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Abstract

This thesispresentsa setof new meshprocessingnethodswhich arebasedon computational
di erentialgeometrytechniques.The underlyingideaof the methodsconsistsof usingproper
discreteapproximationf di erentialsurfaceproperties.The methodsdevelopedin the thesis
contrikute to the areasof cunaturefeaturedetection meshparameterizatiorfair meshgener
ation, meshdenoising,andfree-formand variationalmeshdeformations.Comparison®f the
developedmethodswith several state-of-the-artechniquesndalgorithmsaredone. Theresults
of numerousumericalexperimentglemonstratgigni cant advantage®f theproposednethods
over corventionaltechniquesApplicationsof the methodsarediscusse@nddemonstrated.
Themaincontributionsof thethesisareasfollows:

Similarity-based Mesh Denoising A new, powerful, and high quality feature preserving
meskisoup denoisingtechniqueand a new schemefor comparingdi erentmeshsoup
smoothingmethodsare proposed. The techniqueis basedon a similarity-weightedav-
eragingprocedureanda new androbustsimilarity measuringscheme.

Fair Mesh Generationvia Elastica. A new numericalschemefor generatingfair meshess
developed. Applicationsto shaperestorationare considered.The schemes build upon
a discreteapproximationof Willmore ow. A tangentspeedcomponents introducedto
the discreteWillmore o w in orderto improve the quality of the evolving meshandto
increasecomputationastability.

Fastand Robust Detectionof Feature Lines on Meshes. A new, fast,androbustcrestline de-
tection methodis developed. Applicationsto feature-adaptie meshsimpli cation and
segmentatiorareconsideredA novel thresholdingschemeanda simplenew formulafor
computingdirectionalcunvaturederiativesarealsointroduced.

FastLow-Stretch Mesh Parameterization. A new, fast, simple, and valid low-stretchmesh
parameterizatioschemeandits applicationfor e cientremeshingreproposedy using
a moving meshapproach.The schemds basedon a weightedquasi-conformaparame-
terizationwhich equalizeghe local stretchdistribution. Particularly the schemedoesnot
generataegionsof undesirabldigh anisotropicstretch.

Free-Form Skeleton-driven Mesh Deformations. A new andpowerful approachor generat-
ing natural-lookinglarge-scaleneshdeformationds proposed.An interestingfeatureof
theapproactconsistof preservingoriginal shapehickness New self-intersectioriairing
schemesrealsodeveloped.Multiresolutionalandvariationalextensionsof theapproach
areconsidered.



Kurzzusammenfassung

DieseDissertationstellt neueBearbeitungsmethoddiir Dreiecksnetzevor, die auf Technilen
derrechnegestitztenDi erentialgeometridasieren.Die zugrundeligendeldee dieserMeth-
odenist, geeignetediskreteNaherungerfur analytischeFlacheneigenschafteru verwenden.
Die Methoden,die in dieserDissertationentwickelt werden,stelleneinenBeitrag zu folgen-
denGebieterdar: Erkennungvon Flachencharakteristik®arametrisierungon Dreiecksnetzen,
Erzeugungvon asthetischerreiecksnetzenEntfernenvon Rauscherin Dreiecksnetzemund
Deformationvon Dreiecksnetzenmir freie Gestaltungmit VariationsmethodenVerleicheder
entwickeltenMethodemmit aktuellenTechnilenund AlgorithmenwerdenangestelltDie Ergeb-
nissederzahlreichemumerischerxperimentezeigeneinehohel eistungdervorgeschlagenen
Methoden Anwendungerder Methodenwverdenbesprochemnindvorgefihrt. Die Hauptbeitage
derDissertatiorsindfolgende:

Ahnlichk eitsbasiertesEntfernen von Rauschenin Dreiecksnetzen.

Eine neue, leistungsihige Technik zum Entfernen von Rauschenin Dreiecks-
netzen mit und ohne Konnektvitat mit qualitatv hochwertiger Bewahrung von

Flachencharakteristikand ein neuesSchemafiur das Vemleichen unterschiedlicher
Dreiecksnetz-Glttungsmethodewerdenvorgeschlagen.Die Technik basiertauf einer

nachAhnlichkeit gewichtetenMittelung und einemneuerundrobustenSchemazur Mes-

sungvon Ahnlichkeit.

Erzeugungvon asthetischerDreiecksnetzemit Elastica.

Ein neues, numerischesSchemafiur das ErzeugenasthetischerDreiecksnetzewird
entwiclelt.  Anwendungenzur Gestalt-Reknstruktion werden betrachtet. Das
Schemagriindet auf einer diskretenNaherungdes Willmore-Flusses. Eine Tangen-
tialgeschwindigkitskomponentewird im diskretenWillmore-Flusseingetihrt, um die
Qualitat desentstehendebreiecksnetzezgu verbessermnd die Berechnungsstabilit zu
erhbhen.

Schnellesund robustesErk ennenvon charakteristischenLinien auf Dreiecksnetzen.

Eine neue, schnelleund robuste Methode zum Erkennenvon Kammlinien wird ent-
wickelt.  Anwendungenauf Dreiecksnetzgreinfachung und -segmentierungunter
Bericksichtigungvon Flachencharakteristikaerdenbetrachtet Ein neuesSchwellvert-
SchemaundeineeinfacheneueFormelfir dasBerechnervon Richtungsableitungevon
Krimmungwerdenaucheingefihrt.

SchnelleParametrisierung mit geringer Streckungvon Dreiecksnetzen.

Ein neues,schnelleseinfachesund giltiges Schemazur Parametrisierungnit geringer



Streckungvon Dreiecksnetzemind seineAnwendungfiir e zientesNeuwernetzenwver-

denvorgeschlagenindem man eine’moving mesh”Methodeverwendet.Die Methode
basiertauf einer gewichtetenquasi-lonformenParametrisierunggdie die lokale Streck-
unggleichmaBigverteilt. Insbesondererzeugtdie MethodekeineRegionenunerwinscht
hoheranisotropefStreckung.

Freiform, Skelett-kontrollierte Deformation von Dreiecksnetzen.
Eine neuerund leistungséhiger Ansatz fir das Erzeugennaiirlich wirkender grof3-
malf3sablicherDeformationenvon Dreiecksnetzemird vorgeschlagenEine interessante
EigenschaftiesAnsatzesst dasBewahrenderurspiinglichenDicke desK drpers.Aul3er
demwerdenneueTechnilen zum Glattenvon SelbstUberschneidungeantwiclelt. Er-
weiterungenum Au 6sungs-Hierarchiennd Variationserfahrendes Ansatzeswerden
betrachtet.
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Intr oduction

We are witnessingan explosionin the useof digital multi-media: sound,image, video, and
digital 3D geometry Rapidadvancesn 3D shapeacquisitiontechnologiesreforcing fastand
impressve developmentof Digital GeometryProcessingSS01, a nen researchareawhose
goalis to build nev mathematicahndcomputationatoolsneededor e cientprocessingf 3D
geometryinformation.

Modernsurfacedigitizing devicescanyield millions of 3D point locationsdistributedover
the surfaceof an objectbeingdigitized. Usually the collectedpoints are then corvertedinto
a densetriangle mesh,a digital surfacerepresentatiororvenientfor further shapeprocessing
stagesncluding smoothing,interrocating, editing, parameterizingremeshingdecimating, t-
ting with curvedsurfacepatchesetc.

In this thesis, we deal with piecavise-smoothsurfacesapproximatedoy densetriangle
meshesand develop new theoreticaland computationaktools for meshinterrogating, fairing,
andediting. Extensve useof di erentialgeometricconceptss a commondenominatoiwof the
presenteaneshprocessingechniques.The proposedmethodsare rst designedor processing
smoothsurfacesandthenadaptedor dealingwith densemeshes.

The mainresultsdescribedn this thesisare presentedn the works of the author[YB02,
YBS02 YBS03 YBS04, YBSO05b, YBS053 YBS06h YBS06¢ YBS064. The organization
andmaincontritutionsof thethesisareasfollows.

Chapter 2. Similarity-based meshdenoising A new similarity-basedneshdenoisingnethod
developedin [YBS06b]is described.

Chapter 3. Fair meshgenerationvia elastica. A novel meshfairing and restorationscheme
[YBO2] build uponthe classicaMillmore o w is presented.

Chapter 4. Fastand robust detectionof feature lines on meshes.A new techniquefor fast
androbustdetectiorof salientcurvatureextremaon surfacesapproximatedy denserian-
gle meshegYBSO05a]is discussed Applicationsto feature-sensitie meshsimpli cation
andseggmentatiomproblemsareconsidered.

Chapter 5. Fastlow-stretch meshparameterization. A moving mesh approachadaptedto
meshparameterizatioandremeshingoroblemg YBS04, YBS05H is presentecdnddis-
cussed.

Chapter 6. Free-from skeleton-driven meshdeformations. A powerful approacHor feature-
preservingfree-form shapedeformations[YBS02, YBS03 YBS06¢ YBS064 is de-
scribed.
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1.1 Similarity-based Mesh Denoising 3

As demonstratedh Fig.1.1, all thesetopicsare closely connectedvith eachotherwithin
variousdigital shapeprocessingipelines.

In therestof this chapterwe provide thereademith shortdescriptionof eachof theabove-
mentionedhesiscontrikutions.

1.1 Similarity-based Mesh Denoising

Real-world signalsdo not exist without noise. While recentdevelopmentsof digital recording
andscanningechnologiesllows usto generateligital datawith arelatively highsignal-to-noise
ratio, denoisingdigital imagesandtheir 3D geometrycounterpartspolygonalmeshesandpoint
clouds,remainsto be an actve andimportantareaof research A commonapproactio digital
signaldenoisingconsistof usinglinearandnonlineardi usioriconvolution processedn signal
andimageprocessingdenoisingtechniquesreusuallybasedon a Fourierbasedanalysisand,
hence arenicely adaptedor processingsignalswith regular structure.ln geometricmodeling,
we usuallydealwith irregulardataand,therefore straightforvardadaptioranduseof signaland
imageprocessinglenoisngtechniquess not possible. A typical approachto meshsmoothing
is basedon di usion-like meshevolutions[Tau95,DMSB99, HP04] and canbe reformulated
in termsof weightedaveragingof meshvertex positions. Similar to the PDE!-basedstratey
in adaptve imagesmoothing[PM90, Wei98] whereweightsdependon theimagegradient,the
weightsin meshsmoothingschemeshouldre ect variationsof meshnormal eld in orderto
achiere anedge-preserving ect.

