalientsurfacecreasesontheDupin's
cyclidesalthoughtheirextremalitycoe� cientsvanish.

Let usconsidera surfacepoint whereextremalitycoe� cientsat thepoint satisfythecondi-
tion

jemaxj2 + jeminj2 = 0: (4.6)

Noticethattheleft-handsideof (4.6)is theintegrandof theso-calledMVS functionalintroduced
in [MS92] for fair surfacedesignpurposes.For a genericsurface,focal ribs alwaysgo through
the focal setsingularitiescorrespondingto the umbilics of the surface. Now we canconclude
thatagenericsurfaceregionwheretheleft hand-sideof (4.6)is smallis closeto apartof aDupin
cyclide.

A practicaldetectionof the ridgesandtheir subsetsis extremelydi� cult in thosesurface
regionswhich areslightly perturbedDupin cyclide patchesandwhere,therefore,the left hand-
sideof (4.6) is closeto zero. Suchregionsmaycontainmany spuriousridges(andcrestlines).
Thusit seemsnaturalto usetheleft hand-sideof (4.6)asa measurefor selectinggeometrically
importantcrestlines.

4.5 Estimating Surface Deriv atives

Givena meshM approximatinga smoothsurfaceS = S(u; v), in orderto achieve a fastandac-
curateestimationof theprincipalcurvaturesandtheirderivativesabivariatepolynomialis �tted
locally to eachmeshvertex. To date,two polynomial�tting strategiesareusedfor estimating
surfacederivativesat a meshvertex. Accordingto onestrategy, it is assumedthat the surface
normalat vertex is preliminaryestimated.It leadsto the so-calledadjacent-normalcubic ap-
proximationmethod[GI04]. Thesecondstrategy [CP03]doesnotassumethatthemeshnormal
is alreadygiven. Accordingto our numericalexperience,if thevertex normalis approximated
appropriately, the �rst strategy leadsto a betterestimationof the surfacecurvaturesandtheir
derivativesat thevertex.

In our numericalexperimentswe usethe following enhancementof adjacent-normalcubic
approximationmethod.For eachmeshvertex p 2 M its one-link neighborhoodis considered
anda new vertex p0 is obtainedasthe arithmeticmeanof the centroidsof the meshtriangles
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adjacentto p. Thesenew verticesfp0gform a new meshM 0 which is smootherthanM . Now
for eachvertex p0 2 M 0 its unit normalis estimatedvia NelsonMax's method[Max99]. Thena
cubicpolynomial

h(x; y) =
1
2

�
b0x2 + 2b1xy + b2y2

�
+

1
6

�
c0x3 + 3c1x2y + 3c2xy2 + c3y3

�
(4.7)

is �tted in the least-squaresense[GI04] to p0 anda setof its neighboringvertices. That set
of neighborsof p0 is obtainedfrom the k-link neighborhoodof p0 by removing thosevertices
whosenormalsmake obtuseangleswith thenormalat p0. In practicewe usek = 1;2;3;4. Next
the curvaturetensorand extremality coe� cientsare expressedvia derivatives of local cubic
polynomialh(x; y). Finally thesecurvatureattributesareassignedto theoriginal verticesfpgof
meshM .

We have also derived an elegant formula for an extremality coe� cient at a surfacepoint
whereS is locally approximatedby (4.7)

e = @k=@t =

0
BBBBB@

t21
t22

1
CCCCCA

T 0
BBBBB@

c0 c1

c2 c3

1
CCCCCA

0
BBBBB@

t1
t2

1
CCCCCA: (4.8)

Heret = (t1; t2)T is theprincipaldirectioncorrespondingto a principalcurvaturek. Becauseof
its simplicity, (4.8) leadsto a signi�cant reductionof computationaltime,see[TG96, MAM97]
for comparisonwith thetraditionallong formulaeof emax andemin.

To prove (4.8) let us considerthe well-known formula for an extremality coe� cient e =
@k=@t for a surfacegivenin implicit form F(x) = 0, x = (x1; x2; x3), (see,for example,[Por01,
Exercise11.8] andalso[MBF92] wherea smallmistake in the �nal formulasfor thecurvature
derivativesis made)

e = r k � t =
Fi jl ti t j tl + 3kFi j tin j

jr Fj
; (4.9)

whereFi j and Fi jl denotethe secondand third partial derivatives of F(x), respectively, t =
(t1; t2; t3) is the principal direction correspondingto a principal curvaturek, n = (n1; n2; n3)
is the unit surfacenormal,and the summationover repeatedindicesis implied. In our case,
F = z � h(x; y) andat theorigin of coordinatesn = (0;0;1) andt = (t1; t2; 0). Thus,sincethe
polynomialh(x; y) doesnotcontainlinearterms,at theorigin of coordinates(4.9)simpli�es into

e = Fi jl ti t j tl

and(4.8) immediatelyfollows.
Figure4.6 comparesthe setsof crestlines detectedon a 3D text meshvia the straightfor-

wardpolynomial�tting (thetop image)andtheenhancedadjacent-normalcubicapproximation
method(we usek = 1 in this example). Figures4.8 and4.9 demonstratehow our procedure
to estimatesurfacederivativesis e� ective comparingwith anothersmoothingmethodandother
normalestimationmethods.

Althoughourschemefor estimatingsurfacederivativesseemscomplicated,it leadsto highly
e� ectivecrestline detectionprocedurewhichonly slightly dependsonthemeshconnectivity and
triangleaspectratios. In Figure4.7 we comparethe patternsof the crestlines detectedon the
originalStanfordbunny meshandonthemeshobtainedviaanimplicitizationof thebunny model
andthenpolygonizingusingBloomental's method[Blo94]. Despitethefactthatthenew bunny
meshcontainsmany sliver trianglesandhasirregularconnectivity, thepatternsof thecrestlines
foundon themeshesareremarkablysimilar.
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Figure4.6: Crestlinesdetectedon 3D text. Top: polynomial�t without preliminaryestimation
of meshnormalsis used.Bottom: theenhancedadjacent-normalcubicapproximationmethodis
employedfor estimatingsurfacecurvaturesandtheir derivatives. In both thecasespreliminary
smoothingp ! p0 wasapplied.

Figure 4.7: Patternsof crestlines and meshtrianglesfor two bunny models. Top: original
Stanfordbunny meshwith 69,451trianglesis used.Bottom: anotherbunny meshwith 279,984
trianglesis used.Thenecessarysurfacederivativesareestimatedvia theenhancedcubicpoly-
nomial�tting with k = 1 for theoriginalStanfordbunny meshandk = 3 for theremeshedbunny
sincethelatteris morethanthreetimesbiggerthantheoriginalone.
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(a) (b) (c)

(d) (e) (f)

Figure4.8: Smoothinge� ectsfor crestline detection.(a): Crestlinesdetectedon(b) withoutany
smoothing.(b): Theirregularbunny meshgeneratedby animplicitizationof theStanfordbunny
model and then polygonizingusing Bloomental's method[Blo94]. (c): Crest lines detected
on (b) with our preliminary smoothingp ! p0. The images(d), (e), and (f) representthe
crestlines detectedon (b) with the semi-implicit meancurvature�o w proposedin [DMSB99]
wherethetime stepparametersare0:25,0:5, and1:0, respectively with oneiteration.One-ring
neighborhoodpolynomial�tting is usedfor all themodels(k = 1).

PCA QuadricFitting NormalVoting [PKS+02] N. Max [Max99]

Figure4.9: Normal estimationsandsmoothing. Top andbottomimagesrepresentcrestlines
detectedonRobotCatmodelwithoutsmoothingandwith smoothing,respectively by usingdif-
ferentvertex normalapproximationmethodswherebottom-rightimagecorrespondsour result.
One-ringneighborhoodpolynomial�tting is usedfor all themodels(k = 1).
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4.6 Tracing and Thresholding Crest Lines

Oncethe curvaturetensorandextremality coe� cientsareestimatedat eachvertex of M , we
inspecttheedgesM andcheckwhetherthey containcurvaturemaximaandminima. We detect
thecrestline verticesandconnectthemtogetherfollowing theprocedureproposedin [OBS04]
with onesmall,but important,addition.It turnsoutthattheproceduremaygenerateseveralclose
disconnectedcrestlinesin situationssimilar to thoseshown in theleft imageof Figure4.10. In
orderto reducethefragmentationof thecrestlineswe inspectthemeshverticesandtheir one-
ring neighborhoods.For eachone-ringvertex neighborhoodcontainingcrestline end-points
we connecttwo end-pointsif � � �=3, � � �=3, 
 � �=2, where� , � , and 
 are the angles
betweentheend-segmentsandthesegmentconnectingtheend-points,asseentheright imageof
Figure4.10,seealsoFigure4.11.

g
a b

Figure4.10: Left: a situationwhenwe may want to connectthe crestlines (shown in bold)
together. Right: angles� , � , and
 generatedby crestline end-segmentsandthesegmentcon-
nectingcrestline end-pointsareusedto measurewhengap-jumpingis necessary.

Figure4.11: Left two imagesrepresentthe closedisconnectedcrestlines. Right two images
demonstratetheextractedcrestlinesafter connectingthegapsby usingtheangles� , � , and

de�ned in Figure4.10.

Although increasingneighborhoodsizefor polynomial �tting givesus muchsmoothcrest
lines asshown in 4.15, the spuriousridgesandcrestlines cannot be removed without over-
smoothingof thecrestlinesby changingthesize.As we mentionedbefore,thesumof squared
extremalitycoe� cientsis very appropriatefor measuringsaliency of thecrestlines. In practice
weusethefollowing scale-independentquantityto measurethestrengthof acrestline

T =
Z

ds�
Z q

jemaxj2 + jeminj2 ds; (4.10)

wherethe integralsare taken over the crestline. This thresholdingparameterinvolves third-
ordersurfacederivativesandis morecomplex thanthatusedin [OBS04]wherethe integral of
a principalcurvaturealonga featureline wasused.On theotherhand,thresholdingwith (4.10)
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is simpler thanthe thresholdingschemeproposedin [CP04a] wherea second-ordercurvature
derivative is usedfor �ltering outspuriousridgesandcrestlines.

Weusea linearinterpolationschemefor estimatingthecyclideness

C =
q

jemaxj2 + jeminj2 (4.11)

at crestline vertex v locatedonmeshedge[p;q]:

C(p) =
aC(p) + bC(q)

a + b
;

wherea = jemax(q)j, b = jemax(p)j for theconvex crestlinesanda = jemin(q)j, b = jemin(p)j for
theconcaveones.Now theintegralsin (4.10)areestimatedby asimpletrapezoidapproximation
similar to thatusedin [OBS04].

Roughlyspeaking,cyclideness(4.11)measureshow farasurfaceregion is from beingapart
of a Dupin cyclide. If x lies on a convex (concave) crestline, thenemax(x) = 0 andC(x) =
jemin(x)j (emin(x) = 0 andC(x) = jemax(x)j).

At the �rst glance,it looks that (4.10) doesnot a� ect umbilical regions. In fact it does:
by continuity cyclideness(4.11)vanishesat the isolatedumbilics. A small perturbationof an
umbilic region createsa non-umbilicalregion containingisolatedumbilics. Further, as it was
shown in [BAK97], thecrestlinesdonotpassthroughthegeneric(typical)umbilics.

Figure4.12demonstrateshow our crestline �ltering schemeworksfor a modelwith spher-
ical andcylindrical regions.Noticehow well thecrestlinesdetectedat themeshpartsapproxi-
matedthoseregionsare�ltered out.

T = 0 T = 0:2 T = 6:7

Figure4.12: Detectingcrestlines for a modelcontainingsphericalandcylindrical regionsfor
variousvaluesof thresholdT. For eachmeshvertex, its three-ringneighborhoods(k = 3) is used
for localpolynomial�tting of RobotCat.

Figure4.13exposesdetectingcrestlinesonamorecomplex modelcontaining�at, cylindri-
cal,andslightly curvedregionsandsmallfeatures.IncreasingT allowsusto remove inessential
crestlines while preservingsalientones. The �gure alsodemonstrateshow the sizeof vertex
neighborhoodsusedfor polynomial �tting a� ectsthe crestline detectionprocedure(seealso
Figure4.15). A largerneighborhoodleadsto smootherapproximationof themeshand,there-
fore, allows us to disregard thecrestlines locatedin slightly convex/concave regions. Seealso
Figure4.2whereone-ringneighborhoodpolynomial�tting is usedfor all themodels.By using
simpletriangulationfor animage,ourmethodalsocanbeappliedto theimage,seeFigure4.14.



4.6 Tracing and Thresholding Crest Lines 40

T = 0, k = 1 T = 0, k = 4

T = 4:8, k = 1 T = 2:2, k = 4

Figure4.13: Crestlinesdetectedon a mechanicalpartmodelwith di� erentvaluesof threshold
T andvertex neighborhoodsizek usedfor localpolynomial�tting.

Figure4.14:ThecrestlinesonLenaarefoundwith three-ringneighborhood�tting (k = 3) with
T = f0;8;37g, respectively wheretheLenaimageis triangulatedfor ourmethod.
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k = 1 k = 2 k = 3 k = 4

Figure4.15:CrestlinesdetectedonCarandCow modelswhereneighborhoodsizesfor polyno-
mial �tting areequalto k = f1;2;3;4gfrom left to right images,respectively.

4.7 Numerical Experiments of Crest Line Detection

All examplespresentedin this Chapterare computedby using gcc 2.95 C++ compiler on a
standard1.7GHzPentium4 PCwith 512MB RAM. As demonstratedin Figure4.16,ourmethod
is fastandprocessesabout20K=k trianglespersecondfor k-ringneighborhoodpolynomial�tting
andestimatingthecurvaturetensorandcurvaturederivatives.Thecrestline tracingstageat the
methodis fasterthantheestimationstagealthoughtheformerdependsongeometriccomplexity
of models.Themethodis robust. Theresultsof our crestline detectionproceduredependonly
slightly on thequalityof themesh,asdemonstratedin Figure4.7.

Ourmethodis capableof achieving highqualityresultsin detectingsalientcurvatureextrema
to comparewith schemesbasedonglobal�tting procedures.In Figures4.17and4.18we give a
visualcomparisonof our methodwith thatdevelopedin [OBS04]andwith theexactdetection
of the crestlines on analyticalwaving surfacer(u; v) = [ucosv;usinv; cosu]. The meshwe
usedto approximatethewaving surfaceis not dense:it consistsof lessthan5K trianglesonly.
Neverthelessthemax-normerrorestimatesfor theextemalitycoe� cientsarereasonablygood:
0:48 for emax and0:56 for emin, seeTable4.1.
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Figure4.16:Timings.Our methodrequireslinearcomputationalcomplexity which is relatively
low comparedwith globalimplicit �tting methods.Also ourcurvaturederivativesformula(4.8)
dramaticallyreducesactualcomputationaltime.

WithoutSmoothing With Smoothing

WithoutNormal With Normal WithoutNormal With Normal

L2 L1 L2 L1 L2 L1 L2 L1

emax 0.306 0.926 0.116 0.415 0.307 0.926 0.145 0.479

emin 0.299 0.926 0.141 0.852 0.298 0.926 0.126 0.563

Table4.1: Numericalerrorcomparisonwith theexactdetectionof thecrestlineson analytical
waving surfacer(u; v) = [ucosv;usinv; cosu] whereone-ringneighborhoodpolynomial�tting
with andno �ltering is usedfor all the models(k = 1). Here L2 and L1 errorsof emax and
emin approximatedby our method(mostright imageanderrors)aremeasuredfor theanalytical
surfacewith (without) useof our preliminarysmoothingp ! p0 andnormalsfor polynomial
�tting.
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Figure4.17: Comparisonwith global �tting method. Top: Crestlines detectedusinga global
implicit �tting method[OBS04]. Bottom: Crestlinesdetectedusingthemethodof this paper,
one-ringneighborhood�tting is used.In boththecases,no �ltering is applied.

Figure4.18:Comparisonwith exactcrestlines. Left: Input a simpleanalyticalsurface.Center:
Exactcrestlines on the analyticalsurface. Right: The crestlines detectedwith our method,
one-ringneighborhood�tting is employed.
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4.8 Crest Lines and Mesh Simpli�cation

In thissection,wepresentaquadric-basedmeshsimpli�cation procedureguidedby thedistance
�eld from crestlines.Ouruseof crestlinesfor adaptivemeshsimpli�cation purposesis inspired
by recentwork [KG03]. Sincecrestlinesonameshareimportantshapefeatures,it is naturalto
simplify themeshaggressively far from themostsalientcrestlinesandpreserve themeshin a
vicinity of them.

Givena setof featurelines(crestlines,in our case)on surfaceS, following [LPRM02] for
a surfacepoint p 2 S we considerd(p) thegeodesicdistancebetweenp andtheclosestfeature
line (crestline) point. Let max(d) bethemaximumof thegeodesicdistancesd(p) overall points
of S. We introduceascale-independentweighteddistancefunction

F(d) =
 

d
max(d)

+ �
! �

; (4.12)

where� is a regularizationparameter(in all our experimentswe use� = 0:1) and� is a positive
user-speci�edparameterwhich is usedto controladegreeof in�uence of thecrestlines.