Figure 1.2: Denoisingvia similarity-weightedaveraging. Left: an input noisy scannednesh
coloredby meancurvature. Center: coloring by similarity. A meshvertex is chosenat the
left cornerof theright eye of the original mesh. The meshis coloredaccordingto a similarity
with the shapeof the modelat the chosenvertex. The similarity increasegrom white to blue.
The verticeswith highersimilarity valueshave a strongercontrikution to the new (smoothed)
positionof the chosernvertex. Right: the meshis smootheday our similarity-baseddenoising
methodcoloredby meancurvature.

In Chapter2, we follow [YBS06H anddescribea new andpowerful shapedenoisingtech-
nique for processingsurfacesapproximatedby triangle meshesand soups. Our approachis
inspiredby a recentnon-localimagedenoisingschemeproposedoy Buades,Coll, and Morel
[BCMO5a] and naturally extendsbilateral meshsmoothingmethods[FDCOO03,JDDO03]. The
main ideabehindthe approachs very simple. A new positionof vertex P of a noisy meshis
obtainedas a weightedmeanof meshverticesQ with nonlinearweightsre ecting a similarity

Partial Di erentialEquation



1.2 Fair Mesh Generation via Elastica 4

betweenocal neighborhood®f P andQ. The useof similarity weightssuppressesmoothing
e ectover local patternsconsistingof the neighborhood®f P andQ (pattern-preserving)We
demonstrat¢hat our techniqueoutperformsecentstate-of-the-arsmoothingmethodsn terms
of quality. Also, a new schemedor comparingdi erentmeshsoupdenoisingmethodsis sug-
gestedFigurel.2illustratesour similarity-basedneshdenoisingmethod.

1.2 Fair Mesh Generation via Elastica

Surfacefairing, generatingree-formsurfacessatisfyingaestheticequirementsis importantfor
mary computergraphicsand geometricmodelingapplications. A commonapproachfor fair
surfacedesignconsistsof minimizationof a fairnessmeasurevhich penalizedarge curvature
valuesand curvatureoscillations. The aestheticsurfacesare usually modeledby solutionsof
geometricPDEswhich arederived from minimizing the fairnessmeasurese.g. the membrane
(squaredsurfacegradient) surfacebending(squaredchormalcurvature),andminimumvariation
curvature(squaredyradientcunvature)enegies.

Variationalapproachesave beenbecamepopularin geometricmodelingsince90's (see
referencesn [Yos0]) becausef developingfastcomputersandrobustnumericalmethodsfor
PDEsolving. Theso-callecelasticasurface[HKS92] is anaturalextensionof the Euler's elastica
curve [Eul44] wherethe correspondindairnessmeasurds the surfacebendingenegy. The
correspondingurfaceevolutionwhosespeeds choserto minimizethebendingenegy is theso-
calledWillmore o w [BSO05]. Thelinearizationsf thebendingenegy suchasthin platesplines
andbiharmonicradial basisfunctionsare often appliedin CAGD (ComputerAided Geometric
Design)[Far03 andscatteredlatainterpolationdBN92, CBC* 01].

Surfaceevolution techniqueshave beenappliedfor fair shapemodeling[YB02, XPBO06],
imageprocessingWeio8], smoothing[ Tau95,DMSB99, HP04], uid mechanicandgrid gen-
eration[Set96,Lis04], featureextractionandrecognitionof shapeandimage[Set96],andmary
otherapplications.In Chapter3, we follow [YB02] anddescribea numericalapproactfor fair
surfacemodelingvia geometricsurfaceevolutionsof trianglemeshesChoserthespeedunction
of theevolution properlyminimizing the surfacebendingenengy, theevolving surfacecorverges
to adesiredshape:adiscreteelastica.A tangentspeedcomponents introducedto improve the
quality of the evolving meshandto increasecomputationaktability. Figure1.3illustrateshow
our methodcanbe usedin variousgeometriaonodelingapplications.

(b) (d)

Figurel1.3: Generatindgair trianglemeshewwith discreteelastica.(a): An initial meshoutlined
acompl tubular object. (b): A discreteelasticasurface(mesh)obtainedfrom theinitial mesh.
(c): The Stanfordounny modelwith alargepartof the meshremovedandthentriangulated(d):
Themodi ed partof thebunry is restoredasa discreteelastica.Coloringby the meancunature
is employedto demonstrata high quality of the generatedneshes.
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1.3 Fast and Robust Detection of Feature Lines on Meshes

Surfacecreasesgurveson a surfacealongwhich the surfacebendssharply areimportantshape
descriptors.They canbe intuitively de ned asloci of sharpvariationpointsof the surfacenor-
mals. Mathematicallythe surfacecreasesanbe describedvia extremaof the surfaceprinci-
pal curvaturesalongtheir correspondindines of curvature. Varioussubsetf suchcurvature
extremahave beenthoroughlystudiedin connectionwith researcton classicaldi erentialge-
ometry and singularity theory [Koe90,Por0], quality control of free-form surfaces[Hos93,
facepatternanalysigHGY *99], andmary otherareasof engineeringgeographicalgeological,
medical,andcomputersciences.SeerecentpaperdOBS04,YBS053 HPW09] andChapterd
of thisthesisfor moreor lessextensve literaturesuneys.

Practicalextractionof curvatureextremais adi cult computationataskbecausdt requires
a good estimationof high-ordersurfacederiatives. In Chapter4, we follow [YBS054 and
describean accurateande cient methodfor detectingsalientcurvature extremaon surfaces
approximatedy densdrianglemeshesOur approactcombinesa local polynomial tting pro-
cedurewith anew thresholdingschemeandallows usto achiese afastandaccurataletectionof
cunatureextremalineson modelswith complex geometry

We are mainly interestedn detectingridge-\alley structureson surfacesand demonstrate
the power of our approachoy dealingwith the so-calledcrestlines, probablythe mostsalient
line featureson a smoothsurface. The crestlines canbe consideredisa naturalgeneralization
of imageedgesto surfacesand are de ned asthe loci of points wherethe magnitudeof the
largest(in absolutevalue)principalcunatureattainsa maximumalongits correspondindjne of
cunature[MBF92]. Thus,providedwith a surfaceorientation,we distinguishthe corvex crest
lines(ridges)andconcae ones(valleys).

Figure 1.4: (a): The crestlines detectedno ltering is applied. (b) Our novel thresholding
schemeallows usto keepthe mostsalientridgesandvalleys while eliminatinglesssigni cant

crestlines and spuriouslines resultingfrom noise. (c) Our feature-sensite meshdecimation
procedurekeepsa higher meshdensitynearthe mostimportantcrestlines. (d) Our feature-
sensitve meshsggmentatiorschemdakesinto accountsalientridgesandvalleys.

Figurel.4 demonstratesypical resultsobtainedusingour approach.The left imagesshov
the crestlines (the ridgesandvalleys are coloredin blue andred, respectiely) detectedon a
detailmeshapproximatinga surfacewith complex geometry Notice how well the mostsalient
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ridgesandvalleys are detected.The right imagesillustrate how the ridgesandvalleys canbe
usedfor featuresensitve meshsimpli cation andsegmentation.

1.4 Fast Low-Stretc h Mesh Parameterization

A surface parameterizatioprocessconsistsof a surface decompositiorinto a setof patches
and establishingone-to-onemappingshetweenhe patchesandreferencedomains. Numerous
applicationsof surfaceparameterizatioim computergraphicsandgeometricmodelinginclude
texturemapping,shapemorphing[Ale02], surfacereconstructiorandrepairinglAUGAOQ5], and
grid generatioriLis04].

We dealwith a planarparameterizatiofor a trianglemeshapproximatinga smoothsurface,
abijective mappingbetweerthe meshandatriangulationof a planarpolygon. An excellentsur
vey of recentadvancedn meshparameterizatiois givenin [FHO04], seealsoreferencesherein.
While variousalgorithmsare developedfor meshparameterizatiompproachedasedon solid
mathematicalheorieqe.g.,conformalmappings)e ective computationakchemegor generat-
ing low-stretchmeshparameterizatioiSSGHO1]have notyetbeenproposedGeneratingnesh
parameterizationvith low distortion measuredvia the stretcherror of [SSGHO1]and similar
guasi-isometrytype error metrics[SGSH02,TSS" 04, ZMTO05] is importantin mary applica-
tions. Besidesthe meshparameterizatioproceduresof [SSGH01,SGSHO02]often generate
regionsof high anisotropicstretch,consistingof slim triangles. Suchthe regionson a parame-
terizedandtexturedmeshlook like cracksandwe call themparametercracks Theleft image
of Figurel.5 demonstratean appearancef suchparametecrackson the texturedMannequin
Headmodelparameterizely the stretchminimizationmethodfrom [SSGHO0].

Parameterization
e Parameter Crack

[SSGHO01],Stretchl.327,Time 23m. Ourmethod Stretch1.382,Time 1.09s.

Figure 1.5: Fastlow-stretchparameterizationLeft: parametecrackson textured Mannequin
Head model parameterizedby the stretchminimization methodof Sanderet al. [SSGHO1].
Top-Right: a quasi-conformaparameterizatioby Floater[Flo94]. Bottom-Right:our fastlow-

stretchparameterization.

In Chapter5, we follow [YBS04, YBS05H and proposeto usea moving meshapproach
which resembles populargrid adaptiontechniquen computationamechanics Our approach



1.5 Free-Form Skeleton-driven Mesh Deformations 7

is usedfor generatinglow-stretchmeshparameterizations.nsteadof minimizing nonlinear
stretchdistortionsdirectly, we equalizethe local stretchdistribution over the parametedomain
by optimizing the parameterizatiogradually At eachimprovementstep,we optimizethe pa-
rameterizatiorgeneratedt the previous stepby minimizing a weightedquadraticenegy where
the weightsare chosenin orderto minimize the parameterizatiorstretch. This optimization
proceduredoesnot generatdriangle ips if the boundaryof the parametedomainis a cornvex
polygon. Moreover alreadythe rst optimizationstepproducesa high-quality meshparame-
terization. We compareour parameterizatioprocedurewith several state-of-artmeshparam-
eterizationmethodsand demonstratéts speedandhigh e cieng in parameterizindarge and
geometricallycomplex models. Our methodis signi cantly fasterthanthe corventionallow-
stretchparameterizatioscheme$SSGHO01,SGSHO02, anddoesnot generatgparametecracks
becausef our stretchequalizingstratgy. Figure 1.5 shawvs the parameterizedneshesf the
MannequinrHeadmodelvia corventionalschemegLeft and Top-Rightimagesyandour method
(Bottom-Rightimage).

We alsoproposea novel remeshingschemeébasedbn two parameterizationshich equipped
with di erentmappingcharacteristicsuchasa low-stretchmapfor samplingnew verticesand
aquasi-conformamapfor triangulationof the sampledvertices.

1.5 Free-Form Skeleton-driven Mesh Deformations

Generatingqratural-lookingdeformation®f complex shapesiasmultiple applicationsn CAGD,
computemnimation andgeometrianodeling.Sincethepioneeringvorks[Bar84, SP86],devel-
opingfast,e cient,andintuitive methoddor localandglobalfree-formshapedeformationss a
subjectof intensie researchSee for example recentworks[BPGK06,vFTS06,HSL*06]. Re-
cently skeleton-basedjlobal shapedeformationsdrew considerablattention[LCF00, SK0Ob,
CGC'02] because¢hey arewell-suitedfor large-scaleshapedeformationsand,therefore canbe
usedin numerousapplicationdn the computergameanddigital movie industries.

BloomenthalBlo02] proposedo usethe medialaxisof Blum [Blu67] asintermediatecon-
trol interfacein orderto obtainnatural-lookingdeformationy preservingoriginal shapethick-
ness(distanceto the medial axis). In Chapter6, we follow [YBS03, YBS06¢ YBS064 and
presentnewn schemedor free-formskeleton-drven global meshdeformations.First a skeletal
mesh,a Voronoi-basedpproximatiorof the medialaxis, is extractedfrom a givenmesh.Next
the skeletalmeshis modi ed by free-formdeformations Thena desiredglobal shapedeforma-
tion is obtainedby reconstructinghe shapecorrespondingo the deformedskeletalmesh. We
developmeshfairing proceduresllowing usto avoid possibleglobalandlocal self-intersections
of thereconstructednesh.

Figure 1.6 representour basic free-form skeleton-drven meshdeformationprocessde-
scribedin Section6.3. In Section6.5, thereconstructingaindfairing proceduresreextendedo
avariationalapproacitalleddiscretedi erential coodinates[Sor0g. We combinea skeleton-
driven meshdeformationtechniquewith discretedi erential coordinatesin order to create
natural-lookingglobal shapedeformations. In particular our variational skeleton-drven de-
formationframewvork workswell for bending twisting, andothercomple large-scaledeforma-
tions. Finally, usinga multiresolutionsurfacerepresentatiofLMHOO] improvesthe speedand
robustnesf our approach.Theresultingdeformationssia the variationalextensiondescribed
in Section6.5aredemonstrateth Figurel.7.
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(@) (b) () (d) (e)

Figure 1.6: A free-form skeleton-drven meshdeformation. (a): The original handmesh,its
skeletal mesh,and control points to be usedto deformthe skeletal mesh. (b): A deformed
skeletalmesh. (c): Folds andprotrusionsare obsened in the deformedmesh. (d): The folds
andprotrusionsareremoved by the meshevolutionsproposedn Section6.3.1; however global
andlocal self-intersectionarestill presented.(e): The global andlocal self-intersectionsre
eliminatedby our fairing schemeproposedn Section6.3.2.

Figurel.7: Examplesof variationalskeleton-drven meshdeformations.



Similarity-based Mesh Denoising

Recentadwancesdn digital recordingtechnologieslramaticallyincreaseheuseof digitizedreal-
world signalswhich usually containnoise. Consequentlydeveloping denoisingmethodshas
beenanactive andimportantareaof research.

In signalandimageprocessinggdenoisingtechniqguesasedon a Fourier analysisand its
extensiongWavelets)[SN96]andPDEs[Wei9g arepopularandwell studied.Theseechniques
arenicelyadaptedor processingegularstructuresasimages.Segl BCMO05b] for arecentreview
of imagedenoisngmethods.In geometricmodeling,we usually dealwith irregular datasuch
aspolygonalmeshesand point clouds. Therefore,new ideasand approachesre requiredfor
e cientdenoisingof irregulardata.

Since seminalworks of Taubin [Tau95, Tau01] and Desbrunet al. [DMSB99], mary
meshsmoothingtechniqueshave beenproposedn computergraphicsand geometricmodel-
ing. Recentadwancesn developingfeaturepreservingsmoothingtechniguesncludedi usion-
driven methods[TWBOO03, HP04, LP05], projection-basedpproachegFCOS05, OBA05],
and the so-calledbilateral mesh ltering schemes[FDCOO03, JDD03 CT03]. The latter
wereinspiredby imageprocessingechniquesasedon spatial-tonahormalizedcornvolutions
[Weu94,AW95, SB97, TM98] which in their turn canbe consideredas generalization®f the
Yaroslasky neighborhooditer [Yar83.

Very recently the so-calledNon-Localmeangor NL-mean$ concepta naturalandelegant
extensionof the imagebilateral Itering paradigm,wasproposedby Buades,Coll, and Morel
[BCMO5a, BCM05b, BCMO06]. The NL-meansmethodwas inspiredby the famousTexture-
Synthesis-by-Examplapproachof Efros andLeung[EL99]. The methodandits applications
and extensionsare currently a subjectof intensve researchin image and video processing
[KOJ05 MSO05]. The basicideabehindNL-meansis very simple: for a given pixel, its new
(denoised)intensity valueis computedas a weightedaverageof the otherimage pixels with
weightsre ecting the similarity betweenocal neighborhood®sf the pixel beingprocessednd
the otherpixels. A similar ideawasindependentlyproposedn [BM05] whereit wasusedfor
videoenhancemergurposes.

In this Chapterwe follow [YBSO06b] and presenta nev meshsmoothingmethodbasedon
the NL-meansconcept.The developedmethodhasa numberof importantadvantagesover the
main state-of-the-anneshdenoisingtechniquesSinceonly vertex positionsandcorresponding
normalsareusedin our denoisingorocedurepur methodcanbe appliedfor not only watertight
meshes$ut alsotrianglesoupsandpointcloudswith normals.Fig. 2.1illustratestheideaandpo-
tentialof our NL-meansmeshsmoothingmethod.We alsosuggest nenv schemdor comparing
di erentmeshisoupdenoisingmethods.
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(@) (b) () (d) (e)

Figure 2.1: DenoisingAngel modelwith Non-Local means. (a): Original noisy mesh( at-
shadingis used).(b): Original noisy meshcoloredby meancurvature;the curvaturemaphelps
us to identify surface defectsand roughness.(c): Coloring by similarity. A meshvertex is
chosenat the left cornerof the right eye of the original mesh. The meshis coloredaccording
to a similarity with the shapeof the modelat the chosernvertex. The similarity increasegrom
white to blue. The verticeswith highersimilarity valueshave a strongercontritution to the new
(smoothedpositionof thechoservertex. (d): Meshis smoothedy thesimilarity-basednethod
developedin this thesis( at-shadingis used).(e): Smoothedneshcoloredby meancunature;
the cunaturemapindicateshigh quality of the smoothedsurface.

(@) (b) (c)

(d) (e)

Figure2.2: (b): "Trui” imagecorruptedoy noise.(d): Smoothedy bilateral Itering; (a): The
di erencebetweertheoriginal noisyandsmoothedmagescontaindmportantimagestructures.
(e): Smoothedby NL-meansiter of BuadesColl, andMorel; (c): Thedi erencebetweernthe
noisy and NL-smoothedimagescontainsmuch lessfeaturesof the original image. Thusthe
NL-meanslter doesamuchbetterdenoisingob thanthebilateral Iter .
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2.1 Image Filtering with NL-means.

Considera gray-scalémagel (x) de ned over aboundeddomain (whichis usuallya rectan-
gle). TheNL-meanslter is de ned by

Z
1
J(X)_m w(x; y)l(y) dy; (2.1)
wherethe corvolution kernelw(x; y) is givenby
(2 )
&xp 5 Galt)jiix 1) Iy it ; (2.2)

andmeasures similarity betweenneighborhood®f pixelsx andy, C(x) = R w(x;y)dy is a
normalizingfactor andG4( ) is a Gaussiarkernel of standarddeviation a. Hereh anda are
ltering parameters.

In practice,integrationin (2.2) is performedover aa x ed-sizesmallwindow. Thetypical
window sizevariesfrom5 5t09 9.

A pictorial explanationof the NL-meansmethodis givenin Fig.2.3.

While the NL-meansmethodis slow, it substantiallyoutperformsthe bilateralschemeand
other similar Iters. The adwantagesf the NL-meansmethodare especiallymanifestedoy
processingmageswvith comple texturepatterns We compargheNL-meansandbilateral Iters
in Fig.2.2.

Buades,Coll, and Morel also suggested simple and corvenienttechniquefor evaluating
the quality of image smoothingmethods[BCM05a BCMO05b]. The ideais to considerand
visualizethedi erencebetweerthe original noisyimagel (x) andits smoothedsersionJ(x). If
thedi erencel(x) J(x) doesnot containgeometricstructuresof the original imagel (x) and
looks like a randomsignal,one canconcludethat the testedsmoothingmethodremoresnoise
anddo not destry imagefeatures.(Of course similar SNR-basedechniquesarewidely used
in image processingsee,for example,[GSZ05 MNO3] andreferencegherein.) In Fig.2.2,
we applythe Buadeset al. imagedi erencetechniqueto demonstrat¢hatthe NL-means Iter
substantiallyoutperformdbilateral Itering in preservingsalientimagestructures.