Figure4.19describesour featuresensitivemeshsimpli�cation framework.

Figure4.19:Featuresensitivemeshsimpli�cation framework. Righttwo imagesshow theresults
of the90%-decimatedStanfordbunny modelsvia QSim[GH97]andourweightedQSim(� = 6),
respectively.

Oncethecrestlinesaredetectedand�ltered, we computea discretefeaturedistancedi for
eachtriangleTi 2 M . Let usde�ne thedistancebetweentwo trianglesT j andTi of M sharinga
commonedgeasthesumof distancesbetweenthetrianglecentroidsandtheedgemidpoint.To
computefdigweuseavarianttheFloyd-Warshallall-pairsshortestpathalgorithm.

Figure4.22visualizesthedistance�elds computedon theMax-PlanckandStanfordbunny
meshes.

Similar to [KG03] a weightedquadricerrormetricw jQ(T j) is assignedto eachtriangleT j

of meshM , whereQ(T j) is thestandardGarland-HeckbertQEM [GH97]. Wesetw j = 1=F(d j)
andcontrol the degreeof in�uence of crestlines via parameter� in (4.12). Figures4.20 and
4.21presenttheMax-PlanckandStanfordbunny mesheswith their eye region 90%-decimated
for variousvaluesof � . The detectedcrestlines arethoseshown in the most-rightimagesof
Figure4.22.Themeshdensityis changingsmoothlyaccordingto geodesicdistanceto thecrest
lines.
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� = 0 � = 2 � = 4 � = 6

Figure4.20:Max-Planckmeshandits eye part90%-decimatedfor variousvaluesof � . Theleft
image(� = 0) shows the resultof the standardGarland-Heckbertdecimationprocedure.The
original mesh,its crestlines, �ltered crestlines,andits distance�eld arevisualizedin the top
imagesof Figure4.22.

� = 0 � = 2 � = 4 � = 6

Figure4.21: Stanfordbunny (remeshedmodelusedin Figure4.7) meshandits eye part90%-
decimatedfor variousvaluesof � . The left image(� = 0) shows the result of the standard
Garland-Heckbertdecimationprocedure.Theoriginal mesh,its crestlines, �ltered crestlines,
andits distance�eld arevisualizedin thebottomimagesof Figure4.22.
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Figure4.22:Distancefrom salientcrestlinesis visualizedfor Max-PlanckT = 40andStanford
bunny T = 18:9 (remeshedmodelusedin Figure4.7) meshes.The crestlines arefound with
three-ringneighborhood�tting (k = 3) for boththemodels.

4.9 Crest Lines and Mesh Segmentation

In this section,we develop a framework for meshsegmentationsguidedby usingthe distance
�eld (4.12)asa weightfunctionof a region growing algorithm.Region growing techniquesare
widely usedin meshsegmentations[LPRM02, SWG+03, CSAD04]. Figure4.23demonstrates
themeshsegmentationresultof conformalatlasgeneration(CAG) proposedin [LPRM02]. Here
ourcrestlinesareemployedfor featureextractionphaseof [LPRM02] in Figure4.23.Although
theCAG with our crestlinesproducesnicesegmentationresultsin naturalobjectsasshown in
Figure4.23,thehierarchicalfaceclustering(HFC) [GWH01] andvariationalshapeapproxima-
tion (VSA) [CSAD04] generatemuchbettersegmentationsfor shapesconstructedby a setof
planarregions. SeeFigure4.24for anexampleof segmentingmechanicalobjects.In orderto
partitionnaturalandmechanicalobjectswell by auni�ed approach,weproposeanovel weight-
ing schemefor VSA. It is a Lloyd partitioningtype region growing algorithm. The generated
segmentsform acentroidalVoronoidiagramon themesh.

DenoteCk be a segmentwhich is a setof connectedtriangles. Let @Ck be the boundary
trianglesof Ck. We usethe so-calledL2;1 error metric of VSA which is a weighteddi� erence
betweennormalsof Ck anda triangleT j . HeretriangleT j doesnot belongto Ck but sharesat
leastacommonedgewith atriangleTi 2 @Ck. A localweightwi j = 2=(F(Ti)+ F(T j)) is assigned
to eachpair of triangles.Thenour errormetricof theVSA proxy is de�ned by wi jL2;1(T j ;Ck) :
Ti 2 @Ck whereF(�) is givenby theequation(4.12). This weightingmethoddependson order
of growing which is di� erentfrom the weightingschemesuggestedin [CSAD04]. Similar as
theprevioussection,we control thedegreeof in�uence of crestlinesvia parameter� in (4.12).
Figure4.25describesour feature-guidedmeshsegmentationframework.
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Figures4.26and4.27presentthe Stanfordbunny andMax-Planckmesheswith 25 and80
segmentsfor variousvaluesof � , andalsocomparisonswith HFC andCAG (usingour crest
lines). The detectedcrestlines are thoseshown in the top imagesof Figures4.23 and4.22,
respectively. The segmentationsare changingand adaptingsmoothlyaccordingto geodesic
distanceto thecrestlines.

(a) (b) (c) (d)

(e) (f) (g)

Figure4.23: Segmentationson naturalobject. The original Stanfordbunny mesh(a) is parti-
tioned into 25 segments(e) by usingour extractedand �ltered crestlines (b) and(c) (k = 3
andT = 41) for featureextractionphaseof [LRPM02]. The correspondingdistance�led is
visualizedin (d). Images(f) and(g) representthemagni�cationsof (c) and(e), respectively.

HFC[GWH01] CAG [LPRM02] VSA [CSAD04]

Figure4.24: Segmentationson mechanicalobject(25 segments).Hierarchicalfaceclustering
[GWH01] andVariationalshapeapproximation[CSAD04]aremuchpowerful methodsto parti-
tion ameshinto asetof planarsegmentscomparedwith conformalatlasgeneration[LRPM02].
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Figure4.25: Feature-guidedmeshsegmentationframework. Right two imagesshow theresults
of the25segmentedStanfordbunny modelsvia VSA [CSAD04]andourweightedVSA (� = 6),
respectively.

HFC[GWH01] CAG [LPRM02] VSA [CSAD04] (� = 0)

� = 2 � = 4 � = 6

Figure4.26: Feature-guidedmeshsegmentations.The 25 segmentedoriginal Stanfordbunny
meshfor variousvaluesof � . The top-right image(� = 0) shows the result of the standard
variationalshapeapproximationprocedure.Theoriginalmesh,its crestlines,�ltered crestlines,
and its distance�eld are visualizedin the top imagesof Figure 4.23. The top-left and top-
centerimagesshow the 25 segmentedoriginal Stanfordbunny meshvia HFC [GWH01] and
CAG [LPRM02], respectively. Our �ltered crestlinesshown in theimage(c) of Figure4.23are
employedfor theCAG.
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HFC[GWH01], 25and80segments. CAG [LPRM02], 25and80segments.

VSA [CSAD04] (� = 0) � = 2 � = 4 � = 6

VSA [CSAD04] (� = 0) � = 2 � = 4 � = 6

Figure4.27: Feature-guidedmeshsegmentations.The25 (middle images)and80 (bottomim-
ages)segmentedMax-Planckmeshesfor variousvaluesof � . The middle-left andbottom-left
images(� = 0) show theresultsof thestandardvariationalshapeapproximationprocedure.The
original mesh,its crestlines, �ltered crestlines,andits distance�eld arevisualizedin the top
imagesof Figure4.22. Thetop-left andtop-right imagesrepresenttheresultingsegmentations
via HFC[GWH01] andCAG [LPRM02], respectively.
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4.10 Summar y of Salient Feature Detection

We have presenteda fastandrobustmethodfor detectingsalientcurvatureextremaon surfaces
approximatedby densetrianglemeshes.Themethodis basedon approximatingprincipalcur-
vaturesandtheir derivativesby the novel local polynomial�tting procedure.Contributionsof
our methodincludea new curvaturederivative formula (4.8) andthesmartthresholdingbased
on cyclidenessin orderto remove spuriousridgesandcrestlines. The resultsof our crestline
detectionproceduredependsonly slightly on thequality of themesh.Our methodis capableof
achieving high quality resultsin detectingsalientcurvatureextremato comparewith schemes
basedonglobal�tting procedures.

Our�ltering schemefor removing unessentialcrestlinesis basedoninterestingrelationships
betweenDupin cyclides,focal sets,curvatureextrema,andvariationalfunctionals.We usecy-
clideness(4.11)asthemainingredientof our �ltering schemeandmeasurethestrengthof crest
linesby scale-independentquantity(4.10).Thuslongbut weakcrestlinesarepreferredto strong
but shortones.Of course,di� erent�ltering procedurescanbe alsousedinsteadof that based
on(4.10).Similarmanualthresholdingschemeswerealsousedin [OBS04,CP04a].Manual�l-
teringis hardlyavoidablefor complex geometrysurfaces,sincethecrestlinesarelocal surface
featureswhile saliency-basedthresholdingshouldtake into accountglobalsurfaceshape.

Thesourcecodeof ourmethodis availableon theWebfor evaluation[YBS05a].
Applicationsof the crest lines for adaptive meshsimpli�cation and feature-guidedmesh

segmentationarealsoconsideredby usinggeodesicdistanceto thecrestlines.
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(a) (b) (c) (d)

Figure5.1: Texturemappingof theMannequinHeadmodelwith threemeshparameterizations
usedin our method. (a): Textureandmodel. (b): Floater's shapepreservingparameterization
[Flo97] is usedasan initial meshparameterization.(c): After a singleoptimizationpass.(d):
Ouroptimallow-stretchparameterization.

Mapprojectionshavebeenstudiedandknown sincebeforeGeography [Pto91]of Greekge-
ographerClaudiusPtolemaeus(Ptolemy, about100-170A.D.) whoalreadyintroducediso-lines:
longitudeandlatitudefor projectinga sphereontoa �at domain.Althoughfamousprojections
whichincludeorthogonal,stereographic,Mercator's,andLambert'sweredevelopedfor drawing
the earthon planarmapsin orderto travel aroundthe world, it becamepossibleto investigate
mappingsvia sophisticatedmathematicsafter developingdi� erentialandRiemanniangeome-
tries by Carl Friedrich Gauß(1777- 1855)andGeorg Friedrich Bernhard Riemann(1826-
1866),seeChapters5-2 and5-3 of [Str88]. Conformalandequiarealmappingspreserve angles
andareas,respectively. If a mappingis conformalandequiarealthenthe mappingis isomet-
ric, i.e. it preservesdistances,areas,andangles. However the only developablesurfacesare
isometricto theplane.

Insteadof non-planarmeshes,we dealwith a planarparameterizationfor a trianglemesh
approximatinga smoothsurface,a bijective mappingbetweenthe meshanda triangulationof
a planarpolygon. A non-planarmeshcanbe alwaysdecomposedinto a setof planarmeshes
by using the meshsegmentationmethodsproposedin Section4.9, the conventionalcharting
[LPRM02], partitioning[CSAD04,YGZS05,JKS05],or cutting[GGH02,GWY03, WGMY05]
techniques.Our goal is to generatelow-distortionplanarmeshparameterizations.An excel-
lent survey of recentadvancesin meshparameterizationis givenin [FH04], seealsoreferences
therein. While variousalgorithmsaredevelopedfor meshparameterizationapproachesbased
onsolidmathematicaltheories(e.g.,conformalmappings),e� ectivecomputationalschemesfor
generatingpracticallyimportantlow-stretchmeshparameterization[SSGH01](andalsosimilar
stretch-basedmeshparameterizations[SGSH02,TSS+04,ZMT05]) havenotyetbeenproposed.

In this Chapter, we follow [YBS04, YBS05b] and presenta simple and fast methodfor
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generatinglow-stretchmeshparameterizations.Our approachis basedon a moving meshap-
proach,a populargrid adaptiontechniquein computationalmechanics.Insteadof minimizing
thenonlinearstretchenergy of [SSGH01],we improve theparameterizationgraduallyfrom an
initial parameterizationby equalizinglocal stretchesover themesh.Theproposedoptimization
proceduredoesnot generatetriangle�ips if theboundaryof theparameterdomainis a convex
polygon. Moreover alreadythe �rst optimizationstepproducesa high-qualitymeshparame-
terization. Figure5.1 shows the threestagesof our meshparameterizationmethod:generating
an initial parameterization,our single-passlow-stretchparameterization,andthe optimal low-
stretchparameterization.We compareour parameterizationprocedurewith several state-of-art
meshparameterizationmethodsanddemonstrateits speedandhighe� ciency in parameterizing
largeandgeometricallycomplex models.Also applicationto e� cient remeshingis developed
in Section5.4by usingtwo meshparameterizations:quasi-conformalandlow-stretch.

5.1 Mapping Distor tions and Computational Dif� culties

Considera surfaceS(u; v) 2 < 3 topologicallyequivalentto a disk andgivenparametricallyby
S(u; v) = (x(u; v); y(u; v); z(u; v)). TheJacobianmatrixcorrespondingto themappingf : (u; v) !
S(u; v) is given by a 2x3 matrix J = (Su;Sv). The JacobianJ determinesall the �rst-order
geometricpropertiesof theparameterizationf , includingthearea,angle,andlengthdistortions
causedby themappingf .

Denoteby � (u; v) and
 (u; v) themaximalandminimalsingularvaluesof J. Then� 2 and
 2

aretheeigenvaluesof themetrictensor

JT J =

2
666664

E F

F G

3
777775:

It is convenientto use� and
 for measuringvariouspropertiesof p. For example,if � (u; v) =

 (u; v), theparameterizationis conformalandmappingf preservesangles.

Since the conformalmappingsare well understoodmathematically, discreteapproxima-
tionsof harmonicandconformalmappingsarewidely usedfor meshparameterizationpurposes
[HG99, HAT+00, SU01,LPRM02, GY03, KSS06]in computergraphicsand[TWM85, Lis04]
in grid generation.See[Ahl66, Dur04] for mathematicaltheoryof theharmonic,conformal,and
quasi-conformalmappings.Sincethepioneeringworks[EDD+95,Flo97], theso-calledconvex
combinationmethodsareinsensiblystudied[Gus02,DMA02, Flo03] becausewe canconstruct
thevalid one-to-onemappingby simply solvinga sparsesystemof linearequations.However
conformalmappingsoften producehigh stretchregions wheretexture mappingshave severe
undersamplingartifacts.

In computergraphics,[MYV93] �rst proposedto usea linear combinationof angleand
areaerror termsto de�ne the mappingdistortion, seealso [FSD99,AHTK99] wheresimilar
distortionmetricswereemployedto �atten meshesapproximatingmedicalsurfaces.Numerous
discreteparameterizationpapershave beenpublishedalsoin grid generationbasedon a linear
combinationof angleandarea/volumerelatedterms[Res68,Hua01,CHR03].

Stretc h Distor tion. It is naturalto measurethelocalstretchof mappingf by
p �

� 2 + 
 2�
=2 =p

(E + G) =2. Stretchminimizing meshparameterizationwas �rst proposedby Sanderet al.
[SSGH01]. It hasbeendevelopedandemployed for many otherparameterizationtechniques
which include signal-specializedparameterizations[SGSH02,TSS+04], a sphericalparame-
terization[PH03], charting[SCOGL02,ZSGS04], and geometryimages[GGH02, SWG+03,
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CHCH06]. Seealso[ZMT05] wheretheGreen-Lagrangetensoris usedto measurethestretch.
In [DMK03] authorsemployedamultiplicationof angleandareaerrorterms,andlatter[FSD05]
indicatedthat the stretchdistortioncanbe representedby a multiplication of the Dirichlet en-
ergy and areaerror term. Thesedistortion metricsof quasi-isometrytype parameterizations
arehighly nonlinearanddi� cult to obtainoptimal solutions. While the stretchminimization
approachproposedin [SSGH01]andfurther developedin [SGSH02,ZMT05, TSS+04] leads
to generatinghigh-qualitymeshparameterizations,the computationalprocedureusedin these
methodsfor stretchminimizationis time consuming.Besidesthe meshparameterizationpro-
cedureof [SSGH01, SGSH02]oftengeneratesregionsof high anisotropicstretch,consistingof
slim triangles.Suchtheregionson a parameterizedandtexturedmeshlook like cracksandwe
call themparametercracks. Figure5.2 demonstratesan appearanceof suchparametercracks
onthetexturedMannequinHeadmodelparameterizedby thestretchminimizationmethodfrom
[SSGH01].

In [PH03] theauthorsproposeto adda regularizationtermto thestretchenergy in orderto
avoid parametercracks.Thetermdependson two user-speci�edparameters.Besidesminimiz-
ing theresultingenergy doesnotproduceaminimal stretchparameterization.

Parameterization
Parameter Crack

Texture Mapping

Figure5.2: Parametercrackson texturedMannequinHeadmodelparametrizedby the stretch
minimizationmethodof Sanderetal [SSGH01].