Sub-Image of Y
-4
Sub-Image of X 2
Image _ .
Gaussian Cross-Correlation

Figure2.3: We measuresimilarity w(x; y) betweenwo imagewindows centeredat x andy by
convolving thesquaredli erencebetweerthewindows with a Gaussiarkernel.
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2.2 Mesh Filtering with NL-means

GivenatrianglemeshM , considelameshvertex x anddenoteby  (x) the2 -neighborhoof
xonM: (x)=fy2M :jx yj 2 g Weusebilateralmeshsmoothingo w of [FDCOO03]
asabasisof ourmethodanddenoiseM by updatingrepeatedlythe positionof eachmeshvertex
X:

XML = x" + k(xMny; (2.3)
whereny is theunit normalatx,
Z
1
k(x) = ) W(X; y)I(y) dSy; (2.4
7 »(X)
C(x) = w(x;y) dSy; (2.5)
»()
Ily) = gy xi; (2.6)

(0]
wiy)=exp DY) (2 2 : 2.7)

HereS, standdor theareaelementof M aty, ha; bi denotegheinnerproductof vectorsa and
b, andD(x;y) is asimilarity kernel.

Similarity Kernel. Themaindi culty of extendingthe NL-meansapproachto mesheson-
sistsof de ning anappropriatesimilarity kernelD(x; y).

Considermeshverticesw 2 ,(X),z2 ,(y), andy 2  ,(x) asshavn in the left-top
imageof Fig.2.4.

First we choosea pair of unit tangentvectorst; andt; in the tangentplaneof eachmesh
vertex x (the tangentplaneat meshvertex x is the planepassingthroughx and orthogonalto
meshnormalny). Letusde ne atranslatiorvectort, ameshcounterparbf theimagetranslation
vectort in (2.2),by

t= (Usv)= (Hyz yishaz yi):

Now let useradial basisfunctions(RBFs)to build a local approximationof the meshin a
neighborhoodf x. Let (Uw;Viv; Wy) be the local coordinateof meshvertex w w.r.t the basis
(t1;t2; ny). Thelocal RBF approximatiomearx is givenby

X -
Fx(u;v) = p(u;v) + w (p u? +\V2); (2.8)

w2 (%)

where ()= Z2log( ), p(u;V) is alinearpolynomialandRBF coe cientsf ,,gareobtainedby

solvingasystemof linearequations
X

Fx(Uw; V) = W; wP(Uw; V) = 0
w2 4(X)

We approximatd (x  t) correspondingo I(y t) by Fx(u;;V;), asseenin Fig.2.4. Finally we
de ne thesimilarity kernelD(x; y) by
z
D(x;y) = G L(t) jFx(uzvz) Iy t)jz dt; (2.9)
s

wherel(y t)=my;z xi andG () is aGaussiarkernel.
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y
F Uy )\

Figure2.4: Neighborandlocal coordinatesor RBF.

2.3 Results and Discussion of Mesh Denoising

In our numericalexperimentsyve usegcc3.3.5C++ compileronal.7GHzPentium4 computer
with 1GB of RAM. We usethe N. Max weights[Max99] for computingthe meshnormals.

Parameters. Fouruserspeci ed parameterareusedin our method:
1. 1, thestandardieviation of thesimilarity kernel(2.7);
2. ,thesizeof theintegrationdomainin (2.4)and(2.5);
3. 3, thesizeof the similarity domainin (2.9);
4. n, thenumberof iterationsof (2.3).

Similarto [JDD0J, we make the parameters s proportionalio the averageedgelengthe of

theevolvingmeshM =M ™
i= e 1i=123

Ideally ; representshe noisedeviation, thereforesimilarto [FDCOO03]it couldbechosen
asa standarddeviation of the heightsof verticesy for eithera userspeci ed at region or an
averagestandarddeviation of anentiremesh.The othertwo coe cients , and 3 areconstant
for themostof models similarto theimagecasgBCMO05b, BCM06,K0J0]. Accordingto our
experimentssetting » = f1.0; 2:0gand 3 = f0:75; 1.0gleadsto goodresults.
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Quality Evaluation and Comparison. We have implementedhreerecentstate-of-the-arts
meshdenoisingtechniquesthe AnisotropicMean CurvatureFlow (AMCF) [HP04] andBilat-
eralMeshFilters[FDCO03]and[JDDO0J. In ourimplementatiorof AMCF, the weightfor i |
edgeis givenby G (kij)hij, whereh; is a cotangent-basedeightassociateavith i j andk;j is
a directionalcurvature[LPO5]. In our experiments,for both thesemethodswe try to choose
parametesettingsproducingthe bestresults.

We usetwo visualizationschemego comparethe techniqueswith our method. The rst
schemeconsistof coloringby the meancunature.Thesecondschememeasurethedi erence
betweerthe original andsmoothedneshesMore precisely we visualizethedi erencesn the
positionsof the correspondingerticesof themeshegx;~>  xSmeotheg

We usethreemodelsin our comparison:a noisy Fandiskmodel(Fig.2.5), a noisy Dragon-
headmodel (Fig.2.6), andthe Angel model (Fig.2.10). For thesemodels,Table 2.1 presents
timing resultsandparametesettingsusedfor our methodandour implementation®f methods

of [HP04] and[FDCOO03].

Fig. Method n 1 2 3 Time
[HPO4] 3 10 25 1.2s

25 | [FDCO03 | 3 0.25 1 1 0.8s
our 3 0.4 1 | 0.75]| 13.2s

[HPO4] 1|2 10| 100 14.7s

29 | [FDCO0O3 | 2 15 4 1 126s
our 3 0.35 1 | 0.75| 606s
[DMSB99] | 2 0.15 2.7s
[JDDO3 2 0.25 1 | 0.75]| 16.4s
[BOO1] 10| 10.0 2 5 134s
[HPO4] 1 100 25 1.67s

2.10| [FDCOO0O3 | 2 0.25 1 |0.75| 3.7s
our 2 0.25 1 | 0.75| 64.5s

Table 2.1: Parametersettingand timing results. Here n standsfor the numberof iterations.
For MCF [DMSB99], the step-sizeparameteis equalto i1e. For nonlinearnormaldi usion
[BOO1], the step-sizeparameteis equalto e, e and ze denotethe spatialsizeof summing
normalsandthe size of the Gaussiarkernel,respectiely. For AMCF [HP04], ieand e
denotethe step-sizgimplicit schemegndthesize of the Gaussiarkernel,respectiely. For
bilateral Iterings [JDD03]and[FDCOO03],thedeviation of the hight Gaussiarkernelis equalto

16, theintegrationdomainsizeis givenby »e, andthe deviation of the spatialGaussiarkernel
is setequalto se. Heree denoteghe averageedgelengthof theevolving meshM = M ".

As seenin Fig.2.8 our methodoutperformsits rivals in restoringsharpedgesand low-
curvatureregions. In addition,the max-normand averageerrorsproducedby the methodand
measuredwv.r.t. the original clean Fandisk meshare substantiallysmallerthan thoseof the
AnisotropicMeanCunvatureFlow [HP04]andBilateralMeshFilter[FDCOO03. Fig.2.9demon-
stratesthat our methoddeliversthe bestperformanceaccordingthe entropy of the di erences
betweenthe original (noisy) andsmoothednodels. It alsoindicatesthatthe methodpreseres

ne geometrideaturesetterthantwo its competitors Fig. 2.10shavsthatour methodproduces
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lowestoversmoothingo comparewith the ve othersmoothingtechniques.

Finally in Fig.2.11we demonstratdnow our methodhandlestriangle soups. Denoisinga
complex Gaigoyle model (about98K triangles)by our methodis ratherslow ( ve iterations
took 31 minutes)but theresultis worth seeing.

Figure2.5: Left: initial Fandiskmodel coloredby meancurvature. Centerand Right: noisy
Fandisk(Gaussiamoisewith = 0:1eis added).

Figure2.6: Noisy Dragon-headnodel(Gaussiamoisewith = 0:2e is added)from [JDDO03]

is coloredby meancurvature.

Min Average Max Low Average High

Figure2.7: Left: meancurvaturepro le palette. Right: this paletteis usedfor visualizingthe
di erencesn vertex positionsof noisyandsmoothedneshes.

Comple xity. Theaveragecomputationatompleity of our methodis givenby O(VyVy, V,V +
V log V) whereV is the numberof verticesof M, Vy, Vi, andV, arethe averagenumbersof
verticesof localpatches ,(x), ,(x),and ,(y). Retrieving2 »>-neighborhooaf x requires
O(log V) operationdyy usinga kd-tree,andevaluatingthe similarity kernel(2.9) is doneusing
O(VwV7) operationdor eachpair x andy.

At the rst glance,O(VyVy,V,V + V log V) lookstoo large. However Vy, Vy, V; arethe
numberof verticesin local neighborhoodef meshverticesy, w, z usedin our method. For a
typical uniformly densemesh,we have Vy 20 , andV,, 203 V.. If ;islarge,afast
implementatiorof RBFS[BN92] shouldbeused.

Althoughthein uence of eachparameter 1, , and 3 is clear anoptimalselectionof all
of themis nottrivial. Furtherwork is requiredfor a deepemunderstandingorrelationsbetween
theseparameters.
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Aveerror= 0.021 Ave error= 0.0067 Ave error= 0.0048
Max error= 0.11 Max error= 0.069 Max error= 0.03

Figure2.8: Smoothingnoisy Fandiskmodel(V = 6474,F = 12944).Meancunaturecoloring

enhancesurfacedefectsandroughnes®f the smoothedneshesvhich cannot be recognized
by humaneyesif we usea at/smoothshading.Left: AnisotropicMeanCunatureFlow [HP04]

is used.Middle: BilateralMeshFilter [FDCOO03]is applied.Right: our methodis employed.