Given a trianglemesh,we �rst constructan initial meshparameterizationasmappingand
thenimprovetheparameterizationgradually:ateachimprovementstepweoptimizetheparame-
terizationgeneratedatthepreviousstep.Theoptimizationis achievedby minimizingaweighted
quadraticenergy with positive weightschosento minimize the parameterizationstretch.Thus
thesingleoptimizationstepis fastsinceit is basedonsolvingasparsesystemof linearequations.
A few optimizationstepsareenoughto obtainthe optimal low-stretchmeshparameterization,
therefore,our methodis extremelyfasterthanthenonlinearoptimizationmethodsincludehier-
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archicalalgorithms[HGC99, FH02,DMK03, RL03,Kan04,SLMB05]. Besidesif theboundary
of the parameterizationdomainforms a convex polygon, triangle �ips never happen[Flo97]
accordingto Tutte's theorem[Tut63].

Our methodcan be consideredas an error redistribution (di� usion) procedureappliedto
local stretches.Theerror redistribution (alsoknown asthemoving meshmethodor r-method)
is a powerful meshadaptiontechniquein computationalmechanics(see,for example,[LTZ01,
CHR03, Lis04] andreferencestherein).It hasbecomepopularafterseminalworksof De Boor
[DB73] andBabu�skaandRheiboldt[BR78]. Thegeneralideabehindtheapproachis extremely
simple let us move meshverticesto positionswherethey aremostly needed.Obviously this
leadsto errorequalizationw.r.t. a user-speci�ed errormeasure(energy) oftencalleda monitor
function in computationalmechanicsstudies,see[BS82, CD85, Hua01] for adaptive zoning,
gradingfunctions,and meshredistribution. Error equalizationresemblesa di� usion process
andcanbe governedby a systemof partial di� erentialequations[Win67, Win81, HH03]. In
the geometricmodeling�eld, it generalizesLaplaciansmoothingandsimilar ideaswereused
for meshparameterizationpurposes[YBS04, YBS05b] andoptimizing texture maps[SDS02,
BTB02]. Ourerrorequalizationtechniqueof [YBS04,YBS05b] hasbeensuccessfullyemployed
for not only themeshparameterizations[ZRS05a,ZRS05b,YYSZ06] but alsotexturemapping
(geometryimage)[WGMY05, CHCH06], morphing[SK04], meshingpoint clouds[ZG04b],
cloth simulation[WTY05], andfeatureextraction[NNS06] in computergraphicsandgeometry
processing.

Wecompareour low-stretchmeshparameterizationprocedurewith severalstate-of-artmesh
parameterizationmethodsanddemonstrateits speedandhighe� ciency in parameterizinglarge
andgeometricallycomplex models.Besideswe show how our meshparameterizationapproach
canbecombinedwith the interactive geometryremeshingschemeof Alliez et al. [AMD02] in
orderto achieve fastandhighquality remeshing.

5.2 Fast Low-Stretc h Mesh Parameterization

Given a parametrizedtrianglemeshM 2 < 3, considera meshtriangleT = hp1; p2; p3i 2 M
and its correspondingtriangle U = hu1; u2; u3i in the parametricplane< 2

u;v. TrianglesfUg
de�ne a planarmeshU 2 < 2

u;v andtheparameterizationof M is givenby one-to-onemapping
betweenmeshesU and M . The correspondencebetweenthe verticesof T and U uniquely
de�nes an a� ne mappingP : U ! T. Let us denoteby � (T) and 
 (T) the maximal and
minimal eigenvaluesof the metric tensorinducedby the mapping[SSGH01,ZMT05]. As we
mentionedabove,quantity

� (U) =
q �

� 2 + 
 2�
=2

characterizesthestretchof mappingP.
For eachvertex ui in theparameterdomainlet usde�ne its stretch� i = � (ui) by

� i =
q X

A(T j)� (U j)2
. X

A(T j) (5.1)

whereA(T) denotestheareaof triangleT andthesumsaretakenoverall trianglesT j surrounding
meshvertex pi correspondingto ui .

Our methodto build a low stretchmeshparameterizationconsistsof several steps. First
we constructaninitial meshparameterizationusingtheFloaterapproach[Flo97]: theboundary
verticesof meshM aremappedinto theboundaryverticesof U which form a polygonin the
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parameterplaneR2
u;v andfor eachinner vertex pi of M its correspondingvertex ui insidethe

polygonis selectedsuchthatthefollowing localquadraticenergy

E(ui) =
X

j
wi j jju j � ui jj2; (5.2)

achievesits minimalvalue.Here
n
u j

o
areverticescorrespondingto themeshone-linkneighbors

of pi 2 M and
n
wi j

o
arepositive weights.Now theoptimalpositionsfor ui arefoundby solving

asparsesystemof linearequations
X

j
wi j

�
u j � ui

�
= 0: (5.3)

Thiscomputationallysimpleprocedureproducesavalid parameterizationof meshM andavoids
triangle�ips if theboundaryof U is aconvex polygon[Tut63,Flo97].

Notice that modifying weights
n
wi j

o
in quadraticenergy (5.2) and,consequently, in (5.3)

modi�es themeshparameterization.Thusonecanimprove themeshparameterizationinitially
determinedby (5.3) with weights

n
wold

i j

o
via selectingbetterweights

n
wnew

i j

o
. In our meshop-

timization procedure,we exploit this simpleobservation andchooseweights
n
wnew

i j

o
suchthat

vertices
n
u j

o
aremovedtowardlocationswherethey aremostlyneeded.

Let usestimatelocal stretch� i = � (ui) for eachinnervertex ui in theparametricplane.We
redistributethelocal stretchesby assigning

wnew
i j = wold

i j

.
� j (5.4)

in (5.2).Thenew positionsof fuigarenow foundby solving(5.3).
We canthink aboutverticesfuigandcorrespondingenergies(5.2) in termsof a mass-spring

system.For anareapreservingparameterization,if a high (low) stretchis observedat ui , thatis
� i > 1 (� i < 1), we relax(strengthen)thespringsconnectedwith ui by solving(5.3)with new
weights(5.4). It workssimilarly for ageneralparameterization.

Ourideato di� usethelocalstretchesiteratively by (5.1),(5.3),(5.4)resemblesmeshmoving
techniquesdiscussedin theprevioussection.

We startfrom aninitial parameterizationU 0 =
n
u0

i

o
andthenimprove it gradually:U h+1 =

n
uh+1

i

o
is obtainedfrom U h =

n
uh

i

o
by solving(5.3)with weightswh+1

i j de�ned by

wh+1
i j = wh

i j

.
�

�
uh

j

�
:

We selectw0
i j astheshapepreservingweightsproposedby Floater[Flo97]. Theboundary

verticesof theevolving meshU h, h = 0;1;2; : : : , remain�x ed. Whensolving(5.3)with wi j =
wh+1

i j numericallyweuseU h astheinitial guessfor thenumericalsolverweemploy.
WeusetheL2 stretchmetricof Sanderetal. [SSGH01]

Eh
s = Es(U h) =

q X
A(T)� (Uh)2� X

A(T); (5.5)

wherethe sumsare taken over all the trianglesT of meshM , to de�ne a stoppingcriterion.
Namely, if Eh+1

s � Eh
s weconsiderU opt =

n
uh

i

o
asanoptimallow stretchmeshparameterization.

BesidesU opt we alsoconsiderU 1 =
n
u1

i

o
, the meshparameterizationobtainedafter one

stepof our optimizationproceduresince,accordingto our experiments,alreadythe �rst step
dramaticallyimprovestheparameterizationquality.
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We also can vary the strengthof stretchredistribution (di� usion) step(5.4) by using the
weights

n
� �

i

o
, 0 < � � 1, insteadof f� igin (5.4):

wnew
i j = wold

i j

.
� �

j : (5.6)

Using(5.6)with � < 1 slowsdown thestretchminimizationprocessbut, ontheotherhand,often
improvesthemeshparameterizationquality. Thein�uenceof exponent� in (5.6)isdemonstrated
in Figure5.3 for our single-stepparameterizationU 1. Choosingsmallervaluesfor � leadsto a
lessaggressivestretchminimization.

In thenext section,we compareU 1 andU opt with resultsproducedby conventionalmesh
parameterizationschemes.

Figure5.3: Choosingsmallervaluesfor � leadsto a lessaggressivestretchminimization.From
left to right: U 1 parameterizationof MannequinHeadwith � = f0;0:1;0:2;0:4;0:6;0:8;1g.

5.3 Low-Stretc h Parameterization: Results and Comparisons

Computing. All theexamplespresentedin thisChapterarecomputedby usinggcc2.95C++
compiler on a 1.7GHzPentium4 computerwith 512MB RAM. To solve a systemof linear
equationAx = b we usePCBCG[PTVF88] with the maximumnumberof iterationsequalto
104 andtheapproximationerror jAx � bj =jbj setto 10� 6. Note thatwe canalsousethe recent
developmentsof thesparsedirectsolverse.g.[Dav04] insteadof PCBCG.

Error Metrics. To evaluatethevisualquality of a parameterizationwe usethecheckerboard
texture shown in the bottom-left imageof Figure5.2. For a quantitative evaluationof various
meshparameterizationmethodsweemploy L2 stretchmetric(5.5)andconsideredge,angle,and
areadistortionerrorfunctionsde�ned below. To measuretheedgedistortionerrorweuse

X
�������

���pi � p j
���

P ���pi � p j
���

�

���ui � u j
���

P ���ui � u j
���

�������
;

wherethesumsaretakenover all theedgesof meshesM andU . Theangledistortionerror is
de�ned by

1
3F

X

j

3X

i=1

���� j;i � � j;i
��� ;

wherethesumsaretakenover all theangles� j;i and� j;i of the trianglesof meshesM andU ,
respectively, andF is thetotalnumberof triangles(faces)of M . Theareadistortionis measured
by X ����A

�
T j

�
=

X
A

�
T j

�
� A

�
U j

�
=

X
A

�
U j

� ���� ;

wherethesumsaretakenoverall thetrianglesof meshesM andU .
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Comparison and Evaluation. Wehaveimplementedanumberof conventionalmeshparam-
eterizationmethodsandcomparedthemwith our low stretchtechnique:

(a) Ecketal. harmonicmap[EDD+95]

(b) Floater's shapepreservingparameterization[Flo97]

(c) Desbrunetal. intrinsicparameterization[DMA02]

(d) Sanderetal. stretchminimizingparameterization[SSGH01]

(e) Oursingle-stepparameterizationU 1

(fh) OuroptimalparameterizationU opt

Thesubindex h in (fh) in thebottomrow of theabove tableshows thetotal numberof opti-
mizationsteps(5.3),(5.4)neededto generateU opt.

Tables5.1-5.12andFigures5.14-5.16,and5.4presentqualitativeandvisualcomparisonsof
theabove meshparameterizationschemestestedon variousmodelstopologicallyequivalentto
a disk. Theunit squareis usedastheparameterdomainandfor eachmodelsits theboundary
verticesare�x edon theboundaryof thesquare.Theerrorsandcomputationaltimesmeasured
in seconds(s)andsometimesin minutes(m) andhours(h) aregiven.

For theintrinsicparameterizationmethod[DMA02], weusetheequalblendingof theDirich-
let andAuthalicenergiesfor all themodels,exceptfor theFishmodel(Table5.11)whereweuse
only theDirichlet energy in orderto avoid triangle�ips.

Our single-stepmeshparameterizationprocedure(generatingU 1) is only slightly slower
thanthe fastFloaterandEck et al. parameterizationmethodsandfasterthanthe intrinsic pa-
rameterizationof Desbrunet al. [DMA02]. BesidesU 1 demonstratescompetitive resultsin
minimizing thestretch,edge,area,andangledistortions.

Our optimal meshparameterizationprocedureis alsofastenoughandsometimesachieves
better results in stretch minimizing than the probabilistic minimization of Sanderet al.
[SSGH01]which is very slow. Moreover, by contrastwith [SSGH01],U opt doesnot gener-
ateparametercracks(seeFigure5.4) because(5.3) actslike a di� usionprocess.Besides,if a
very low stretchparameterizationis needed,U opt canbeusedasaninitial parameterizationfor
[SSGH01].

Figure5.5 shows U opt parameterizationof the MannequinHeadmodelwhenthe parame-
ter domainhasboundariesof variousshapes.The left imagesshow the parameterizationand
correspondingtexture mappingresultswhenthe boundaryis the unit circle. The right images
demonstratesimilar resultswhentheboundaryof theparameterdomainwasobtainedastheso-
callednaturalboundaryfor theconformalparameterizationof [DMA02] (similar freeboundary
schemessuchas[KGG05, Wan05]alsocanbe used). Notice that the stretchdistortionsnear
theboundaryaresubstantiallyreducedin thelattercase.Althoughmeshparameterizationwith
freeboundaryconditionscanbeachievedby anglebased�attening [SU01] andits hierarchical
extension[SLMB05], they donotproducelow-stretchparameterizationsasourmethod.

In Figure5.17meshparameterizationsU 0, U 1, andU opt areevaluatedandcomparedus-
ing the checkerboardtexture. SometimesU opt doesnot producethe best visual result be-
causeof high anisotropy and U 1 is preferable. Finally, in Figure5.18 we analyzehow the
stretchdistribution over a complex geometrymodel is changingduring the optimizationpro-
cessU 0 ! U 1 ! U opt. Thetop row of imagespresentsthemodel(a decimatedMax-Planck
bust model) and resultsof checkerboardtexture mappingwith U 0, U 1, andU opt. The four
remainingimagesof the modelshow the stretchdistribution over the model for U 0, U 1, and
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U opt parameterizations.Theimagesdemonstratehow well our stretchminimizationprocedures
minimize andequalizethe stretch. It is interestingto noticethat nearthe meshboundarythe
optimizedmesheshave large areaandangledistortions(the samee� ect is observed in all the
othertestedmodels)but relatively low stretchdistortions.Onecanhopethatanappropriatere-
laxationof boundaryconditionswill reducethoseareaandangledistortionswhile maintaining
low stretch.

Figure5.4: Parametercracksonvariousmodelstexturedwith checkerboardtexture.Theimages
of theupperrow demonstrateparametercracksgeneratedby thestretch-minimizationmethodof
Sanderetal. Theimagesof thebottomrow show thesamepartsof themodelsparameterizedby
ourU opt.

U opt = U 5 with circularparameterdomain.
Time: 1.51s,Stretch:1.34,

Edge:0.43,Angle: 0.47,Area:0.4.

U opt = U 1 with naturalboundary[DMA02].
Time:1.67s,Stretch:1.68,

Edge:0.5,Angle: 0.37,Area:0.9.

Figure5.5: Usingvariousparameterdomainsfor U opt.
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5.4 Application to Remeshing

In theright columnsof Figures5.14-5.16andin Figure5.13we demonstratehow our meshpa-
rameterizationtechniquecanbeusedfor fastandhigh quality remeshingof complex surfaces.
We have chosenthe interactive geometryremeshingschemeof Alliez et al. [AMD02] andim-
plementedits mainsteps,seeFigure5.6:

1. Createameshparameterization.
2. Computearea,curvature,and control mapsusing hardware acceleratedOpenGLcom-

mands.
3. Samplepointsby applyinganerrordi� usionto thecontrolmap.
4. ConnectthepointsusingtheDelaunaytriangulation.
5. Usetheparameterizationto mapthepointsinto 3D.

A conformalmeshparameterizationis thebestchoicefor thedescribedremeshingscheme.
It is clearthat theremeshingquality dependson thesizeof animageusedfor thehardware

assistedacceleration:the biggersize, the betterresultasdemonstratedin Figure5.6. On the
otherside, the imagesize is restrictedby the graphicscardmemory. It turnsout that a high
quality remeshingcanbeobtainedevenfor a relatively small imagesize.Let usassumethatwe
have two parameterizationsof a3D mesh:aconformalparameterizationandanarea-preserving
one. Thenlet us usethe area-preservingparameterizationfor computingthe control mapand
resamplingthe pointsvia an error di� usionprocess.Finally, the pointsaremappedfrom the
area-preservingparameterizationto the conformaloneandareconnectedusing the Delaunay
triangulation.

The above remeshingmodi�cation hasone drawback: it requirestwo parameterizations,
conformalandarea-preserving.However sinceour low-stretchparameterizationU opt hasnice
area-preservingpropertiesandthe initial Floater's parameterizationU 0 is closeto a conformal
one,we useU 0 andU opt insteadof theconformalandarea-preservingparameterizationsin the
abovemodi�cation of theinteractivegeometryremeshingschemeof Alliez etal. SoweuseU opt

for resamplingandthenmapthesampledpointsto U 0, andapplytheDelaunaytriangulationon
U 0. Figure5.7 describesour double-parameterizationremeshingframework. Figures5.8 and
5.9demonstratesamplinge� ciency andtriangulationquality, respectively.

The right imagesof rows (a)-(c) of Figures5.14-5.16demonstrateresultsof the single-
parameterizationremeshingschemeif thediscreteharmonicmapparameterization[EDD+95],
Floater'sshapepreservingparameterization[Flo97], andintrinsicdiscreteconformalparameter-
izationareused,respectively. Theright imagesof rows (d)-(f) of Figures5.14-5.16presentour
experimentswith thedouble-parameterizationremeshingscheme.We setFloater's parameteri-
zationU 0 asa substituteof a conformalparameterizationandusedU 0 asaninitial parameter-
izationto generatethestretch-minimizingparameterizationof Sanderet al. [SSGH01]andU 1

andU opt. Theselow-stretchparameterizationswereusedassubstitutesof an area-preserving
parameterization.

Figure5.13 presentsremeshedMax-Planckbust and Stanfordbunny modelsobtainedby
the remeshingschemesbasedon (from left to right)

n
U 0

o
,

n
U 0;U 1

o
, and

n
U 0;U opt

o
parame-

terizations.HereusingfU 0;U 00gparameterizationsmeansthat we useU 0 asa substituteof a
conformalparameterizationandU 00asa substituteof an areapreservingone. Notice that the
double-parameterizationremeshingschemewith

n
U 0;U opt

o
yieldsthebestresults.
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Figure5.6: Remeshingframework of Alliez et al. [AMD02]. Resamplingson the conformal
parameterizationaredemonstratedfor 128x128,256x256,and512x512imagesizes.

Figure 5.7: Double-parameterizationremeshingframework: U opt and U 0 are employed for
resamplingand triangulation,respectively. Resamplingon U opt and triangulationon U 0 are
demonstratedfor the 256x256imagesize: the resulting3D meshis much better than even
512x512imagecaseof the conformalparameterization,seeFigure5.6. SeealsoFigures5.8
and5.9for advantagesof ourscheme.
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Figure5.8: Samplingadvantageof our double-parameterizationremeshing.It is obvious that
our low-stretchparameterizationgivesuse� cientsamplingratefor a �x edimagesize(256x256
is usedin thisFigure).

Figure5.9: Remeshingquality advantageof our double-parameterizationremeshing.Left: only
U opt is used. Right: both

n
U 0;U opt

o
areemployed. Our double-parameterizationremeshing

avoids angledistortioncasedby U 0 ! U opt becausethe Delaunaytriangulationusedto tri-
angulatethe sampledpointsmaximizesminimum angleof the triangles. SinceU 0 is closeto
conformal,qualityof 2D triangulationis preservedin 3D.
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5.5 Discussion of Low-Stretc h Mesh Parameterization

The�nal resultof our meshoptimizationmethoddependson thechoiceof initial weights
n
u0

i

o
.

In particularwe found out that selectingFloater's shapepreservingweights[Flo97] leadsto a
very e� ective stretchminimizationprocedure.Evenbetterresultsareoftenobtainedif theso-
calledcotangentweights[PP93,DMA02] areusedfor generatingthe initial parameterization
U 0. However sincecotangentweightsare not necessarypositive, using them may generate
triangle�ips.

Oneinterestingsituationwhenthechoiceof shapepreservingweightsis notveryappropriate
consistsof parameterizingmesheswith multiple boundaries,seethe left imageof Figure5.10
for sucha meshtopologicallyequivalentto a spherewith holes.Onesolutionto createa good
initial parameterizationof sucha meshconsistsof the following. Let us chooseonehole (the
biggestone)astheouterholeandtheremainingholesasinnerholes.Let ustriangulatetheinner
holesandthenusetheshapepreservingweights.Alternatively, for eachedge[xi ; x j ] of aninner
hole, accordingto the right imageof Figure5.10,we cancomputeanglesneededto generate
eitherthemeanvalueweights[Flo03]

tan(� i j=2) + tan(� i j=2)
jxi � x j j

or cotangentweights
cot(� i j) + cot(� i j)

anduseeitherof thesesetsof weightsfor generatingtheinitial parameterizationU 0.

Inner Boundary

a

x
x j

i

qij
ij

bij

f ij

Figure5.10: Left: a meshwith multiple boundaries.Right: the anglesneededto de�ne the
cotangentandmeanvalueweightsfor boundaryvertices.

This techniqueaswell asthevirtual boundarymethodof Leeetal [LKL02] is developedfor
dealingwith meshparameterizationsde�nedovernon-convex parameterdomains.In contrastto
[LKL02] our approachis especiallydesignedfor processingmesheswith holes.Theuseof the
virtual boundarymethod[LKL02] for mesheswith holeswould requirea nontrivial hole�lling
procedure(see,for example,[Lie03]) asapreprocessingstep.

Figures5.11and5.12demonstratethepower of this our techniqueandshow parameteriza-
tionsU 0 andU opt obtainedfor theCarmodel.

5.6 Summar y of Low-Stretc h Mesh Parameterization

Wehavepresentedafastandpowerfulmethodfor generatinglow-stretchmeshparameterizations
anddemonstrateits applicabilityto highquality texturemappingandremeshing.Ourmethodis
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muchfasterthanthestochasticstretchminimizationprocedureof Sanderet al. [SSGH01](note
that their morerecentcoarse-to-�nestretchoptimizationprocedure[SGSH02]is signi�cantly
fasterthanthatof [SSGH01] but still slower thanours)andoftenproducesbetterquality results.
In particular, it doesnot generateparametercracks.Our approachhasbeenalreadyemployed
andextendedfor not only the meshparameterizations[ZRS05a, ZRS05b,YYSZ06] but also
texture mapping(geometryimage)[WGMY05, CHCH06], morphing[SK04], meshingpoint
clouds[ZG04b], clothsimulation[WTY05], andfeatureextraction[NNS06].

Our approachis heuristic.Althoughit hasmuchin commonwith meshmoving techniques
widely usedin computationalmechanicsandoften justi�ed mathematically, at presentwe are
notableto supportourapproachby rigorousmathematicalresults.In futurewewouldbegladto
justify thee� ectivenessof ourapproachrigorously. Also futureresearchincludesextendingour
methodto sphericalmeshparameterizations[GY02,GGS03] andglobalmeshparameterizations
[GY03, GGT06,TACSD06, RLL+06]. Thesourcecodeof our methodis availableon theWeb
for evaluation[YBS04].

Figure5.11:Left: thecotangent(harmonic)weightsareusedto generateU 0; stretchL2 error=
1.495,stretchL1 error= 360.4.Right: U opt = U 1; stretchL2 error= 1.178,stretchL1 error=
20.13.

Figure5.12: Left: the meanvalueweightsareusedto generateU 0; stretchL2 error = 1.395,
stretchL1 error= 172.7.Right: U opt = U 1; stretchL2 error= 1.181,stretchL1 error= 21.37.
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time Stretch Edge Angle Area

(a) 0.06s 6.6507 0.9918 0.125 1.4032

(b) 0.06s 5.9171 0.9635 0.1995 1.3801

(c) 0.12s 6.2751 0.9778 0.1619 1.3931

(d) 80.91s 1.375 0.5162 0.2952 0.5232

(e) 0.08s 1.6691 0.5084 0.3717 0.8836

(f3) 0.16s 1.4084 0.4814 0.4479 0.4165

Table5.1: MannequinHeadmodel: V = 689,
F = 1355

time Stretch Edge Angle Area

(a) 0.21s 1.9708 0.4935 0.0969 0.8455

(b) 0.17s 1.8084 0.4648 0.1568 0.8409

(c) 0.33s 1.8511 0.4753 0.1189 0.84

(d) 213s 1.172 0.2996 0.2239 0.3043

(e=f1) 0.3s 1.2057 0.2862 0.2881 0.3179

Table5.2: Cat Headmodel: V = 1856, F =
3660

time Stretch Edge Angle Area

(a) 0.37s 6.6617 0.9971 0.0685 1.4036

(b) 0.32s 5.7921 0.9599 0.1807 1.3733

(c) 0.76s 6.1295 0.9784 0.1209 1.3886

(d) 23m 1.3279 0.5393 0.2744 0.4956

(e) 0.5s 1.6425 0.5073 0.3838 0.8717

(f3) 1.09s 1.382 0.4748 0.4132 0.3832

Table 5.3: Re�ned MannequinHead model:
V = 2732,F = 5420

time Stretch Edge Angle Area

(a) 1.23s 13.306 0.7563 0.1041 1.0207

(b) 0.87s 11.729 0.6976 0.2545 0.9526

(c) 1.81s 12.266 0.7232 0.176 0.9795

(d) 1h 1.3408 0.4955 0.3477 0.4227

(e) 1.5s 1.7643 0.4551 0.3735 0.4676

(f3) 3.44s 1.4791 0.4661 0.5226 0.3613

Table5.4: Catmodel:V = 5649,F = 11168

time Stretch Edge Angle Area

(a) 3.16s 18.027 1.2288 0.0361 1.692

(b) 2.29s 15.941 1.2074 0.1441 1.6373

(c) 17.4s 16.933 1.2157 0.0857 1.6618

(d) 57.5h 1.3257 0.7021 0.2501 0.5436

(e) 4.18s 2.2037 0.6249 0.372 1.1899

(f3) 9.22s 1.5392 0.5623 0.4905 0.6217

Table5.5: DecimatedMax-Planckbustmodel:
V = 9462,F = 18866

time Stretch Edge Angle Area

(a) 12.9s 1.5348 0.3025 0.1313 0.5063

(b) 6.21s 1.485 0.3412 0.1748 0.5651

(c) 25.8s 43.947 0.7602 0.3622 1.0085

(d) 4.5h 1.2226 0.2833 0.1934 0.4338

(e) 17.9s 1.2105 0.2477 0.2112 0.3876

(f3) 42.6s 1.1718 0.24 0.2636 0.2375

Table 5.6: Fandiskmodel: V = 9919, F =
19617

time Stretch Edge Angle Area

(a) 5.55s 9179549 1.6037 0.0915 1.7599

(b) 4.24s 1120318 1.5049 0.3491 1.7175

(c) 21.1s 231989 1.5494 0.2707 1.7387

(d) 39.7h 7635.3 1.1442 0.3544 0.8435

(e) 6.99s 313.64 0.9883 0.6341 1.4739

(f8) 33.2s 3.5688 0.8522 0.8253 0.7897

Table5.7: Half-of-Dragonmodel: V = 13927,
F = 27782

time Stretch Edge Angle Area

(a) 12.4s 9462.1 0.9729 0.0704 1.5132

(b) 8.95s 181.05 0.9983 0.3852 1.5725

(c) 90.7s 320.53 0.9845 0.2281 1.5425

(d) 43.4h 1.6816 0.7193 0.2917 0.6665

(e) 14.7s 3.3929 0.5041 0.6184 0.8078

(f3) 32.3s 2.884 0.6399 0.7747 0.5344

Table 5.8: DragonHeadmodel: V = 23929,
F = 47783
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time Stretch Edge Angle Area

(a) 11.2s 3.4799 0.7924 0.0542 1.3399

(b) 8.46s 4.676 0.8678 0.1627 1.3664

(c) 93.8s 34.621 0.8104 0.1831 1.3525

(d) 18.6h 1.3092 0.4603 0.2265 0.5492

(e) 15.2s 1.4373 0.4166 0.3446 0.6868

(f2) 27.2s 1.304 0.385 0.3923 0.4123

Table5.9: Igeamodel:V = 24720,F = 49301

time Stretch Edge Angle Area

(a) 17.9s 712.33 0.7097 0.0797 1.098

(b) 13.2s 85.181 0.7241 0.1522 1.0861

(c) 231s 672.45 0.7062 0.2866 1.0957

(d) 55.6h 1.5159 0.4982 0.3109 0.4868

(e) 22.5s 4.7926 0.4582 0.387 0.5632

(f6) 79.8s 1.8755 0.6143 0.6065 0.5241

Table5.10:StanfordBunny model:V = 31272,
F = 62247

time Stretch Edge Angle Area

(a) 92.4s 6.3061 0.8241 0.0445 1.3021

(b) 66.3s 6.092 0.7752 0.1782 1.2613

(c0) 486s 6.306 0.8241 0.0445 1.3021

(d) 120h 2.5689 0.6481 0.2444 0.926

(e) 125s 1.5683 0.4252 0.3476 0.6387

(f2) 206s 1.5041 0.4414 0.4678 0.3946

Table5.11: Fish model: V = 64982,
F = 129664

time Stretch Edge Angle Area

(a) 250s 18.207 1.2578 0.03 1.6936

(b) 204s 18.1025 1.25 0.0512 1.6912

(c) 52.1m 2.8434 1.2341 0.3068 1.6924

(e) 384s 2.2094 0.6598 0.3698 1.2017

(f3) 848s 1.4926 0.5939 0.4865 0.4812

Table 5.12: Max-Planckbust model:
V = 199169,F = 398043

Figure5.13:Remeshingof Max-Planckbustmodel(threeleft images)andStanfordbunny (three
right images)models.For eachmodelremeshingsaccordingto U 0,

n
U 0;U 1

o
, and

n
U 0;U opt

o

areshown. Seethetext for details.
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Parameterization Curvature Map Texture Mapping ParameterCracks? Remeshing[AMD02]

(a)Harmonicmapof Ecketal. [EDD+95]:
time0.37s, Stretch:6.661, Edge:0.997, Angle: 0.068, Area:1.403

(b) Floatershapepreservingweights[Flo97]:
time0.32s, Stretch:5.792, Edge:0.959, Angle: 0.18, Area: 1.373

(c) Intrinsicparameterizationof Desbrunetal. [DMA02]:
time0.76s, Stretch:6.129, Edge:0.978, Angle: 0.12, Area:1.388

(d) Stretchminimizationof Sanderetal. [SSGH01]:
time23m, Stretch:1.327, Edge:0.539, Angle: 0.274, Area:0.495

(e)OurU 1 parameterization:
time0.5s, Stretch:1.642, Edge:0.507, Angle: 0.383, Area:0.871

(f) OurU opt = U 3 parameterization:
time1.09s, Stretch:1.382, Edge:0.4748, Angle: 0.4132, Area: 0.3832

Figure5.14: Comparisonof variousmeshparameterizationschemeson the MannequinHead
model(V = 2732,F = 5420).
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Parameterization Curvature Map Texture Mapping ParameterCracks? Remeshing[AMD02]

(a)Harmonicmapof Ecketal. [EDD+95]:
time1.23s, Stretch:13.3, Edge:0.756, Angle: 0.104, Area:1.02

(b) Floatershapepreservingweights[Flo97]:
time0.87s, Stretch:11.72, Edge:0.697, Angle: 0.254, Area: 0.952

(c) Intrinsicparameterizationof Desbrunetal. [DMA02]:
time1.81s, Stretch:12.26, Edge:0.723, Angle: 0.176, Area:0.979

(d) Stretchminimizationof Sanderetal. [SSGH01]:
time1h, Stretch:1.34, Edge:0.495, Angle: 0.347, Area: 0.422

(e)OurU 1 parameterization:
time1.5s, Stretch:1.764, Edge:0.455, Angle: 0.373, Area:0.467

(f) OurU opt = U 3 parameterization:
time3.44s, Stretch:1.479, Edge:0.466, Angle: 0.522, Area: 0.361

Figure5.15: Comparisonof variousmeshparameterizationschemeson the Cat model (V =
5649,F = 11168).
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Parameterization Curvature Map Texture Mapping ParameterCracks? Remeshing[AMD02]

(a)Harmonicmapof Ecketal. [EDD+95]:
time3.16s, Stretch:18.02, Edge:1.228, Angle: 0.036, Area:1.692

(b) Floatershapepreservingweights[Flo97]:
time2.29s, Stretch:15.94, Edge:1.207, Angle: 0.144, Area: 1.637

(c) Intrinsicparameterizationof Desbrunetal. [DMA02]:
time17.4s, Stretch:16.93, Edge:1.215, Angle: 0.085, Area:1.661

(d) Stretchminimizationof Sanderetal. [SSGH01]:
time57.5h, Stretch:1.325, Edge:0.702, Angle: 0.25, Area:0.543

(e)OurU 1 parameterization:
time4.18s, Stretch:2.203, Edge:0.624, Angle: 0.372, Area:1.189

(f) OurU opt = U 3 parameterization:
time9.22s, Stretch:1.539, Edge:0.562, Angle: 0.49, Area: 0.621

Figure 5.16: Comparisonof variousmeshparameterizationschemeson the decimatedMax-
Planckbustmodel(V = 9462,F = 18866).
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Figure 5.17: Checkerboard texture mapping
with U0 (left), U1 (middle),andUopt (right).

U0 U1

Min : 0.17 Ave: 11.12 Max: 37.96

U1 Uopt

Min : 0.21 Ave: 2.11 Max: 4.51

Figure5.18:Toprow: adecimatedMax-Planck
bustmodelandresultsof checkerboardtexture
mappingwith U 0, U 1, andU opt parameteriza-
tions. Thefour remainingimagesof themodel
show the distribution of the vertex stretches
over the model for U 0, U 1, andU opt. Firstly
coloring by stretch� 2 [0:17;37:96] is used
to compareU 0 and U 1. Then the samecol-
oringschemeonthestretchinterval [0:21;4:51]
is employedto comparethestretchdistributions
for U 1, andU opt. Herethe boundsof the in-
terval are equal to the maximal and minimal
stretchvalues.
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Free-Form Skeleton-driven Mesh Deformations

Generatingnatural-lookingdeformationsof complex shapeshasmultipleapplicationsin CAGD,
computeranimation,andgeometricmodeling.Sincethepioneeringworks[Bar84, SP86],devel-
opingfast,e� cient,andintuitivemethodsfor localandglobalfree-formshapedeformationsis a
subjectof intensive research,seetherecentworks[BPGK06,vFTS06,HSL+06] andreferences
therein.