Figure2.9: SmoothingnoisyDragon-headnodel(V = 100056,F = 199924).Top: Anisotropic
Mean Curvature Flow [HPO04] is used. Middle: Bilateral Mesh Filter [FDCOO03] is applied.
Bottom: our methodis employed. Left: coloring by meancurvatureindicatesthat our method
outperformsits rivalsin preservingne surfacefeatures.Right: our methoddeliversthe best
performanceaccordingthe entrofy of thedi erencebetweerthe original (noisy)andsmoothed
models.
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MeanCunvatureFlow [DMSB99] BilateralMeshFilter [JDDO3] NonlinearNormalDi usion[BOO01]

AnisotropicMeanCunvatureFlow [HPO4] BilateralMeshFilter [FDCOO03] Our Method[YBSO06b]

Figure2.10: Smoothingnoisy Angel model (V = 24566,F = 48090). Our methodproduces
lowestoversmoothingo comparewith ve othersmoothingtechniques.

2.4 Summary of Mesh Denoising

We have extendedherecentNL-meandmage ltering approacHiBCM05a BCM05h BCMO06]
to the 3D meshesandtriangle soupsapproximatingpiecavise smoothsurfaces. The extension
is far from being straightforvard, sincethe original NL-meansapproactreliesheavily on the
imagestructureregularity. We think we have founda simpleandelegantsolutionto the problem
by employing local RBF approximations.

Recently semi-local similarity-basedshapedescriptorsreceved a considerableattention
in connectionwith shapematching, retrieval, and modeling applications[BIT04, GCOO05
GGGZ05,SACO04,ZG04a] which aretoo expensve for practicalmeshsmoothing. The lo-
cal RBF approactwe usein this Chapteris muchsimplet

We have demonstratethat our methodoutperformsotherrecentstate-of-the-arsmoothing
techniquesvhich areamongbestup-to-dataneshdenoisingschemes.

Finally we have suggestec newv way to comparedi erentmeshsoupdenoisingmethods.
We believe that statisticalanalysis(entrofy measurementgtc.) of thedi erencebetweernthe
original (noisy)andsmoothedlatasetsvill leadto developingnew surfacedenoisingechniques
andnew principlesfor afair comparisorof existing ones.

Thesourcecodeof our methodis availableonthe Webfor evaluationYBS06b].
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Figure2.11:Denoisingacomple Gagoyle model(V = 54907,F = 97769)by our methodwith
f 1; 2 30= f0:28; 2;1g Left: original datacoloredby meancurvature. Right: smoothedlata
coloredby meancurvature;noiseis gentlyremoved and ne geometricfeaturesareaccurately
presered.
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Fair Mesh Generation via Elastica

(@) (b) () (d)

Figure3.1: Generatindgair trianglemeshesvith discreteelastica.(a): An initial meshoutlined
acomple tubular object. (b): A discreteelasticasurface(mesh)obtainedfrom theinitial mesh.
(c): Bunry modelwith alargepartof themeshremovedandthentriangulated(d): Themodi ed

partof the Bunry is restoredasa discreteelastica. Coloring by the meancunatureis usedto
demonstrate high quality of the generatedneshes.

Variationalshapefairing consistsof generatingshapessatisfyingcertainaesthetiaequire-
ments. It is usuallyachiered via minimizationof fairnessmeasurepenalizinglarge curvature
valuesand curvatureoscillations[MS92, Gre94,WW92, WW94, SK01, CDD*04]. Seealso
recentworks [YB02, BS05 XPBO0g andreferenceshereinfor fair shapegeneratiorvia geo-
metricsurface o ws. A popularsurfacefairing measuraisedin variouscomputergraphicsand
geometrionodelingapplicationss the so-calledotal curvature functional[HKS92]

ZZ

(Khax + K2) dA (3.1)

Herekmax andkmin arethe surfaceprincipal curvatures anddA is the surfaceareaelement.The
total curvature(3.1) approximatesheelasticbendingenepgy of athin plate[HKS92]. Let uscall
thesurfacesminimizing (3.1)

Z

(Kax + K2, YDA min (3.2)

elasticasurfaceshecausehey generalizethe elasticacurves[Eul44] of Leonhad Euler (1707
- 1783). Seealso[BHN96] for a good literaturereview and for a very e ectve methodto
approximatehe elasticacurvesby polylines.

TheEulerLagrangesquationcorrespondingo (3.2)is givenby

45(H) + 2H(H? K)=0; (3.3)

19
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whereH andK arethe meanand Gaussiarcunatures,respectrely, and4 g() is the Laplace-
Beltrami operatorintroducedby Eugenio Beltrami (1835 - 1900) [Str8f[page 160]. See
[GH96][pages82-85]for aderivationof (3.3).

In this Chapter we representain approachfor approximatingelasticasurfacesby triangle
meshes.Our approacho minimize the total cunaturefunctional (3.1) canbe considerecasa
combinationof the steepestliescenmethodfor (3.2) with nite di erencing(approximatinga
smoothsurfaceby atriangle mesh). A preliminaryversionof the approachwvas developedin
[YosO1.

Considera family of smoothsurfacesS(t; u;v), whereu; v parameterizéhe surfaceandt
parameterizethefamily. We supposé to beindependentf u;v. Let usassumehatthefamily
evolvesaccordingo thefollowing evolution equation

@(t;u;v) _
N

whereN(t; u; v) is theunit normalvectorfor S(t; u; v), F is aspeedunction. Thefamily param-
etert canbe consideredasthe time durationof the evolution. The gradient-descenb w, also
calledWillmore ow [BS05],for (3.2)is givenby (3.4) with

FN;  S(O;u;v) = SOwu;v); (3.4)

F 4 gH) 2H(H? K): (3.5)

If asurfaceevolvedby (3.4),(3.5) corvergesto alimit surfaceS(1 ;u;v), ast! 1, thenitis
anelasticasincethe EulerLagrangesquation(3.3)is satis edfor thatlimit surface.Iln [HKS92]
theWillmore o w wasappliedto closedtriangulatedoolygonalsurfacesvia the surfaceevolver
[Bra92].

We approximatdhe evolution (3.4), (3.5) by adiscreteevolution of trianglemeshesanduse
discreteanaloguesf the Laplace-BeltrambperatorandGaussiarandmeancurvatures.

Oneof theimportantcontritutionsof our methodconsistsof addingto a discreteversionof
(3.4)aspecialtangenspeeccomponentsedto improve thequality of theevolving meshandto
increasecomputationastability.

Figure3.1 illustrateshow our methodcan be usedin variousgeometricmodelingapplica-
tions. Thetwo left imagesdemonstrataninitial trianglemeshapproximatinga tubular object
andadiscreteelasticaobtainedrrom thatinitial meshby adiscreteapproximatiorof (3.4),(3.5).
Thetwo rightimagesshav how alarge missedpartof acomplex mesh(Bunry) canberestored
by adiscreteelasticasurface.Coloringby the meancunaturedemonstratea high quality of the
generatedneshes.

3.1 Discrete Willmore Flow

To solve (3.4) numerically we rst approximatdhetime derivative termin (3.4) by its forward
di erenceapproximation

@(t;u;v) S+ ;uv) Stuv) .

1
@
Thuswe approximatd3.4) by a discreteevolution process
S(t+ ;u;v)=S(t;u;v) + FN(t;u;v); (3.6)

wherethe speedunctionF is de ned by (3.5). Thenthe surfaceS(t; u; v) is approximatedy a
trianglemeshanddiscreteapproximationso the Laplace-Beltramoperator Gaussiarandmean
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curvaturesandothergeometricattributesareconsideredThusthediscretesvolution of surfaces
(3.6)is approximatedy a meshupdatingprocess

pkrh = p 4+ WEHING, 3.7)

wherethe pointsfPi(k)gform ameshM ® obtainedafter k stepsof the processrom an initial

meshM @ approximatings©(u; v) andN® is the unit meshnormalat P®. Heretheunit mesh
normal N at vertex P is computedas the normalizedweightedsum of of the normalsof the
incidenttriangles with weightsequalto the areasof thetriangles.

Since (3.4), (3.5) is a fourth-orderpartial di erentialequation,(the term 4 g(H) involves
fourth-ordersurfacederivatives)we choosehestep-size ® in (3.7) proportionalto the squared
areaof the smallesttriangle of M . More precisely we set ® = A2=150, where A is the
minimal triangleareaamongtheall trianglesof M (.

Tangential Drift for Equalization of Mesh Triangles. Notethat(3.7)is similar to an ex-
plicit nite di erenceschemdor aparabolicpartialdi erentialequationrand,thereforemaybe
unstablef step-size ¥ is not smallenoughin a comparisorwith meshtriangles. Thuswe can
expectthata betterstability of the discretemeshevolution processanbe achieved if the mesh
triangleswhich arecloseto equilaterakrianglesandhave almostthe samesize.

Our meshtriangleequalizatiortechniqueconsistof addinga tangentspeedvectorto (3.7).
Note thataddinga tangentspeedcomponento (3.4) a ectsonly the surfaceparameterization.
Thereforeinsteadof (3.7) we consider

ptD = pl 4 WEONK 4 KT, (3.8)

WhereTi(k) is avectororthogonako Ni(k) andattachedht Pi(k), X is asmallpositive parameter
At aninnermeshvertex P let usconsidettheso-calledumbrella-operatofTau95,KCVS9§
de ned by X |
UpP)= wPQ; (3.9)
i
wheresummatiornis takenover all neighborsof P, w; arepositive weights. The geometricdea
behindtheumbrellaoperatoris illustratedin Figure3.2.

Figure3.2: Umbrellaoperatorassociateavith ameshvertex P is de ned asaweightedaverage
of theneighborvectors see(3.9).

In [OBBOQ] it was proposedo usethe tangentcomponentof U o, the umbrellaoperator
with equalweights,for meshregularization.Thetangenttomponenof thebi-umbrellaoperator
U g =Ug Ugwasusedin [WDSBOQ for similar purposes.
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Following [Yos01] we usethetangentcomponenof anareaweightedbi-umbrellaoperator
U greé h i
T= UZea (UZea NN ; (3.10)
where o | |
UaredP) = %1 g P_QI' + P_Ql;i
i=1 JPQi  JPQis1]
whereg; is the areaof the triangle Q;PQ;j+1, n is the numberof neighboringverticesfor P,
A=, & isthetotal areaof thetrianglesadjacento P.
If P is aboundaryvertex, we setU gedP) = 0.
Accordingto our numericalexperimentssetting & = 124, producegjoodresults.HereAy
bethe minimal triangleareaamongthe trianglesof the evolving meshiM &),
Figures3.3and3.4demonstratesqualizingmeshtrianglesby (3.8)with thetangenicompo-
nentde ned by (3.10)and ® = 0. Notice how well the proposecproceduref meshequaliza-
tion preseresthe shapeapproximatedy the original mesh.Thebi-umbrellaoperatotis a better
choicethanthe singleumbrellaoperatorin tangentialsmoothing seeimages(b) of Figure3.4.
Especiallythe tangentialsmoothingbasedon the single umbrellaoperatordoesnot regularize
the meshwherethe meshconsistsof saddlepoints.

Figure3.3: Left: ameshconsistedf two partswith di erentsamplingrates.Right: tangential
meshevolution (3.8)with & = 0, (3.10)wasusedto equalizethe meshtriangles.

The meshboundaryverticesaretreatedin a similar but more complex way sincethey are
allowedto move alongthe boundaryof S(u; v) only. For implementatiordetailssee[Yo0s01.

Approximation of Laplace-Beltrami Operator and Curvatures. Recentlyaverye cient
approximatiornof the Laplace-Beltrambperatorfor a surfaceapproximatedy atrianglemesh
wasintroducedby Pinkall and Polthier[PP93]in geometricmodeling,seealso[MDSB02]. A
discreteLaplace-Beltramoperator4 s(P) atameshvertex P is de ned by

X
45(P) = % (cot j+cot )Q P); (3.11)
i=1
whereA is the total areaof the trianglesadjacento P, ; and ; aretheangles\ PQ; 1Q; and
\ PQ;i+1Q;, respectiely.
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(@) (b) (©) (d)

Figure 3.4: Comparisondor tangentialsmoothingschemes(a): Initial mesh. (b): Meshevo-
lution basedon the tangentcomponenbf umbrellaoperator (c): Meshevolution basedon the
tangentcomponenbf bi-umbrellaoperator (d): Tangentiaimeshevolution (3.8)with ¥ = 0,
(3.10)wasusedto equalizethe meshtriangles.

GivenasmoothsurfaceS andatrianglemeshM approximatinghe surface,we usea stan-
dardangle-de citapproximatiorfor the Gaussiarcurvature

_3 (AW
K=x@ "

where' | is theanglebetweerPQ; andPQ;.1.
Sincefor asmoothsurface4 s(S) = 2HN [Str88], a discreteapproximatiorof themeancur
vatureH canbederivedfrom theabove discreteapproximatiorof the Laplace-Beltramoperator

1
H= EN 44(P):

This approximationworksvery well in mary applicationgdDMSB99, MDSBO02.

AlthoughH? K is alwayspositive for asmoothsurface,it is notnecessaryruefor discrete
approximationof the Gaussiarand meancurvatures. A standardapproachto copewith this
problemis to detectthe meshverticeswherea discreteapproximatiorof H? K is negative and
setit equalto zeroatthosevertices.

Howeverthis approachs notacceptabléo ussincethetermH? K is presentedh (3.5)and
it is notdesiredto have it discontinuous.

Let D denotethe setof thosemeshverticesfor whichH , 0andH? K < 0. We rst
compute r

H2
ra
Thenwe re-scaleghemeancurvatureH ! H= for theall verticesof D.
Sincethe quality of themeshis improvedduringtheevolution(3.8), ! lask! 1.

= min
D
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Subdivision.  In orderto acceleratéhe meshevolution procesy3.8) we startfrom a coarse
meshandperformthelinearone-to-fourmeshsubdvisionwhen(3.8)is closeto its steady-state.
Figure3.5 showv variousstagesof approximatingan elasticasurfacevia combining(3.8) with
subdvision.

Figure3.5: Startingfrom a coarsemeshevolved by (3.8), linear one-to-fourmeshsubdvision
is usedwhen(3.8)is closeto its steady-state.

3.2 Numerical Experiments of Discrete Willmore Flow
Mesh Fairing. We comparehediscreteWillmore o w (3.8),(3.5)with thebilaplacian o w
Pi(k+1) _ Pi(k) US(Pi(k))?
andameshevolution (3.8) by the Laplacianof meancunature o w with speed~ equalto
F= 4 g(H) (3.12)

(various numericalapproachego the Laplacianof meancurvature o w were developedin
[SKO0a,SKO01)).

Figures3.8,3.9,and3.10demonstratgariousstageof meshfairing by thebilaplacian o w,
the Laplacianof meancurvature o w, andthe discreteWillmore o w, respectiely. The mesh
showvn in Figure3.1(a) is usedastheinitial mesh.Thefairing processearealsocombinedwith
subdvision. These gures andFigure3.11demonstratéhe superiorityof the discreteWillmore

ow (3.8), (3.5) over the bilaplacian o w andthe Laplacianof meancurvature o w. Coloring
by the meancurvatureis usedto visualizethe geometricquality of themeshes.

Shape Restoration via Willmore Flow. Whena real-world objectis digitized by a range
nder, a partof shapenformationmaybelostbecaus®f speculare ection e ects,objectself-
occlusion,etc. The Willmore o w canbe usedto restoremissedshapeparts[YB02, CDD* 04,
XPBO0§.

Figure3.6 demonstratethe Bunry having alarge partof its ank removed andthentrian-
gulated. The discreteWillmore o w is appliedto the triangles lled the hole. The resultis
presentedh Figure3.7. Noticea high quality of therestoredpartof the Bunry.

3.3 Summary of Discrete Willmore Flow

We presentecd numericalapproactfor generatinchigh quality, nice-lookingshapewvia thedis-
creteWillmore o w. Contritutionsof our methodincludeaddingatangentiaspeedcomponent
to the Willmore o w for increasingcomputationattability of the o w andcombiningthe mesh
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evolution approachwith meshre nement. Applicationsof the proposechumericalapproacho
meshfairing andshapeestorationveredemonstrated.

Combining the developed approachwith the automatic dynamic connectvity method
[KBS00] and using implicit numericalschemedor the Willmore ow (3.4), (3.5) constitute
themedor futureresearch.

Figure3.6: Bunry with alarge partof its ank removedandthentriangulated.

Figure3.7: TheBunry ank is restoredby thediscretéWillmore o w.
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Figure3.8: Meshfairing by bilaplacian o w.

Figure3.9: Meshfairing by the Laplacianof meancurvature o w.

Figure3.10: Meshfairing by discretewillmore o w.

Figure3.11:DiscreteWillmore o w producesigh quality shapes.
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Fast and Robust Detection of Feature Lines on
Meshes

Figure4.1: Detecteccrestlines. Changingthe tting neighborsizeand Itering thresholdgives
us wide variety of salientsurface featuresfor examplefrom highly detailedcrestlines (left
image)to large scalecrestlines(right image).

Surfacecreases;urveson asurfacealongwhichthesurfacebendssharplycanbeintuitively
de ned asloci of sharpvariationpointsof the surfacenormal. Mathematicallythe sharpvaria-
tion pointsof the surfacenormalsaredescribedvia extremaof the surfaceprincipal curvatures
alongtheir correspondindines of curvature. Thesecurvatureextrema,called alsoridgesand
crestlines, have beenthoroughlystudiedin connectionwith researcton classicaldi erential
geometryandsingularitytheory Suchcurvatureextremumcurves rst appearedn theresearch
of the optics of the humaneye [Gul04] by Allvar Gullstrand (1862- 1930). He receved the
Nobel Prizefor medicineor physiologyin 1911[Gulll]. Sincethentheridgesandtheir sub-
setshave numerousapplicationsn humanperceptiofHR85], quality control of free-formsur
facegHo0s93, free-formshapedeformationgIFP95],imageanddataanalysigEbe96],reverse
engineeringHDW98], imagereconstructiorand registration[LFM96, GPA97], analysisand
registrationof anatomicaktructuredGM98], facepatternanalysisandrecognition[HGY *99],
meshseggmentationand attening [SF04], meshsimpli cation [WB01, YBS054, geomorphol-
ogy [LSO01], and non-photorealisticendering[IFP95 DFRS03. Seealsoreferencegherein.
The so-calledcrestlines areformedby the perceptuallysalientridge pointsand consistof the

27
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surfacepointswherethe magnitudeof the largest(in absolutevalue)principal curvatureattains
amaximumalongits correspondindine of curnvature[MBF92].

Developingmethodsfor fastand accuratedetectionof featurelines on polygonalsurfaces
is currently a subjectof intensve researcHYBS05a HPWO05,KK05]. Numerousridgesand
crestlines detectiontechniqueshave beenproposedfor analyticalsurfaces(seefor example,
ridgeson explicit [TG96], parametricMor96], and implicit [BPK98] surfaces)and images
[MB95, BLBKO3]. Practicaldetectionof the crestlines and othertypesof cunatureextrema
on polygonaland point-sampledsurfacesis a di cult computationakask becauset requires
a high-quality estimationof the curvaturetensorand cunaturederivatives. In general,global

tting methodsdo a betterjob in estimatinghigh-ordersurface derivatives and lead to more
accuratedetectionof curvatureextremaKMW96, KLML96, OBS04,KK05] thanthelocal es-
timation schemesOn the otherhand,thelocal schemesremuchfasterandoften demonstrate
aquite satishctoryperformancdGué93,SF03,SF04,CP04a YBS053 HPWO4S.

In this Chapterwe follow [YBS05a]anddescribeafastandrobustmethodfor detectingsur
facecreasesnsurfacesapproximatedby densdrianglemeshesOur procedurdor detectinghe
crestlinescombinedocal polynomial tting basednamadi cation of themethodof [GI04], a

nite di erencescheméestproposedn [OBS04]andusedfor curvaturemaximaminimaidenti-
cation, andacarefulthresholdingbasedntheMVS functionalof MoretonandSequinfMS92].
Our methodis fastsincewe estimatenecessargurfacederiativesvia local polynomial tting.
For example,for the Igeamodelconsistingmorethan200K trianglesit takesonly nine seconds
for estimatinghe cunaturetensorandcurvaturederivativesandfour secondgor detectingcrest
lines on a standardl.7GHz Pentiund PC. Our approachs capableof achiezing high quality
resultscomparablevith thoseobtainedvia global tting procedure$OBS04. Figures4.1and
4.3shaw crestline patterndoundon simpleandcomplex geometricamodelsfor variousvalues
of auserspeci ed parametewhich controlsthe strengthof detectectrestlines.