Pierre Bézier (1910- 1999) introducedthe ideaof deformingshapesembeddedin tensor
productsplinesthrougha mappingbetweendi� erentcon�gurations of spline control points
[Ram94]. This idea,calledspacedeformations,wasinheritedto the famousFFD (Free-Form
Deformation)technique[SP86]which deformsshapesembeddedin regular latticesequipped
with Béziersplines. Furtherdevelopmentsof the FFD includeextensionsfor non-regular lat-
tices[Coq90], directmanipulations[HHK92], arbitrarylattices[MJ96], meanvaluecoordinates
[JSW05], andmany others.Besidesglobaldeformations[Bar84]asbending,twining, andtaper-
ing, spacedeformationscanbe employed without lattices. For example,displacementvectors
with smoothin�uence functions[BR94, RNJ00,YBS02, BK03a] producelocal bumpingand
sculpting.In [AWC04] authorsproposedto decomposea local sculptingdeformationinto a se-
quenceof spacedeformationsin orderto avoid self-intersections.The techniqueof [AWC04]
is extendfor constantvolumedeformationsin [ACWK04] by usinga setof swirling deforma-
tions. Many spacedeformationschemesareequippedwith intermediatecontrol interfacessuch
as lattices(FFDs), stick-�gure skeletons[MTLT88, LCJ94], curves [SF98], triangle meshes
[SK00b,KO03], andvector �eld [vFTS06] in orderto control deformationsintuitively andto
avoid specifyingmany localdeformationsto obtaina large-scaledeformation.Mostof thesede-
formationsareformulatedin termsof weightedblendingof local coordinateframesattachedto
theintermediatecontrol interfaces.Parametersof theseweightedblendingareusuallyrequired
tediousmanualadjustmentsto obtainnatural-looking(intuitive) deformationsasmentionedin
[LCF00].

Recentlyskeleton-drivenglobalfree-formshapedeformationsdrew aconsiderableattention
[LCF00, SK00b,CGC+02]. The skeleton-driven deformationsarewell-suitedfor large-scale
shapedeformationsand,therefore,canbeusedin numerousapplicationsin computergameand
digital movie industries.Bloomenthal[BL99, Blo02] proposedto usethemedialaxisasskeletal
control interfacein order to obtainnatural-lookingdeformationsby preservingoriginal shape
thickness.

In this Chapter, we follow [YBS03, YBS06c, YBS06a] and describenew schemesfor
free-formskeleton-driven global meshdeformations.The basic(andvery simple) ideaof our
skeleton-basedapproachto globalshapedeformationsis sketchedin Figure6.1.Noticethatusu-
ally a local shapedeformationcorrespondsto a skeletonbifurcation(branching)while a global
shapedeformationcorrespondsto skeletonbending,asseenin Figure6.2. First a skeletalmesh,

70
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a Voronoi-basedapproximationof the medialaxis, is extractedfrom a given mesh. Next the
skeletalmeshis modi�ed by free-formdeformations.Thena desiredglobalshapedeformation
is obtainedby reconstructingtheshapecorrespondingto thedeformedskeletalmesh.Theuse
of the medialaxis preventsthe so-calledcollapsingjoint defects[LCF00] which arethickness
changinge� ectswherealargebendingor twistingdeformationis appliedvia [MTLT88, LCJ94],
seeFigure6.3. We develop meshfairing proceduresallowing us to avoid possibleglobal and
localself-intersectionsof thereconstructedmesh.Thebasicdeformationprocessis describedin
Section6.3.Then,thereconstructingandfairingproceduresareextendedto avariationalframe-
work calleddiscretedi� erential coordinates[Sor05] in Section6.5. Finally, sinceour shape
representationresemblesthedisplacedsubdivision surfaces[LMH00], we enrichour meshde-
formationapproachby a multiscaletechnique.Figure6.4 givessomeimpressionon how our
approachworks.

Extracting Skeleton Editing Skeleton Updating Original Geometry

Figure6.1: Skeleton-basedshapedeformation.

Local Deformation Global Deformation

Skeleton  Shape

Figure6.2: Localvs. globalshapedeformations.Left: localshapedeformationsusuallyproduce
new branchesof the skeleton. Right: skeletonbendingscorrespondto natural-lookingglobal
shapedeformations.

6.1 Voronoi-based Skeletal Mesh

We alreadyconsideredthemedialaxis [Blu67] in Section4.3. Herewe usea discreteapproxi-
mationof themedialaxis,skeletalmesh, for theintermediatecontrolinterfaceas[BL99, Blo02].
Mathematically, the medial axis is de�ned as loci of centersof maximal empty balls for a
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Figure 6.3: Preventing collapsingjoint defects. Left: the stick-�gure skeleton,the ellipsoid
meshwith its skeletalmesh.Deformedmeshesvia theSSD[MTLT88,LCJ94](Center)andour
method(Right).

(a) (b) (c) (d)

Figure6.4: A variationalskeleton-drivendeformationexample.(a): Armadillo (332Ktriangles),
its skeletalmesh(5K triangles),andthestick-�gure skeleton. (b): A spacedeformationof the
skeletalmesh.(c): A coarsedeformedmeshobtainedby usingdiscretedi� erentialcoordinates
from thedeformedskeletalmesh.(d): A multiresolutionalmeshrepresentationgivesusthe�nal
densedeformedmesh.
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bounded�gure F . Themaximalemptyball, alsocalledmedialball [ACK01b], is completely
containedin no otheremptyball. Themedialaxisof a �gure is very sensitive to small pertur-
bationsof the boundaryof the �gure: small perturbationsof the boundarymay result in large
changesof themedialaxisstructure.

Practicalextractionof themedialaxisof a3D shapeis usuallybasedon3D Voronoidiagram
techniques[TSG+97, ABK98], seealsoreferencestherein. Figure6.5 presentsa 2D example
demonstratinghow themedialaxisof a �gure canbeapproximatedby Voronoiverticescorre-
spondingto pointsscattereddenselyover the boundaryof the �gure. Figure6.5 demonstrates
alsohow sensitive themedialaxisof a �gure is with respectto smallperturbationsof thebound-
aryof the�gure.

Recentlyseveral improvementsover the basictechniquedevelopedin [ABK98] werepro-
posed[ACK01a, DZ02,HBK02]. For ourneeds,weemploy theapproachdevelopedrecentlyin
[HBK02] whereit wasproposedto approximatethe medialaxis of a meshby a skeletalmesh
having the sameconnectivity as the original mesh. The verticesof the skeletal meshare in
one-to-onecorrespondencewith theverticesof theoriginal trianglemeshandtheskeletalmesh
inheritstheconnectivity of theoriginalmesh.It allows for editingtheskeletalmeshby standard
meshprocessingtools.

GivenameshM , our �rst goalis to extractanapproximateskeletalmeshS suchthat

M = S + dN; (6.1)

whereN is the�eld of unit meshnormalsde�nedattheverticesof M andd is thesetof distances
from the verticesof M to the correspondingverticesof S alongN. The shaperepresentation
(6.1)wasproposedby [SPW96]for mathematicalanalysisof themedialaxis,seeSection4.3.

The relation (6.1) is the core of our approach. It allows us to edit the original meshM
via modifying its skeletalmeshS. Below we explain how to achieve a robustextractionof the
skeletalmeshandbuild representation(6.1).

Figure6.5: Left: a closed2D curve andits medialaxis. Middle: themedialaxis is formedby
thecentersof all innerbitangentcircles.Right: themedialaxis is approximatedby thevertices
of theVoronoidiagramgeneratedby pointsscattereddenselyover thecurve.

Pre-Smoothing. Sincethemedialaxisof a shapeapproximatedby a meshis very sensitive
to themeshquality, we �rst applythebilaplaciantangent�o w [WDSB00] to themeshin order
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to improve themeshquality. As demonstratedin Figures3.3 and3.4 of Chapter3, thebilapla-
cian tangentsmoothingregularizesa mesh. If the step-sizeof the bilaplaciantangent�o w is
su� cientlysmall,the�o w keepsalmostdoesnota� ectthemeshgeometrywhile improving the
aspectratiosof themeshtriangles.

Figure6.6: Left: acow meshandits innerskeletalmesh,noticethattheskeletalmeshintersects
the cow mesh. Right: the cow meshimproved by several iterationsof the bilaplaciantangent
�o w andits skeletalmeshimprovedoriginalcow meshvia 100bilaplaciantangent�o w provides
agoodskeletalmesh.

This preprocessingstepimprovesdramaticallythe quality of the skeletalmesh,asdemon-
stratedin Figure6.6. The left imageshows an original cow meshandits inner skeletalmesh.
Theskeletalmeshintersectsthecow meshwhile the truemedialaxis is locatedinsidethecow
model. The cow meshin the right imageis improved by several iterationsof the bilaplacian
tangent�o w. The inner skeletalmeshof the improved cow meshprovideswith a muchbetter
approximationof thetrueskeletalmesh.

Skeletal Mesh Extraction. In orderto extracta skeletalmeshS from a givenoriginal mesh
M , we employed the Voronoi-basedtwo-sidedapproximationof the medialaxis proposedin
[HBK02]. First the Voronoi cells arecalculatedfor all verticesof M by usingthe Quickhull
algorithm[BDH96]. Every vertex of M associateswith a Voronoicell. Consequently, one-to-
onecorrespondencesbetweentheverticesof M andtheassociatedverticesof S areestablished
by assigningalinearcombinationof thefarthestVoronoisitesin [YBS03] andtheVoronoipoles
[ABK98] in [YBS06c, YBS06a] asskeletalmeshvertices.Theconnectivity of S is copiedfrom
the connectivity of M . Hence,eachtriangleof M alsohasa one-to-onecorrespondencewith
theassociatedtriangleof S. Figures6.7and6.8illustratetheskeletalmeshesextractedfrom the
given3D meshes.Theextractedskeletalmeshis a manifoldapproximationof themedialaxis,
therefore,conventionalmeshprocessingmethodscanbeappliedto S.

Post-Smoothing. Insteadof high precisionapproximationsof the medial axis requiredin
surfacereconstructions[ABK98, DZ02], a spike-lessandnon-degeneratedskeletalmeshis de-
sirablefor our purpose.Similar asthepre-smoothing,thefollowing specialsmoothingscheme
is employedto S if S is noisyor degenerated.Assumethatthenormalsof M areorientedfrom
S to M . Thebilaplaciantangentialsmoothingis appliedfor any vertex of S suchthattheinner
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Figure6.7: Skeletalmeshextraction. Left: Homermeshand its Voronoi poles. Center: the
triangulationof the Voronoi polesby copying Homermeshconnectivity. Right: the skeletal
meshof Homermesh.

(a) (b) (c) (d)

Figure6.8: A skeletalmeshis extractedby usingVoronoipoles. (a): A givenoriginal triangle
mesh.(b): TheinnerVoronoipolesof theoriginalmesh.(c): Triangulationof theVoronoipoles
by copingtheoriginalmeshconnectively. (d): Theskeletalmeshwith its associatedmedialball
radiusfunction.
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productbetweena smoothingvectorof thevertex of S anda one-to-onecorrespondingvertex
normalof M is negative;otherwise,thevertex positionof S is notmovedby thesmoothing.

6.2 Skeletal Mesh Editing

Considera free-formdeformationof theskeletalmeshS. Our methodis not restrictedby any
particularspacedeformationtechniqueusedfor editingtheskeletalmesh.In ourimplementation
weuseasetof free-formdeformationtoolsdevelopedin [YBS02].

Also following [Blo02], we have implementedthe skeletalsub-spacedeformations(SSD)
[MTLT88, LCJ94]. Let y j andyd

j beanoriginal local frameorigin anda deformedlocal frame
origin, respectively. Any positionz 2 < 3 is transformedaccordingto

X

j

w j(yd
j + A j(z � y j)); A j = Bd

j B
� 1
j ; (6.2)

whereBj andBd
j aretheoriginal anddeformedframes,respectively. Theframeis usuallycom-

posedby threeaxes (3x3 matrices). Here
P

j w j = 1 and w j is a normalizedGaussian-like
functionof thedistancejz� y j j. TheSSDequation(6.2)canbeinterpretedasweightedblending
of local transformationsA j for z embeddedin thelocal framecoordinatesystem.

To implementstick-�gure skeletons,oneof theframeaxescanbeassignedto a normalized
edgeof thestick-�gure skeleton. The joints of stick-�gure skeletonsmayassociatewith more
thanoneframe. The initial frameoriginsascontrolpointscanbepickedon theskeletalmesh
vertices,seethe image(a) of Figure6.4. Besidesthe Euclideandistancejz � y j j, we usethe
geodesicdistancesonoriginalandskeletalmeshes.

6.3 Basic Mesh Deformation Process

A directreconstructionof a deformedmeshfrom thedeformedskeletalmeshaccordingto (6.1)
mayproducesevereself-intersectionsof thedeformedmesh.Sowe usea homotopy methodto
decomposethedeformationinto a sequenceof L deformationsconnectingtheoriginal skeletal
meshS0 = S anddeformedskeletalmeshSd:

S j = S0 + j
Sd � S0

L
: (6.3)

Now thecorrespondingdeformationsof theoriginalmesharecomputedas

M j = S j + dN j� 1; j = 1;2: : : : ; L; (6.4)

whereN0 is the �eld of unit meshnormalsfor M = M 0 and N j is the �eld of unit mesh
normalsfor M j . The scalar�eld of displacementsd is not changedduring the deformation
steps.Accordingto our numericalexperiments,thedecompositioninto L = 3 stepsdeliversa
satisfactorycombinationof qualityandspeed.

6.3.1 Removing Folds and Protrusions

If a large skeletalmeshdeformationis applied,see,for instance,Figure6.9, the resultingde-
formedmeshM d mayhave somedefects,asdemonstratedin theleft imagesof Figure6.11. In
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this section,we explain how to remove suchdefectsof thedeformedmeshasfolds andprotru-
sions,asseenin Figure6.10. Onepossibleway to avoid suchmeshdefectsconsistsof recon-
structingthedeformedmeshM d from thedeformedskeletalmeshSd astheenvelopeof medial
balls[ACK01a]centeredat theverticesof Sd. However it workswell only for densemeshes.So
wehavechosenadi� erentapproachbasedonmeshevolutions.

Figure6.9: A largeskeleton-baseddeformationof ahandmodel.

Weconsiderthefollowing meshevolution

@M
@t

= � � 42M � F � V; M (0) = M d; (6.5)

wherethenegativebilaplacian� � 2 andforce� V areusedfor meshrelaxationandregularization
purposesandforce� F pushestheevolving meshtowardstheenvelopeof themedialballs.

We approximatethe bilaplacianoperatorvia the bi-umbrellaoperator[KCVS98]. The pa-
rameter� > 0 is not constant.Let usconsidera meshvertex xd andits neighbors,computethe
umbrellaoperators(vectors)for them,andcountthenumberof thoseneighborswhoseumbrella
vectorsform an obtuseanglewith the umbrellavectorat xd. We assign� = 0:25 to xd if the
fractionthatobtuseanglesis lessthan0:3. Otherwiseweset� = 0 at xd.

We want to de�ne the force F suchthat � F �ts the evolving meshto the envelopeof the
medialballs. For eachtriangleT of thedeformedskeletalmeshlet usconsidertheconvex hull
of themedialballscenteredat trianglevertices.A generalapproachto computetheconvex hull
of a setof spherescanbe found in [BCD+96]. However, in our simplecase,the convex hull
is computedanalytically: we usethe fact that theconvex hull canbecomputedastheenvelop
of the balls centeredinsidethe triangleandobtainedby the trilinear interpolationof the balls
centeredat thevertices.Wedescribetheenvelopasanimplicit function.Let usde�ne afunction
w = ET(P) at point P asthevalueof theimplicit functionat P. Now considera meshvertex xd,
thesetof meshtrianglesincidentwith xd andtheir centroidsC j , j = 1; : : : ; n. TheforceF at xd

is de�ned by

F(xd) =
1
n

nX

j=1

ET j (C j)r ET j (C j);

whereT j is a deformedskeletalmeshtrianglecorrespondingto themeshtrianglewith centroid
C j . NoticethattheforceEr E attractstheverticesto thezerolevel setof E.
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TheforceV is de�ned astheprojectionof thebilaplacianvectoron theplaneorthogonalto
F

V = 42M � (42M �
F
jFj

)
F
jFj

:

As illustratedin Figure3.4, thebilaplacianoperatoris a betterchoicethanthesingleLaplacian
operatorfor thetangentialcomponent.

Figure6.10explainswhy �o w (6.5)eliminatesmeshfoldsandprotrusions.

Union of Medial Balls

Evolving Mesh

Fitting Force

Smoothing Force

Tangentail Force

Figure6.10:E� ectof (6.5).ForceF pushesthemeshverticestowardstheenvelopeof themedial
balls. Two otherforcesin the right hand-sideof (6.5), tangentialforceV andsmoothingforce
� � 42M , areusedto eliminatemeshfoldsandprotrusions.

The right imagesof Figure6.11demonstrate�xing defectsof the deformedhandmeshby
(6.5).