Applications of the crestlines for adaptve meshsimpli cation and feature-guidednesh
segmentatiorarealsodiscussedn Sectionst.8and4.9,respectiely.

4.1 Differential Geometry Background of Curvature Extrema

We describedi erentialgeometrybackgroundof the curvature extremumcurves (ridgesand
crestlines)throughtheir connectionsvith focal sets medialaxis andDupin's cyclidesby using
singularityanalysis.Thenwe explain why practicaldetectiorof crestlinesis di  cult, andshav
thresholdingbasedon the MVS functionalasa robustapproacho tacklethedi culty. Figure
4. 3illustratestherelationshipsbetweera surface(curwe), its oneof focal set(evolute curwe), its
focal setsingularitycalledfocalrib (evolute cusp),andmedialaxis.

Curvature Extremum Sets. Let usconsidercurvatureextremumcurveson a surfaceS(u; v)
wherethey areloci of principal curvatureextremaalonglinesof cunvature.Let kmax andkmin be
themaximumandminimumprincipal curvaturesof S(u; v), andt nax andtin bethecorrespond-
ing principal directions,respectiely. In [Hos93, Hosakaderivedthe di erentialequationsof
thecurvatureextremumcurves. His equationsarecharacterizethy thefollowing four equations:

@max — @max -0 @min -0 @min -0
@nax @min ’ @min , @'nax .

Here,we areinterestedn only two setsof curvatureextremumcurveson S(u; v) suchthat
they areloci of principal curvatureextremaw.r.t. correspondingprincipal directions. Denote

0;
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Figure4.2: Crestlines detectedbn varioustrianglemeshes.A scale-independetarametei™
de nedby (4.10)is usedio keepthemostvisuallyimportantfeaturesT = 2:4 for theFanmodel,
T = 1.0 for the Felinemodel, T = 2.7 for thelgeamodel, T = 3:2 for the MannequinHead
model, T = 0:9 for the Camelmodel,andT = 2:3 for the Moai model. For all the modelone-
ring neighborhoodgpolynomial tting is usedfor estimatingthe curvaturetensorand curvature
derivatives.

Figure4.3: Cunatureextrema,focal sets,andmedialaxis.
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by emax andemin the derivativesof the principal curvaturesalongtheir correspondingurvatures
directions:
_ @min

Emax = gmm—:: and emin = 2= (4.1)

Following [Thi96] let us call emax andemin the extremalitycoe cients The extremality coef-
cients arenot de ned at the umbilical points (knax = kmin) Sincethe principal directionsare
unde nedthere. The surfacecreasesonsideredn this Chapterare formed by the closureof
pointson S(u; v) whereoneof the extremality coe cientsvanishegYui89]. Accordingto this
de nition, theumbilical pointsbelongto thesurfacecreasesln [Por01, HGY*99,CP04b CP05]
the curvatureextremumpatternsn smallvicinities of umbilical pointsareanalyzed.

Crest Lines. In previousliterature de nitions of curvatureextremumcurves,ridges,andcrest
lines are sometimemixed. Accordingto [MBF92, OBS04,YBS054, we de ne the ridges,
ravines,andcrestlinesasfollows. Ridge(ravine) pointsarecharacterizety positive (negative)
maxima (minima) of maximum (minimum) principal curvaturesw.r.t. maximum (minimum)
principaldirections:

Ridge: kmax O; €max = 0; %ﬂn—:: <0
Ravine: kmin O; €min = 0; g‘m‘“‘” >0

in

The crestlines consistof perceptuallysalientridge points. We distinguishcorvex andcon-
cave crestlines. Thecorvex crestlinesaregivenby

L @max
> JKmin}; =0 <0
Kmax > JKminj €max @
while the concae crestlinesarecharacterizedy
. . @min
i < ; in=0; > 0:
Kmin < ] Kmax €min @i

Figure4.4demonstratethe examplesof two setsof cunatureextremumcurvesandtheir subsets
(ridge, ravine, andcrestline). The corvex and concae crestlines aredual w.r.t. the surface
orientationaswell asridgesandravines: changingthe orientationturnsthe corvex crestlines
(ridges)into concae one (ravines) and vice versa. Accordingto the above de nitions, one
particulardi erencebetweenthe ridge-rarzine andthe crestlinesis thatthe ridgesandravines
can be intersectedout the corvex and concae crestlines can not, seeimages(g) and (h) of
Figure4.4.

4.2 Focal Sets

For a given surfaceS(u; v), afocal setf(u; v) which is the 3D analogof the evolute of a planar
curwveis de ned by

f(u;v) = S(u;v) + R(U; v)n(u; v); (4.2)

whereR(u; v) is equalto either 1=kmnax or 1=Kmin andn = n(u; V) is the unit normalof S(u; v).

In [HH92, HHS"92, HHS95] the focal setsare studiedfor shapeinterrogation purposes.The
focal setsfmax andfmin consistof two sheetscorrespondingo kmax andkmin have singularities.
Thessingularitiesof the focal setsconsistof spacecurvesarethe so-calledfocal ribs calledalso
cuspidaledgeqPor87, Por01].
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(@) (b)

(©) (d) (e)

(f) (9) (h)

Figure4.4: Curvatureextremumcurvescharacterizedby the conditionsenax = 0 andenin = 0
are visualizedin (a) and (c). Here (b) and (d) representidge-raszine subsetsf (a) and (c),
respectrely. The crestlines of Bunry is givenin (e). Herethe ridges(ravines)and corvex
(concae) crestlines are equivalentin the octahedrormesh(b). The images(f), (g), and (h)
representhe magni cationsof samepartsof (c), (d), and(e), respectiely.
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Proposition1 A curvatuie extremumcurvepointat P = S(up; Vo) correspondsa point on the
focalrib at f(up; Vp); focal setsdegeneilteto the spacecurvei €mnax = 0, €nin = 0, Or Kmax =

kmin-

Considetheprincipalcoordinatesystematasurfacepoint P = S(ug; Vo) wherethedirections
of basictangentss, = % andS, = % coincidewith theprincipaldirectionst jmax andtmin,
respectrely, at P. Assumeftmax; tmin; Ngformsorthogonabasisat P andlocally choosehearc
lengthparameterizationf the lines of curvature:jtmay = jtminj = 1. Accordingto the classical
formulaof Rodriguesye obtain

dn+kdS=nydu+ n,dv+ k(S,du+ S,dv)=rn t+krS t=0:

In suchprincipal coordinatesystemwe canexpressthe partialderivativesof the normaln, and
ny by

Nu= KmaxSu and ny = KkminSy;

where(du; dv) = (constamtO) leadsk = kmax andt = tmax and(du; dv) = (0; constant)eads
k = kmin andt = tin. Thefocal setdegenerates theorientedareaelementof f(u; v) vanishes.
It gives

fu fu

(Su+Rin+Rny) (S§+Rn+Rny) (4.3)
An(l Rkma)(l Rkmin) SuRu(1 Rkmin) SIR(1 Rkma) =0 (4.4)

wheref, andf, arethe partial dervativesof f(u;v), A = jSy S, andR = 1=Kmax Or 1=Knin.
Thusthe kmax-branchof f(u;v) degeneratest f(ug; Vo) if emax = 0, the knin-branchof f(u; v)
degeneratesit f(Up; Vo) if emin = 0, andboththe brancheslegenerateat commonpoint f (ug; Vo)
if Kmax = Kmin (O €max = 0 = €min).

A singularityanalysisof thefocal setshasbeenacommontool for investigatingthebehaior
of varioustypesof cunatureextrema.The equation(4.4) wasderivedin [ABK94], andapplied
in [YBS054 for practicaldetectionof the curvatureextremumcurves.

Generaliz ed Offset Surfaces. The above singularity analysisf, f, = 0 of the focal set
(4.2) canbedirectoryappliedto thegeneralizead setsurfaceswhereR(u; V) of (4.2)is agraph
of functionde ned on S(u; v).

Theorem1 (O setSingularity) Letn(u;V), Kmax andkmin be the unit normal, maximumand
minimumprincipal curvatuesof a surfaceS(u; v), and R(u; v) is a graphof functionde nedon

S(u;v). |

Ru(1  RKmin) =0
§ R/(1 RKkmax) =0
~ (I Rkma)(1 Rkmin) = 0
whee (u; v) = (up; Vo) thenthegenealizedo setsurface
g(u; v) = S(u; v) + R(u; v)n(u; v) (4.5)

hasa singularityat (up; vo).

Forexamplewhenaclassicab setsurfaceR(u;v) = constanhasthesingularities R = 1=Kkmax
or R= 1=nmin.
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4.3 Medial Axis

The medial axis was proposedby Blum for 2D shapeperceptionand recognitionpurposes
[Blu67]. In 3D, the medial axis has beenintensvely studiedin computationalgeometry
throughconnectionwith the Voronoi diagramand surfacereconstructionABK98, ACK013
Dz02,DG03 MAVdFO05], meshingand nite elementgenerationgOwe98,ACSYDO05], CAD
[WFO00, Sur03], solid modeling[BBGS99 BL99], shapedeformationtasks[Blo02, YBSO03],
motionplanning[Lat91], andmary otherapplications.

Mathematicallythe medialaxis is de ned asloci of centersof maximalempty balls for a
boundedgure F. The maximalemptyball, alsocalledmedialball [ACKO1b], is completely
containedn no otheremptyball. The medialaxistogetherwith this associatedadiusfunction
is calledthe medialaxistransform The sharpboundarie®f medialaxis arecalledthe skeletal
edges see[ABOK94] for classi cationsof pointson the medialaxis.