Figure6.11:Left: zoomedpartsof thedeformedhandmodelfrom theright imageof Figure6.9.
Right: �xing meshdefectsby (6.5).

6.3.2 Eliminating Global and Local Self-Intersections

The deformedmeshstill may have global and local self-intersections,assketchedin the left
imageof Figure6.12.

Againweuseameshevolutionapproachin orderto eliminatepossibleglobalandlocalself-
intersectionsof thedeformedmesh.Consideravertex xd = (x; y; z) of thedeformedmeshandits
correspondingvertex sd =

�
sx; sy; sz

�
of thedeformedskeletalmesh.Let usde�ne thefunction

g(x; y; z; sd) = (x � sx)2 + (y � sy)2 + (z � sz)2 � d2;
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whered is the radiusof the medialball centeredat sd. Now we introducea function f (x; y; z)
whosezerolevel set f (x; y; z) = 0 approximatestheenvelopeof themedialballs. Let usdivide
the boundingbox (unit box) uniformly into Bl � Bm � Bn voxels Gl;m;n. In practice,we use
fBl ; Bm; Bng= f20;20;20gwhichgivesussatisfactoryresults.Weset

hl;m;n(x; y; z) = min
n
g(x; y; z; sd) : sd 2 Gl;m;n

o
;

wheretheminimumis takenoverall skeletalmeshverticessd thatbelongto thecell Gl;m;n. Then
f (x; y; z) is de�ned for (x; y; z) 2 Gl;m;n by

f (x; y; z) =

8
>><
>>:

hl;m;n(x; y; z) if hl;m;n(x; y; z) < 0;

min
�
hl;m;n; hl� 1;m� 1;n� 1

	
otherwise.

Themeshevolutionweuseto eliminateglobalandlocalself-intersectionsevolveseachmesh
by

@M
@t

= � f (M )r f (M ) � W42(M ): (6.6)

Here � f r f , the antigradientof 1
2 f 2, pushesthe meshverticestowardsthe zero level set of

f (x; y; z). TheweightW(xd) in (6.6) for ameshvertex xd 2 M is givenby

W(xd) =
j f (xd) � g(xd; sd)j

max
xd2M

j f (xd) � g(xd; sd)j
;

wheresd is theskeletalmeshvertex correspondingto meshvertex xd.
Similar to (6.5) thebilaplaciantermin (6.6)makesthe�o w morestablewhile anotherterm

in the left hand-sideof (6.6) pushesthemeshverticestowardstheenvelopeof themedialballs
centeredat theverticesof thedeformedskeletalmesh.

Meshfairing with (6.6) is demonstratedin Figure6.12 for a large-scaledeformationof an
ellipsoidmodel,seealsoFigure6.13.

Local Self-Intersection

Global Self-Intersection

Figure6.12:Fairingglobalandlocalself-intersections.Left: globalandlocal self-intersections.
Center:folds andprotrusionsareremovedby (6.5),however local andglobalself-intersections
remain.Right: removing theself-intersectionsby (6.6).

6.3.3 Gathering All Together

An exampleof ourbasicmeshdeformationprocessis demonstratedin Figure6.14Givenamesh,
�rst its Voronoi-basedskeletalmeshis extracted.Next a free-formdeformationis appliedto the
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Figure6.13:Removing self-intersectionsof thedeformedhandmeshfrom Figure6.14(d).Left:
variousviews at a zoomedpartof Figure6.14(d).Right: correspondingviews at thesameparts
of Figure6.14(e).Theself-intersectionsaregone.

(a) (b) (c) (d) (e)

Figure6.14: Basicmeshdeformationprocess.(a): The original handmesh,its skeletalmesh,
andcontrolpointsto beusedto deformtheskeletalmesh.(b): A deformedskeletalmesh.(c):
Folds andprotrusionsareobserved in the deformedmesh. (d): The folds andprotrusionsare
removedby (6.5);howeverglobalandlocalself-intersectionsarestill presented.(e): Theglobal
andlocal self-intersectionsareeliminatedby (6.6).
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skeletalmesh.Thenadeformedmeshis reconstructedfrom thedeformedskeletalmeshaccord-
ing to (6.1). We employ (6.3), (6.4) with L = 3 to producethe deformedmesh.Finally mesh
fairing is applied. Meshevolution (6.5) eliminatesfolds andprotrusionsandmeshevolution
(6.6)removestheself-intersections.

6.4 Combining with Displaced Subdivision Surfaces

Themosttime consumingstepsof our basicmethodpresentedin Section6.3 aremeshfairing
stagesdescribedin subsections6.3.1and6.3.2. For example,for the handmodel consisting
of 16K trianglesonly, its deformationprocessesshown in Figure6.13takesapproximatelyone
anda half minutesfor eliminatingself-intersections,aboutsix secondsfor removing folds and
protrusions,andlessthanonesecondfor all theotheroperations(aJava3Dimplementationona
1.7GHzPentium4 computerwasused).In orderto performthedeformationprocessin amatter
of few secondswecombineit with adisplacedsubdivisionsurfacerepresentation[LMH00].

Multiresolutionmeshrepresentationsarepowerful toolsto deformalargemeshaccordingto
deformationsof its controlmesh.Thedisplacedsubdivision surfacerepresentation,DSS-rep,is
a compactsurfacerepresentationcapturingsmall-scaledetailsof anoriginal surfaceasa scalar
displacement�eld overadecimatedandthensubdividedsurface.

Givenadensemesh,�rst weobtainaDSSrepresentationof themesh:adecimatedmeshand
a scalardisplacement�eld. Thenwe build our skeleton-basedrepresentationof thedecimated
mesh. The decimatedmeshhasmuchfewer verticesthanthe original densemeshanddo not
containsmall-scaledetails.This leadsto fastandrobustextractionof theVoronoi-basedskeletal
meshfor thedecimatedmesh.MoreoverDSS-repprotects�ne geometryfeaturesof theoriginal
meshfrom beingdamagedby meshevolutions(6.5) and(6.6). Themeshdeformationprocess
is now organizedas follows: a free-from deformationis appliedto the skeletal meshof the
decimatedmeshandimpliesa deformationof thedecimatedmesh.Thedeformedmeshis then
subdividedand,�nally , adeformationof theoriginaldensemeshis obtainedfrom thesubdivided
deformedmeshby addingthescalardisplacement�eld.

To demonstratehow the above combinationof DSS-repandthe skeleton-driven meshde-
formationapproachdescribedin previous sectionsworks we usedthe dragon,cow, andhand
models.Themodelsareremeshed(topologicalnoiseremoval, decimation,subdivision) in order
to improve their quality. SeeFigures6.15-6.18for theresults.Coloringby themeancurvature
is usedfor aqualityevaluationof thedeformedmodels.

In theseexamples,the whole meshdeformationprocesstakes only a few secondswith-
out taking into accountcomputingtheDSSrepresentation.In our currentimplementation,we
computetheDSSrepresentationwithout its mostcomputationallyexpensive optimizationstep
[LMH00]. BesidesDSS-rephasto becomputedonly once.
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Figure6.15: Skeleton-baseddeformationsenrichedby DSS:thedragonmodelhas100K trian-
gleswhile its skeletalmeshconsistsof 6K trianglesonly.

Figure6.16: Skeleton-baseddeformationsenrichedby DSS:thehandmodelhas38K triangles
while its skeletalmeshconsistsof 2K trianglesonly.

Figure 6.17: Skeleton-baseddeformationsenrichedby DSS: the cow model consistsof 45K
triangleswhile its skeletalmeshhas3K trianglesonly.
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Figure6.18:Anotherglobaldeformationof thecow model.

6.5 Variational Skeleton-driven Deformation

Thebasicmeshdeformationprocessproposedin Section6.3 (also[YBS03]) preservesa shape
thickness.Unfortunately, �ne geometricdetailsof theoriginal shapeareoften lost duringpro-
cessesdescribedin Section6.3.1(smoothingfold-overs[YBS03]). A similar problemarisesin
thespacedeformationmethodproposedin [Blo02] becauseof convolving thedistance�eld.

In thissection,wefollow [YBS06c,YBS06a] andpresentanew techniquefor reconstructing
a deformedshapeaccordingto the editedskeletalmesh.The techniqueconsistsof combining
skeleton-drivenmeshdeformationswith theso-calleddiscretedi� erentialcoordinates.

The discretedi� erentialcoordinatesof a meshvertex arede�ned by a discreteLaplacian
of the vertex. Eachcoordinateassociateswith a correspondingelementof the Laplacianvec-
tor. Sinceseminalworks [Ale00, LSCO+04, YZX+04], meshdeformationsbasedon discrete
di� erentialcoordinatesareintensively studiedbecauseof their detail preservingability. These
methods�rst interpolateor propagatethe user-speci�ed a� ne transformationsover the mesh,
andthenthe�nal deformationsareobtainedby solvingthediscreteapproximationsof aPoisson
equation. Geometricdetailsof the meshareembeddedinto a discreteLaplacianmatrix, and
solving the Poissonequationdi� usesa deformationerror over the mesh. Therefore,the �ne
geometricdetailsarepreservedwith certainsmoothnessduringtheir deformations.Seea recent
review of this topic [Sor05] andreferencestherein. Sincethe conventionaldeformationtech-
niquesbasedon discretedi� erentialcoordinatesdo not preserve original shapethickness,our
approachbasedoncombiningtheskeleton-drivenwith discretedi� erentialcoordinatesachieves
morenaturaldeformationsthantheconventionalmethods.

Furthermore,theuseof discretedi� erentialcoordinatesallows usto achieve shapepreserv-
ing self-intersectionfairing. We developa new meshevolution techniquewhich eliminatescer-
tainself-intersectionsof thedeformedmeshsimultaneouslypreserving�ne geometricdetailsby
minimizing thethicknessanddeformationerrors.

Given a trianglemeshM , considerits skeletalmeshS extractedfrom M by the method
describedin Section6.1, anda deformedskeletalmeshSd. HereSd is obtainedfrom S by
applyingspacedeformationsdescribedin Section6.2. The basicprocedureof our variational
skeleton-drivendeformationtechniqueis asfollows. First,a fragmentedmeshM F is generated
by applyinglocal transformationsto all trianglesof M wherethetransformationsarede�ned by
accordingto thelocal framesattachedS andSd. Thena�nal deformedmeshM d is obtainedby
stitchingthefragmentedmeshtrianglesbasedonminimizingadeformationerror. Heretheerror
is given by a squareddi� erencebetweenthe discretedi� erentialcoordinatesof M F andM d.
In [SP04, YZX+04, ZRKS05],similar minimizing strategiesareusedfor stitchingfragmented
meshes.
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Let x, s, andsd be theverticesof M , S, andSd, respectively. Sincethedeformationfrom
S to Sd doesnot changetheconnectivity of Sd, thereareone-to-onecorrespondencesbetween
xi 2 x, si 2 s, andsd

i 2 sd. Considera �nal deformedmeshM d correspondingto Sd. Let xd be
theverticesof M d. RecallthatM d is givenby theshaperepresentation(6.1): M d = Sd + dNd

whereNd aretheunit normalsof M d, seeFigure6.19.

d
M

S
d Sd

M d

N dN

si

x i xd
i

sd
i

Figure6.19:Shaperepresentation(6.1).

Theradiusof medialball whosecenteris locatedonsi is givenby

d(i) = jxi � si j: (6.7)

Let nd
i 2 Nd be a unit normalof M d at xd

i 2 xd. Thus,our shaperepresentation(6.1) canbe
re-writtenasxd

i = sd
i + d(i)nd

i . In Section6.3,weapproximateNd by decomposingadeformation
from M to M d into a sequenceof deformations.Herelet usapproximatend

i by the following
local transformationin orderto usediscretedi� erentialcoordinates.

Local Transf ormation. Let fxi ; x j ; xkg, fsi ; sj ; skg, andfsd
i ; sd

j ; s
d
kgbe correspondingtriangles

of M , S, andSd, respectively. Weattachtheoriginal local frameB0 = (v0; t1
0; t2

0) to all triangles
of S wherev0 = t1

0 � t2
0, t1

0 = (sj � si)=jsj � si j, and t2
0 = (sk � si)=jsk � si j. The skeletal

mesheditingprocedurechangestheframefrom B0 to thedeformedlocal frameBd attachedto a
correspondingtriangleof Sd. HereBd is givenby thesamecalculationprocedureof B0 by using
fsd

i ; sd
j ; s

d
kginsteadof fsi ; sj ; skg. SeeFigure6.20.

Let ni 2 N bea unit normalof M at xi . Sincethedisplacementxi � si representsa normal
vectorof M [ACK01b] at xi , ni is givenby xi � si

jxi � si j
. Considera local coordinaterepresentationof

N on S suchthatthecoordinatesof ni arerepresentedby B� 1
0 ni . Thecoordinatetransformation

BdB� 1
0 ni givesusanapproximationof nd

i , theunit normalat xd
i . Thus,wehave

nd
i �

BdB� 1
0 (xi � si)

jBdB� 1
0 (xi � si)j

:

Here BdB� 1
0 is calculatedper triangles. Therefore,applying the following transformation

(6.8) to all trianglesof M generatesa fragmentedmeshM F . SeeFigure6.21.

xT
l = sd

l + d(l)
A(xl � sl)
jA(xl � sl)j

; A = BdB� 1
0 ; (6.8)
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S

si

sk

sj s
d
js

d
ks

v

t 1
0

t 2
0

0 v
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d
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Figure6.20:Correspondingtrianglesof M , S, andSd. Local coordinateframesareattachedto
thecorrespondingtrianglesof S andSd.

wherel = i; j; k, xT
l 2 xT is thefragmentedmeshvertex andd(l) is themedialball radius(6.7).

Comparedwith similar transformationsusedin otherdeformationse.g. [SP04], the transfor-
mation(6.8) preservesshapethickness.Also the above equation(6.8) canbe consideredasa
discreteapproximationof theshaperepresentation(6.1): M d = Sd + dNd.

Original Mesh: M

xi

xj

Fragmented Mesh: M

xj
T

xk
T

xT
i

xk

F

Transforming vertices per triangle.

Figure6.21:A fragmentedmeshM F , trianglesoup,is generatedvia (6.8).

Although the transformation(6.8) generatesstretchdistortions,it doesnot destroy �ne ge-
ometricdetailscomparedwith shearingtransformationsin < 3 asmentionedin [SCOL+04] be-
causethestretchof (6.8)is locally embeddedin theskeletalmesh.In [LSCOL05]authorsembed
their local transformationsto theoriginalmeshin orderto obtainsemi-rigiddeformations.

In the caseof spacedeformations,e.g. (6.2) or [SK00b,KO03,Blo02], the �nal position
of xd

i of M d is calculatedby averagingthe fragmentedmeshverticesxT . Averagingthe trans-
formedverticesin Euclideancoordinatesrequiresa large in�uence region which containsa lot
of transformedverticesin orderto generatenice deformationsasindicatedin [KO03]. In our
approach,we calculatean averageof the fragmentedmeshverticesxT in discretedi� erential
coordinateswhereonly one-linkneighborverticesarerequiredfor theblending.

Discrete Diff erential Coor dinates. Considertwo graphsGM andGM F correspondingto
two pairsof meshesfM ;SgandfM F ;Sdg, respectively. Sincewe have the one-to-onecorre-
spondencebetweenx ands, the graphstructuresareconstructedby addingedgesbetweenM
andS (M F andSd) asillustratedin Figure6.22.Herethevertex setsof GM andGM F consistof
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fx; sgandfxT ; sdg, respectively. ConsideralsoananothergraphGM d whosevertex setconsists
of fxd; sdg. HereGM d is equippedwith thesameconnectivity of GM .

xi xj

sj
si

Ma
b

ij

ij

ss

M F

d
i

d
j

xT

Figure6.22:Two graphsGM (Left) andGM F (Right)areconsidered.

Considera weightedgraphwhoseverticesaregivenby fv1; v2; :::;vi ; ::g. If thereis theedge
betweenvi andv j thenthey areadjacentvertices.Thei j elementof agraph-Laplacianmatrixof
thegraphis de�ned by

8
>>>>><
>>>>>:

� wi j if v j andvi areadjacent;
P

k2N(i) wik if v j = vi ;

0 otherwise

wherewi j is a weightassociatedwith theedgebetweenvi andv j . HereN(i) is the index setof
adjacentverticesof vi . See[Chu97]for mathematicaltheoryof agraph.

Considerthegraph-Laplacianmatrix for GM wheretheeachedgeis equippedwith aweight
w. Herewe usestandardcotangentweights[PP93]w = cot� i j + cot� i j for edgesbetweenxi

andx j wheretheangels� i j and� i j arede�ned in Figure6.22. For theweightassociatedwith
theedgebetweenxi andsi , weusew = 1. Thusthegraph-Laplacianmatrixassociatedwith GM

for (x; s)� is givenby 0
BBBBB@

I+LM � I

� I I

1
CCCCCA; (6.9)

whereI is the identity matrix, LM is a meshLaplacianmatrix, anda� standsfor a transposeof
vectora. Thei j elementof LM is givenby

8
>>>>><
>>>>>:

� (cot� i j + cot� i j) j 2 N(i)
P

k2N(i)(cot� ik + cot� ik) j = i

0 otherwise

whereN(i) is theindex setof theone-linkneighborhoodverticesof xi .
Considerthe graph-Laplacianoperatorfor GM F wherethe eachedgeis equippedwith a

weight w. We usew = cot\ xixkx j for the edgebetweenxT
i andxT

j andw = cot\ xix jxk for
theedgebetweenxT

i andxT
k , seethe right imageof Figure6.21. Also theweight for theedge

betweenxT
i andsd

i is equalto 1
Ti

whereTi is thenumberof theone-linkneighborhoodtriangles
of xi .

The discretedi� erentialcoordinatesof GM d andGM F are the above graph-Laplaciansof
their vertices(xd; sd) and(xT ; sd), respectively.



6.5 Variational Skeleton-driven Deformation 87

Stitc hing Fragmented Mesh. In orderto obtainthe �nal deformedmeshM d, let us mini-
mize a di� erencebetweenGM d andGM F in the discretedi� erentialcoordinatessubjectto the
following boundarycondition: the boundaryof GM d is �x ed to sd. This boundarycondition
changesthegraph-Laplacianfrom (6.9) to

L0 =

0
BBBBB@

I+LM � I

0 I

1
CCCCCA: (6.10)

Moreprecisely, xd is givenby solvingthefollowing sparselinearsystem

minimize jL0u � bj2 ) u = L� 1
0 b; (6.11)

whereu = (xd; sd)� andb = (x f ; sd)� is theaverageddiscretedi� erentialcoordinatesof GM F .
Herethei-th elementof x f is givenby

X

j;k2N(i)

w1(xT
i � xT

j ) + w2(xT
i � xT

k ) +
(xT

i � sd
i )

Ti
; (6.12)

wherew1 = cot\ xixkx j , w2 = cot\ xix jxk, andTi is thenumberof theone-linkneighborhood
trianglesof xi .

In [ZRKS05] authorsevaluatethe elementsof their meshLaplacianaccordingto the frag-
mentedmeshcoordinates.BesidesL0 is a graph-Laplacian,our angles\ xixkx j and\ xix jxk do
not dependon thefragmentedmeshcoordinates.Comparedwith [ZHS+05] which employeda
graph-Laplacianfor their deformationtechnique,our graphstructureis muchsimpleandhasa
nicegeometricpropertyastheshapethickness.

Figure6.23illustratesthemainideaandprocedureof our variationalskeleton-drivendefor-
mationtechniquedescribedabove.
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2
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Figure6.23:Variationalskeleton-drivendeformationframework.

Solving Linear System: Factorization. Due to recentdevelopmentsof the direct sparse
linearsolvers[TCR03,Dav04], we only needfactorizationof L0 oncefor producingL� 1

0 . Then
everydeformationis obtainedby updatingb andabackwardsubstitutionof thefactorizedmatrix
with theupdatedb. Thisgivesusthelinearcomputationalcomplexity. UnfortunatelyL0 is nota
symmetricmatrix. Consequently, we usetheUMFPACK [Dav04] to factorizeL0 insteadof the
TAUCS[TCR03] which is specializedto a symmetricmatrix employedin least-squaresystems
of theLaplacianmeshdeformations[LSCO+04,SCOL+04,LSCOL05].Becausesd is beingthe
�x edboundary, thereareno ill-conditionedproblemsmentionedin [Sor05]causedby toosmall
boundaryconditions.Accordingto our numericalexperiments,L0 is invertibleaslong asM is
anon-degeneratedmanifoldmesh.
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DenseMesh(332K triangles) ControlMesh(5.2K triangles)

Triangle EditingSkeleton
UpdateGeometry

DSS Total
Factorization+ Substitution

WithoutDSS: 346K 94s 321s+ 702s 1117s

DSSMesh: 5.2K,332K 0.13s 0.05s+ 0.25s 3.8s 4.23s

Figure6.24: Advantagesof multiresolutionvariationalskeleton-driven deformations.The use
of themultiresolutionrepresentationreducesexcessive complexity of theskeletalmeshandac-
celeratesthedeformationprocess.

Multiresolution Representation. As describedin Section6.4, we implementthe simpli-
�ed versionof DSS[LMH00] andcombinewith our variationalskeleton-drivendeformations.
The skeletalmeshis extractedfrom the coarsecontrol meshof the DSS.The control meshis
deformedby our variationalskeleton-drivendeformations.Thena densedeformedmeshis ob-
tainedby usingtheDSSmechanism:subdividing thedeformedcontrolmeshandaddingscaler
displacementsto thesubdividedmeshnormals.

Our methoddescribedin this sectionpreserves�ne geometricdetails,but theskeletalmesh
of a texturedmeshmay have complex geometry. Hence,the skeletalmeshediting of the tex-
tured meshwithout degenerationscould becomea very di� cult task. Using multiresolution
representationshelpsto reduceexcessive complexity of the skeletalmesh. Figure6.24 illus-
tratesadvantagesof usingthemultiresolutionrepresentationfor our variationalskeleton-driven
deformations.

6.5.1 Shape Preser ving Self-Inter section Fairing

The �nal deformed mesh M d obtained by solving the system (6.11) may contain self-
intersections.HereM d is anapproximationof theenvelopeof themedialballsof M attached
to Sd. For a given smoothsurface,the envelopeof its medialballs is equivalent to the zero
level setof the union of its medialballs. However the medialballs of M attachedto Sd are
notnecessaryinscribedmaximalemptyballs(medialballs)of M d and,therefore,M d mayhave
self-intersections.In suchcases,themeshreconstructionsbasedon theenvelopeandunionof
theattachedmedialballsform two di� erentshapes,seeFigure6.25.Thedi� erencesof themare
exactlysubsetsof theenvelopewhichwewould like to eliminate.

Theunionof medialballsis de�ned by thesigneddistancefunction

f (z) = min8 j

n
jz � sd

j j � d( j)) : z 2 < 3; sd
j 2 sd

o
; (6.13)

whered( j) is themedialball radius(6.7).
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Figure6.25:Envelopevs. Union. Left: theenvelopeof theballs.Right: thezerolevel setof the
unionof theballs.

Below we describea novel self-intersectionfairing methodbasedon minimizing a self-
intersectionerrorin thediscretedi� erentialcoordinates.Theself-intersectionerroris measured
by the squareddistancef 2(xd) from xd to the zero level setof the union of the attachedme-
dial balls. Herexd and f aregiven by the equations(6.11)and(6.13), respectively. Consider
evolutionsof agraph

@L0U(t)
@t

= F(U); (6.14)

F(U) =

8
>><
>>:

f (z)r f (z) If z = xd

0 If z = sd

whereU(t) is anevolving graphandU(0) = (xd; sd)� de�ned in previoussubsectionandL0 is the
graph-Laplaciande�ned in theequation(6.10). This evolution (6.14)is motivatedby theshape
preservinge� ectof L0 andintegratingthedeformationandself-intersectionerrors.Notethatsd

andL� 1
0 arenotchangedby theevolution (6.14).

The equationof (6.14) is a gradientdescent�o w of the self-intersectionerror f 2(xd) in
di� erentialcoordinates.Thisgradientdescent�o w modi�es thedi� erentialcoordinatesof U(0).
In orderto preserve the�ne geometricdetailsof M , L0 is equippedwith theoriginalweightsof
GM insteadof theweightsof GM d or U(t). Hence,theevolution (6.14)minimizesnot only the
self-intersectionerrorbut alsothedeformationerror simultaneously. Onecan�nd a similarity
between(6.14) and Sobolev gradient�o ws, see[Neu83,Neu97] for mathematicaltheory of
Sobolev gradients. In [CKPF05], a similar Sobolev gradient�o w is employed for describing
activecontours.

Theequation(6.14)is approximatedby thefollowing semi-implicitmeshevolutions.

un+1 = un + � L� 1
0 F(un)r F(un); (6.15)

whereu0 = (xd; sd)� .
Our evolution technique(6.15)is morerobustande� ective thantheself-intersectionfairing

schemeproposedin Section6.3.2and[YBS03] becauseof our semi-implicit formulationand
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Figure6.26: Preventingpeelingskin defects.Self-intersectionfairingsvia themesh(Left) and
graph(Right) Laplacians.Thelargesphererepresentsoneof medialballs,andthesmallsphere
indicatesthecorrespondingmedialball center.

theshapepreservinge� ectof L� 1
0 . Moreover theevolution (6.15)preventspeelingskindefects

becausesd playsaroleof anchorsduringtheevolutions,seeFigure6.26.Thispeelingskindefect
is acommonproblemwhenweconsiderameshevolutiononasurfacewheretheevolving mesh
may fall into a degeneratedsolutione.g. the sphericalmeshparameterizationscheme[GY02]
may producesucha degeneratedsolution [GGS03,FSD05]. Comparedwith [ZHS+05], the
globalself-intersectionscanbeeliminatedby ourevolution (6.15),seeFigure6.27.

Everyevolutionstepincreasesaccuracy of thethicknesspreservationbecauseof minimizing
f 2(xd). Therefore,theevolution(6.15)is usefulevenif therearenoself-intersectionsin M d, but
f 2(xd) , 0.

Figure 6.27: Global self-intersectionfairing. Left: the deformedmesh with global self-
intersections.Right: thefairing resultvia ourevolutions(6.15).

Fast evaluation of f . AlthoughL� 1
0 is alreadycomputedfor solvingthesystem(6.11),eval-

uatingtheequation(6.13)couldbetime consuming.We acceleratetheevaluationof f takinga
unionof asubsetof themedialballsinsteadof all medialballsattachedto Sd.
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For anevolving graphvertex uk
i = fxk

i ; s
d
i g, amaximumboundof f (xk

i ) is givenby jjxk
i � sd

i j �
d(i)j. For every uk

i , considertheneighborverticesuk
j of uk

i andits index set j 2 E(i) suchthat
jxk

j � xk
i j � d(i). Thentheunionof medialballswith its gradientis approximatedby

f (xk
i )r f (xk

i ) � (jjxk
i � sd

pjj � d(p))(xk
i � sk

p)

wherep = argminj(jjx
k
i � sd

j j � d( j)j) : 8 j 2 E(i). This vertex setxk
j : j 2 E(i) canbee� ciently

searchedby usinga kd-tree. We constructthe kd-tree[MA06] for every evolution of (6.15) if
the self-intersectionfairing is necessity. Figure6.28 describesan exampleof our variational
skeleton-drivendeformationframework.

6.5.2 Results of Variational Skeleton-driven Deformations

Ourmethodis implementedby usingtheJDK 1.4andJava3D.TheUMFPACK compiledby the
GNU gcc3.3.5is calledby Java Native Interface. Figures6.3, 6.4, 6.28,6.30,6.32,and6.33
demonstratehow well theoriginal shapethicknessis preservedduringourdeformations.

Ellipsoid Camel Homer Gargoyle Armadillo Dragon

V 2.5K 37K 65K 160K 166K 263K

F 4.9K 75K 130K 320K 332K 527K

Vc 2.3K 4.1K 1.5K 2.5K 4.1K

Fc 4.7K 8.2K 5K 5.2K 8.2K

(a) 4.5s 1.6s 4.9s 25.9s 13.9s

(b) 4.5s 4.7s 6.5s 9.9s 5.1s 4.8s

(c) 2 2 3 3 3

(d) 2.8s 4.3s 26s 24.7s 19.7s

(e) 11s 8.8s 200s 161s 103s

(f) 0.08s 0.05s 0.09s 0.05s 0.05s 0.09s

(g) 0.06s 0.09s 0.14s 0.76s 0.13s 0.54s

(h) 0.05s 0.11s 0.06s 0.77s 0.13s 0.32s

(i) 0.16s 0.13s 0.29s 0.79s 0.12s 0.44s

(j) 0.61s 3.86s 4.36s 3.8s 43.8s

(k) 6.3 6.30 6.4 6.30

Table6.1: Timings. (a): Decimationfor DSS.(b): SkeletalMeshExtraction. (c): Subdivision
Level. (d): Subdivision for DSS.(e): DisplacementSamplingfor DSS.(f): Factorizationof L0.
(g): SkeletalMeshEditing. (h): Transformation(6.8)andSolving(6.11). (i): Self-Intersection
Fairing (6.15)(1 step).(j): DSSReconstruction.(k): CorrespondingFigureNumbers.

Timing. Table6.1representstimingswhicharemeasuredon a 1.7GHz Pentium4 with 1 GB
RAM computer. HereV andF arethe vertex andtrianglenumbersof M , andVc andFc are
thevertex andtrianglenumbersof theDSS's coarsecontrolmesh,respectively. Theinteractive
meshdeformationsareachievedfor thecontrolmeshes,see(g) and(h) of Table6.1.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure6.28: An exampleof variationalskeleton-drivendeformationframework. (a): Ellipsoid,
its skeletalmesh,andcontrolstick-�gure skeletons.(c): Theskeletalmeshis editedby usinga
spacedeformation[MTLT88,LCJ94]accordingto changeof thestick-�gure skeletonsdescribed
in (b). (d): Our deformationresultvia (6.11). (e): Our evolution resultvia (6.15).Theresulting
evolution eliminatesself-intersectionsbut also restoresthe original shapethicknessasshown
in (f). Herea medialball is representedby the largesphere,andthesmall spherecorresponds
its centeron the skeletal mesh. Seealso (h) and (i) which are zoom imagesof (d) and (e),
respectively. (g): A deformationresultvia only usinga spacedeformation[MTLT88,LCJ94]
with thestick-�gure skeletonsof (b).
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(a) (b) (c)

(d) (e) (f)

Figure6.29: Comparisonwith conventionalskeleton-driven deformations.Here f is given by
theequation(6.13),andsummation

P
is carriedoutoverall meshvertices.(a): Ellipsoidandits

skeletalmesh,V: 9.8K, F: 19.6K.(b): Editedskeletalmesh.(c): SSD[MTLT88,LCJ94],time:
2.3s,

P
f 2: 20:2. (d): Homotopy method[YBS03] (Section6.3)without DSS,time: 2.7s,

P
f 2:

19:6. (e): Weightedblending[Blo02], time: 14.8s,
P

f 2: 11:8. (f): Our variationalskeleton-
driven deformationmethodwithout DSS,time 2.9s,

P
f 2: 3:8. By usingour evolution (6.15)P

f 2 becomes0:2.

Themultiresolutionmeshrepresentationdescribedin Section6.4signi�cantly improvesthe
computationaltime of our approach. For example,deformingArmadillo (V:173K, F:346K)
without the DSS requiresthe following timings: (b):356s, (f):321s, (g):94s, (h):423s,and
(i):279swherealphabetsareexplainedin thecaptionof Table6.1.

Comparison. We have implemented the conventional skeleton-driven deformations:
weightedblending[Blo02] andhomotopy method[YBS03] (Section6.3) to comparewith our
approach.Our implementationof weightedblending[Blo02] is summingup the local frame
changeswithin its medialball radiusinsteadof all local frames.Thehomotopy methodsu� ers
from fold-oversespeciallytwisting,seeFigure6.29.Ourapproachoutperforms[Blo02,YBS03]
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in termsof thebothspeedandquality.
Besidesthe conventionaldeformationmethodsbasedon discretedi� erentialcoordinates

which include the most recentones[LSCOL05, ZRKS05, ZHS+05] do not have the skin-
ning ability. The original shapethicknessis not preserved during their deformations. We
believe that the shapethicknessis a natural and intuitive measurementthan local volumes
[BK03b,ZHS+05,BPGK06]or globalvolume[ACWK04,vFTS06]becausevolume-preserving
shapedeformationsincludelargeshearinge� ectsin < 3 whichmaynotproducenatural-looking
meshdeformationsasindicatedin [SCOL+04].

Discussion. Our approachdependson the skeletalmeshS. Consequently, if a part of S is
degeneratedto aspacecurveor apoint (e.g.whenM belongsto Dupin'scyclides)thenwemay
needanotherde�nition of local framesB0 andBd for thedegeneratedpart. A possiblesolution
wouldbethataframeaxisde�nedfrom adegeneratedpointto aneighborskeletalvertex position
is employedto constructtheframe.

Thegraph-LaplacianL0 de�ned by theequation(6.10)doesnot containtheangleinforma-
tion \ sixix j or \ sixixk. Furtherwork is requiredfor deeperunderstandingof discretizatione� ects
of L0.

Ourself-intersectionfairing (6.15)doesnotwork appropriatelyif M d intersectsSd because
r F(U) maybeorientedto anoppositedirectionof our desiredgradientdirectionin suchcases.
Adding smoothingcomponentsto thefairing (6.15)astheself-intersectionfairing describedin
Section6.3.2wouldhelpsuchcases.

6.6 Summar y of Free-Form Skeleton-driven Deformations

We have developednew approachesto free-fromskeleton-basedmeshdeformations.Usingthe
medialaxisasthebaseof our techniqueallows usto generatenatural-lookinglarge-scalemesh
deformationsby preservingtheoriginal shapethickness.Themain featuresof our approaches
areusingVoronoi-basedskeletalmesh,applyingmeshevolutionsfor skeletalmeshfairing,and
combiningskeleton-basedmeshdeformationswith thediscretedi� erentialcoordinatesandthe
DSSmeshrepresentation.All this makesit possibleto produceglobal meshdeformationsof
satisfactoryquality.

As demonstrated,our skeleton-basedapproachworkswell for deformingobjectscomposed
of elongatedparts. Theapproachhaslimitations in processingobjectsof spherical-like shapes
becausetheir skeletalmeshesareusuallyvery complex. Anotherlimitation of our methodcon-
sistsin deformingmodelswith sharpedgesandcornerssincethemeshevolutions(6.5)and(6.6)
may destroy the meshsharpfeatures. However the shapepreservingmeshevolutions (6.14)
provideussatisfactoryresultsasdemonstratedin theprevioussections.

We have successfullyachievedto integrateadvantagesof skeleton-drivendeformationsand
discretedi� erentialcoordinates.Preservingtheoriginal shapethicknessand�ne geometricde-
tailsallowsusto generatenatural-lookingcomplex meshdeformations.

One of promisingfuture work would be applying discretedi� erentialcoordinatesto the
skeletalmesheditingphaseby usingasingle-sidedskeletalmesh.
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Figure6.30:Deformationexamples.Theinitial modelsarerepresentedin Figure6.31.
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Figure6.31: Initial meshes,its coarseskeletalmeshes,andstick-�gure skeletons.
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Figure6.32:Armadillo's gymnastics.Initial mesh,its coarseskeletalmesh,andthestick-�gure
skeletonarerepresentedin theimage(a)of Figure6.4.
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Figure6.33:Thicknessvisualizationof ourdeformations.Top-left: originalStanfordArmadillo
modelconsistingof 332K triangles.Top-right: thecontrolmeshapproximatesthemedialaxis
with its associateddistance�eld. Middle/Bottom-left: di� erentlarge-scaledeformationsgener-
atedusingourmethod.Middle/Bottom-right:modi�ed controlmesheswith theirassociateddis-
tance�elds. Generatingthesedeformationsis ratherfast:it takesonly 0.3secondsfor deforming
thecoarsecontrolmesh(5.2K triangles)and3.8 secondsfor a multiresolutionalreconstruction
of thedeformeddensemesh.



7

Conc lusion

In this thesis,new approachesfor surfaceinterrogating, fairing, anddesigningaredeveloped.
The approachesarebasedon computationaldi� erentialgeometry. They are�rst designedfor
processingsmoothcontinuoussurfacesandthenadaptedfor dealingwith triangulatedpolygonal
surfaces. This our strategy to start from di� erentialgeometryconceptsandthendevelop and
usetheir properdiscreteanalogsturnedout to be quite successfulandled us to the following
contributionsin thegeometricmodelingarea.

A new andpowerfulmesh/soupdenoisingtechniqueis describedin Chapter2. Ourtechnique
is basedonsimilarity-weightedaveraging,therefore,highqualitydenoisingresultsareachieved
by preservingfeatures(local shapepatterns).A new schemefor comparingdi� erentmesh/soup
denoisingmethodsis alsosuggested.

In Chapter3, a novel meshfairingandrestorationschemeis presented.Ourschemeis build
upona discreteapproximationof Willmore �o w. A tangentspeedcomponentis introducedto
thediscreteWillmore �o w in orderto improve thequality of theevolving meshandto increase
computationalstability.

A new techniquefor fast and robust detectionof salientcurvatureextremaon meshesis
proposedin Chapter4. Our techniqueconsistsof a novel local polynomial�tting procedure,a
new curvaturederivativesformula, anda smartthresholdingscheme.Applicationsto feature-
sensitivemeshsimpli�cation andpartitionproblemsarealsodemonstrated.

In Chapter5, a powerful moving meshapproachis describedto a meshparameterization
problem.Ourapproachequalizeslocalstretchesoverameshby solvinga few sparsesystemsof
linearequations.Consequently, our methodis signi�cantly fasterthantheconventionalmethod
andcapableof achieving high quality meshparameterizations.Moreover the generatedmesh
parameterizationsdonothavebothhighanisotropicdistortionsandtriangle�ips. Applicationto
a remeshingproblemis alsoconsideredby usinganew doubleparameterizationscheme.

A powerful approachfor feature-preservingfree-form shapedeformationsis proposedin
Chapter6. Our approachcangeneratenatural-lookinglarge-scaledeformationsby preserving
original shapethickness.Meshfairing proceduresfor removing possibleglobalandlocal self-
intersectionsarealsodeveloped.Finally, we combineour skeleton-drivendeformationmethod
with thevariationalapproachandmultiresolutionrepresentation.

In spite of good performanceof the developedmethodsand approaches,thereare many
directionsfor their furtherimprovements.Thefollowing futurework directionslook promising.

For meshdenoising,introducinga new similarity measurementby usingFourier transform
of themesheswouldbeaninterestingandchallengingtopic for futureresearch.

Incorporatingmulti-scaleandmultiresolutionanalysisfor ourcrestline detectionprocedure
maydecreasefragmentationof detectedfeaturelines.

In this thesis,we consideredplanarmeshparameterizations.Extendingour moving mesh
approachto theconformalgradient�eld of [GY03, TACSD06]maycontributeto generatelow-
stretchnon-planarmeshparameterizations.

Applying discretedi� erential coordinatesfor editing skeletal meshesmay improve our
skeleton-drivendeformationframework.
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Summary

In this thesis,new approachesfor surfaceinterrogating, fairing, anddesigningaredeveloped.
The approachesarebasedon computationaldi� erentialgeometry. They are�rst designedfor
processingsmoothcontinuoussurfacesandthenadaptedfor dealingwith triangulatedpolygonal
surfaces. This our strategy to start from di� erentialgeometryconceptsandthendevelop and
usetheir properdiscreteanalogsturnedout to be quite successfulandled us to the following
contributionsin thegeometricmodelingarea.

A new and powerful mesh/soup denoisingtechniqueis describedin Chapter2. Our
techniqueis basedon similarity-weightedaveraging, therefore,high quality denoisingre-
sults are achieved by preservingfeatures(local shapepatterns). The basicidea of our tech-
niqueis inspiredby the recentNL-meansimage�ltering approachproposedby Buadeset al.
[BCM05a, BCM05b, BCM06]. We have extendedthe NL-meansconceptto the 3D meshes
andtrianglesoupsapproximatingpiecewise smoothsurfaces.The extensionis far from being
straightforward,sincetheoriginalNL-meansapproachreliesheavily ontheimagestructurereg-
ularity. We think we have found a simpleandelegant solution to the problemby employing
local RBF approximationsin orderto estimatesimilaritiesfor irregulardata.A new schemefor
comparingdi� erentmesh/soupdenoisingmethodsis alsosuggested.

In Chapter3, a novel meshfairingandrestorationschemeis presented.Ourschemeis build
uponadiscreteapproximationof Willmore �o w. A tangentspeedcomponentis introducedto the
discreteWillmore �o w in orderto improvethequalityof theevolving meshandto increasecom-
putationalstability. Contributionsof our work includecombiningthemeshevolution approach
with meshre�nement.

A new techniquefor fast and robust detectionof salientcurvatureextremaon meshesis
proposedin Chapter4. Our techniqueconsistsof a novel local polynomial�tting procedure,a
new curvaturederivativesformula, anda smartthresholdingscheme.The resultsof our crest
line detectionproceduredependonly slightly on thequalityof themesh.Ourmethodis fastand
capableof achieving high quality resultsin detectingsalientcurvatureextremato comparewith
schemesbasedon global �tting procedures.Our thresholdingschemefor removing unessential
crestlines is basedon interestingrelationshipsbetweenDupin cyclides, focal sets,curvature
extrema,andvariationalfunctionals.We usecyclidenessasthemain ingredientof our �ltering
schemeandmeasurethestrengthof crestlinesby a scale-independentquantity. Applicationsto
feature-sensitivemeshsimpli�cation andpartitionproblemsarealsodemonstrated.

In Chapter5, a powerful moving meshapproachis describedto a meshparameterization
problem. Given a trianglemesh,we �rst constructan initial meshparameterizationas map-
ping andthenimprove the parameterizationgradually: at eachimprovementstepwe optimize
theparameterizationgeneratedat thepreviousstep. Theoptimizationis achievedby minimiz-
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ing a weightedquadraticenergy with positive weightschosento minimizetheparameterization
stretch.Our approachequalizeslocal stretchesover a meshby solvinga few sparsesystemsof
linearequations.Consequently, our methodis signi�cantly fasterthantheconventionalmethod
[SSGH01,SGSH02] andcapableof achieving high quality meshparameterizations.Moreover
thegeneratedmeshparameterizationsdo not have bothhigh anisotropicdistortionsandtriangle
�ips. Applicationto a remeshingproblemis alsoconsideredby usinga new doubleparameteri-
zationscheme.

A powerful approachfor feature-preservingfree-form shapedeformationsis proposedin
Chapter6. First a skeletalmesh,a Voronoi-basedapproximationof themedialaxis,is extracted
from a given mesh. Next the skeletal meshis modi�ed by free-form deformations. Then a
desiredglobal shapedeformationis obtainedby reconstructingtheshapecorrespondingto the
deformedskeletalmesh.Theuseof themedialaxispreventstheso-calledcollapsingjoint defects
whicharethicknesschanginge� ectswherealargebendingor twistingdeformationis appliedvia
conventionalspacedeformations.Thus,our approachcangeneratenatural-lookinglarge-scale
deformationsby preservingoriginal shapethickness. Mesh fairing proceduresfor removing
possibleglobalandlocalself-intersectionsarealsodeveloped.Finally, wecombineourskeleton-
driven deformationmethodwith the variationalapproachand multiresolutionrepresentation.
Combiningour approachwith themultiresolutionrepresentationreducesexcessive complexity
of the skeletal meshand acceleratesthe deformationprocess. Also the useof a variational
techniqueimprovestabilityandquality for thedeformationprocess.



Zusammenfassung

In dieserDissertationwerdenneueAnsätzefür Abfrage,GlättenundKonstruktionvon Flächen
entwickelt. Die Ansätze basierenauf rechnergesẗutzter Di� erentialgeometrie. Sie werden
zun̈achstfür die Bearbeitungglatter, stetigerFlächenentwickelt und dannangepaßt,um auf
triangulierte,polygonaleFlächenanwendbarzusein.DieseunsereStrategie,vondi� erentialge-
ometrischenKonzeptenausgehendgeeignetediskreteEntsprechungenzuentwickeln,stelltesich
alssehrerfolgreichherausundführteunszu folgendenBeiträgenim Bereichdergeometrischen
Modellierung.

Eineneue,leistungsf̈ahigeTechnikzumEntfernenvon Rauschenin Dreiecksnetzenwird in
Kapitel 2 beschrieben.UnsereTechnik basiertauf einer nach Ähnlichkeit gewichtetenMit-
telung, folglich werdenhochwertigeResultatebeim Entfernenvon Rauschendurch dasBe-
wahrenvonFlächencharakteristika(lokaleForm-Muster)erzielt.DieGrundideeunsererTechnik
ist durchdenneuen”NL-means”-AnsatzzumFiltern von Bildern inspiriert,die von Buadeset
al. [BCM05a, BCM05b,BCM06] vorgeschlagenwurde. Wir habendas”NL-means”-Konzept
auf 3D-Dreiecksnetzemit undohneKonnektivität erweitert,die stückweiseglatteOber�ächen
approximieren.Die Erweiterungist allesanderealseinfach,daderurspr̈ungliche”NL-means”-
AnsatzstarkaufderRegulariẗatderBildstrukturberuht.Wir denken,eineeinfacheundelegante
Lösungfür dasProblemgefundenzu haben,indemwir lokaleRBF-Näherungeneinsetzen,um
Ähnlichkeitenfür unregelmäßigeDatenabzuscḧatzen. Ein neuesSchemafür dasVergleichen
unterschiedlicherDreiecksnetz-Gl̈attungsmethodenwird vorgeschlagen.

In Kapitel 3 wird ein neuesSchemazur Erzeugungund Rekonstruktionvon ästhetischen
Dreiecksnetzenvorgestellt.UnserMethodebasiertauf einerdiskretenNäherungdesWillmore-
Flusses. Eine Tangentialgeschwindigkeitskomponentewird im diskreten Willmore-Fluss
eingef̈uhrt, um die Qualiẗat desentstehendenDreiecksnetzeszu verbessernund die Berech-
nungsstabiliẗat zu erhöhen. EinerderBeiträgeunsererArbeit ist dasVerknüpfendesdiskreten
Willmore-Flussesmit derVerfeinerungvonDreiecksnetzen.

EineneueTechnikfür schnellesundrobustesErkennenvonau� älligenKrümmungsextrema
und Kammlinien auf Dreiecksnetzenwird in Kapitel 4 vorgeschlagen. Unsere Technik
bestehtaus einem neuenVerfahrenzur lokalen Anpassungvon Polynomen,einem elegan-
ten Schwellwert-Schemaund einer einfachen,neuenFormel für das Berechnenvon Rich-
tungsableitungenvon Krümmung. Die ResultateunseresVerfahrenshängennur geringf̈ugig
von der Qualiẗat des Dreiecksnetzesab. UnsereMethode ist schnell und kann qualitativ
hochwertigeErgebnissebeimErkennenau� älligerKrümmungsextremaerzielen,verglichenmit
globalenMethoden. Unser Schwellwert-Schemafür das EntfernenunwesentlicherKamm-
linien basiertauf interessantenBeziehungenzwischen”Dupin's cyclides”, Brennpunktmen-
gen, Krümmungsextremaund Variationsfunktionalen.Wir verwenden”cyclideness”als den
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HauptbestandteilunseresSchwellwert-Schemasund messendie Stärke der Kammliniendurch
größenunabḧangigeMaße. Anwendungenauf Dreiecksnetzvereinfachungund -segmentierung
unterBerücksichtigungvonFlächencharakteristikawerdenauchdemonstriert.

In Kapitel 5, wird eine leistungsf̈ahige ”moving mesh”-Methode zu einem
Parametrisierungsproblemvon Dreiecksnetzenbeschrieben. Gegeben ein Dreiecksnetz,
konstruierenwir zuerst eine Ausgangs-Parametrisierungals Abbildung eines Dreiecksnet-
zes. Dann verbessernwir die Parametrisierungschrittweise. In jedemVerbesserungsschritt
optimierenwir die Parametrisierung,die im vorhergehendenSchritt erzeugtwurde. Die Opti-
mierungwird erzielt, indemmanein gewichtetes,quadratischesEnergiefunktionalminimiert.
DabeiwerdenpositiveGewichtesogewählt,dassdieStreckungderParametrisierungminimiert
wird. UnsereMethodeverteilt lokale Streckunggleichm̈aßig über ein Dreiecksnetz,indem
wenige dünnbesetztelineare Gleichungssystemegelöst werden. Infolgedessenist unsere
MethodeerheblichschnelleralsherkömmlicheMethoden[SSGH01,SGSH02] undkannqual-
itativ hochwertigeDreiecksnetz-Parametrisierungenerzielen. Weiterhin habendie erzeugten
Dreiecksnetz-ParametrisierungenwederhoheanisotropeVerzerrungennochÜberschneidungen
von Dreiecken. Die Anwendungauf ein Neuvernetzungsproblemwird auchbetrachtet,indem
maneineneueTechnikbenutzt,dieaufdemVerwendenvonzweiParametrisierungenbasiert.

Eine leistungsf̈aehiger Ansatz für Freiform-Deformationenunter Beibehaltung von
Flächencharakteristikawird in Kapitel 6 vorgeschlagen.Zuerstwird ein Skelett-Dreiecksnetz,
eineVoronoi-basierteAnnäherungdermedialenAchse,von einemgegebenenDreiecksnetzex-
trahiert. Als nächsteswird dasSkelett-DreiecksnetzdurchFreiform-Deformationenverändert.
Dannwird einegewünschteglobaleDeformationerreicht,indemdie Form,die demverformten
Skelett-Dreiecksnetzentspricht,rekonstruiertwird. Der Gebrauchder medialenAchsever-
hindertsogenanntekollabierendeGelenk-Defekte,welchesE� ektedurch Änderungender ur-
spr̈unglichenDickedesKörperssind,dieauftreten,wenneinegroßeBiegungoderDrehungmit
herk̈ommlicheRaumdeformationendurchgef̈uhrtwird. SomitkannunserAnsatznaẗurlich wirk-
ende,großmaßsẗablicheDeformationenvon Dreiecksnetzenerzeugen,indemdie urspr̈ungliche
DickedesKörpersbewahrtwird. AußerdemwerdenneueTechnikenzumGlättenvonmöglichen
globalenund lokalen Selbst-̈Uberschneidungenentwickelt. Schließlichkombinierenwir un-
sereSkelett-kontrollierteDeformationsmethodemit Au� ösungs-HierarchienundVariationsver-
fahren.DasKombinierenunseresAnsatzesmit denAu� ösungs-HierarchienverringertdieKom-
plexität desSkelett-DreiecksnetzesaußerordentlichundbeschleunigtdenDeformationsprozeß.
FernerverbessertderGebraucheinerVariationstechnikStabilitätundQualiẗatdesDeformation-
sprozeßes.