Considershrink wrapping of a boundary@ to the medial axis: two-sidedmedial axis.
The mathematicatlescriptionof the two-sidedmedialaxis rst appearedn [SPW96]through
analysisof topologicalstructureof the medialaxis; thereexists a continuousmappingbetween
the medialaxis andits correspondingpoundary@ [Wol92], seealso[ABEO6] for a suney of
topologicalanalysisfor the medialaxis. Practicalusageof the two-sidedmedialaxis was rst
proposedecentlyfor featuredetectionof mesheqHBKO02], andlaterit wasappliedto mesh
deformationgYBS03, YBS06¢ YBS064.

Considera bounded3D gure F whoseboundary@ is a smoothclosedsurface S(u; v).
Considera point S(W%;\°) 2 @ . Let r(u°;\°) betheradiusof the inner medialball for which
S(u% W) is atangeng point. See[SPW96]for mathematicatonstructiorof r(u;v). The para-
metricrepresentationf the medialaxisis givenby m(u;v) = S(u;v) + r(u; v)n(u; v) whichis a
particularcaseof thegeneralized setsurface(4.5)with R(u;v) = r(u;v).

Accordingto Theoremi, if m(u;v) degeneratest m(up; Vo) thenr(u;v) is equalto either
1=Kmax OF 1=Kmin at (u;v) = (u%\°). This immediatelygivesus eitheremax = 0 or enin = O at
S(u®;W0). Thus,the medialball boundaryof radiusr = 1=Kmax (r = 1=kmin) at (u°;\°) coincides
with the osculatingsphereof radius 1=kmax (1=kmin) at (u%°). Consequentlym(ug; Vo) with
r = 1=Kmax (I = 1=Kmin) belongsthefocal rib fmax(Uo; Vo) (fmin(Uo; Vo)).

Propositionl andtheabove analysisof themedialaxisindicatethattheskeletaledgeselong
to focalribs. Thisfactis well-known in 2D [Ley87, CCM97]and3D [YL90, ABK94, BAK97].
A geometricdescriptionof focal ribs which belongto the skeletaledgesvasgivenin [BY01].
Propositionl also leadsa relationshipbetweenthe curvature extremumcurves and a special
family of surfacescalledDupin's cyclides.

4.4 Dupin's Cyclides

The Dupin's cyclideswereintroducedby the FrenchgeometePierre CharlesFrancoisDupin
(1784- 1873)at the beginning of 19th centurywhile hewasstill anundegraduateat the Ecole
Polytechniguen Paris. Sincethenthe Dupin's cyclideshave beenintensiely studiedin con-
nectionwith variousshapemodelingtasks. See,for example[CDH89] for a short historical
suney of theDupin's cyclidesandtheir usageand[FG04] for recentapplicationsof the Dupin's
cyclidesin geometricmodelingasa CAGD primitive. The family of Dupin cyclidesincludes
spheresgylinders,conesandtori, seeFigure4.5.

TheDupin's cyclidesarecharacterizethy the conditionemax = 0 = enin. Hereemax andemin
arethe extremality coe cientsde nedin (4.1). It meanghatlines of curvatureareall straight
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Figure4.5: Cyclide examplesrom www.mathworld.wolfram.com.

lines or circular arcs[Pin86]. Fromenax = 0 = enin and Propositionl, the focal setof the
Dupin's cyclidesdegenerategverywhee to the focal ribs which form spacecurvesincludethe
isolated-pointsin factthis is ananotherde nition of the Dupin's cyclides[Hir90]. The medial
axis of the Dupin's cyclidesdegenerateso a setof spacecures. A sphereanda planecanbe
consideredisdegeneratedupin's cyclideswhosefocal setsandmedialaxisareisolatedpoints;
thefocal pointof aplaneis locatedatin nity . TherearenosalientsurfacecreasesntheDupin's
cyclidesalthoughtheir extremalitycoe cientsvanish.
Let usconsidera surfacepoint whereextremality coe cientsat the point satisfythe condi-
tion
jemad® + jminj’ = O: (4.6)

Noticethattheleft-handsideof (4.6)is theintegrandof theso-calledMVS functionalintroduced
in [MS92] for fair surfacedesignpurposesFor a genericsurface,focal ribs alwaysgo through
the focal setsingularitiescorrespondingo the umbilics of the surface. Now we canconclude
thatagenericsurfaceregionwheretheleft hand-sideof (4.6)is smallis closeto apartof aDupin
cyclide.

A practicaldetectionof the ridgesandtheir subsetds extremelydi cult in thosesurface
regionswhich areslightly perturbedDupin cyclide patchesandwhere, therefore the left hand-
sideof (4.6)is closeto zero. Suchregionsmay containmary spuriousridges(andcrestlines).
Thusit seemaaturalto usethe left hand-sideof (4.6) asa measurdor selectinggeometrically
importantcrestlines.

4.5 Estimating Surface Derivatives

GivenameshM approximatinga smoothsurfaceS = S(u; v), in orderto achieve afastandac-
curateestimationof the principal cunaturesandtheir derivativesa bivariatepolynomialis tted
locally to eachmeshvertex. To date,two polynomial tting stratgiesareusedfor estimating
surfacederivativesat a meshvertex. Accordingto onestratayy, it is assumedhatthe surface
normal at vertex is preliminary estimated.It leadsto the so-calledadjacent-normatubic ap-
proximationmethod[G104]. The secondstratgly [CP03]doesnot assumehatthe meshnormal
is alreadygiven. Accordingto our numericalexperiencejf the vertex normalis approximated
appropriatelythe rst stratgy leadsto a betterestimationof the surfacecurvaturesandtheir
derivativesatthe vertex.

In our numericalexperimentswe usethe following enhancementf adjacent-normatubic
approximationmethod. For eachmeshvertex p 2 M its one-link neighborhoods considered
anda new vertex pC is obtainedasthe arithmeticmeanof the centroidsof the meshtriangles
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adjacento p. Thesenew verticesfp%gform a new meshM © which is smoothetthanM . Now
for eachvertex p° 2 M Cits unit normalis estimatedzia NelsonMax's method[Max99]. Thena
cubicpolynomial

N0GY) = 3 box + 2buxy+ bay? + = cox’+ 3oy + 3epxy” + (.7)

is tted in the least-squarsensdGl04] to p° and a setof its neighboringvertices. That set
of neighborsof p@is obtainedfrom the k-link neighborhoodf p® by remaving thosevertices
whosenormalsmalke obtuseangleswith thenormalatp®. In practicewe usek = 1; 2; 3; 4. Next
the curvaturetensorand extremality coe cientsare expressedvia deriatives of local cubic
polynomialh(x;y). Finally thesecurvatureattributesareassignedo the original verticesfpgof
meshM .

We have also derived an eleggant formula for an extremality coe cient at a surface point
whereS is locally approximatedy (4.7)

o t%éico Cl%tlé
e= @=@= E}tg e o R, (4.8)

Heret = (t1;t,)" is the principal directioncorrespondingo a principal cunvaturek. Becausef
its simplicity, (4.8) leadsto a signi cant reductionof computationatime, see[TG96, MAM97]
for comparisorwith thetraditionallong formulaeof enax andemin.

To prove (4.8) let us considerthe well-known formula for an extremality coe ciente =
@=@for a surfacegivenin implicit form F(x) = 0, x = (Xg; X2; X3), (see,for example,[Por0],
Exercisell.8] andalso[MBF92] wherea small mistale in the nal formulasfor the curvature

derivativesis made)
_ Fijtitjt + 3kFijtin; . (4.9)
jr Fj ’ '

whereF;; and Fjj denotethe secondand third partial derivatives of F(x), respectiely, t =
(t1;t2;t3) is the principal direction correspondingo a principal curvaturek, n = (ng; ny; n3)
is the unit surface normal, and the summationover repeatedndicesis implied. In our case,
F = z h(x;y) andattheorigin of coordinatesr = (0;0; 1) andt = (t3;t»;0). Thus,sincethe
polynomialh(x; y) doesnot containlinearterms,attheorigin of coordinate$4.9) simpli es into

e=rk t

e = Fijtt;t

and(4.8)immediatelyfollows.

Figure4.6 compareghe setsof crestlines detectedon a 3D text meshvia the straightfor
wardpolynomial tting (thetopimage)andthe enhance@djacent-normatubicapproximation
method(we usek = 1 in this example). Figures4.8 and 4.9 demonstratdow our procedure
to estimatesurfacederivativesis e ective comparingwith anothersmoothingmethodandother
normalestimatiormethods.

Althoughourschemdor estimatingsurfacederivativesseemsomplicatedit leadsto highly
e ectivecrestline detectiorproceduravhichonly slightly depend®nthemeshconnectity and
triangle aspectatios. In Figure4.7 we comparethe patternsof the crestlines detectedon the
original Stanfordounny meshandonthemeshobtainedvia animplicitization of thebunny model
andthenpolygonizingusingBloomentals method[Blo94]. Despitethe factthatthe new bunry
meshcontainsmary slivertrianglesandhasirregularconnectvity, the patternsof the crestlines
foundonthe meshesareremarkablysimilar.
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Figure4.6: Crestlinesdetectecbn 3D text. Top: polynomial t without preliminaryestimation
of meshnormalsis used.Bottom: theenhance@djacent-normatubicapproximatiormethodis
employedfor estimatingsurfacecunaturesandtheir derivatives. In boththe casegreliminary

smoothingp ! p°wasapplied.

Figure4.7: Patternsof crestlines and meshtrianglesfor two bunrny models. Top: original
Stanfordbunry meshwith 69,451trianglesis used.Bottom: anotherbunry meshwith 279,984
trianglesis used. The necessargurfacederivativesare estimatedvia the enhancedubic poly-
nomial tting with k = 1 for theoriginal Stanfordounry meshandk = 3 for theremeshedunry
sincethelatteris morethanthreetimesbiggerthantheoriginal one.
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(@) (b) (c)

(d) (e) ()

Figure4.8: Smoothinge ectsfor crestline detection(a): Crestinesdetectean (b) withoutary

smoothing.(b): Theirregularbunry meshgeneratedby animplicitization of the Stanfordbunry

model and then polygonizingusing Bloomentals method[Blo94]. (c): Crestlines detected
on (b) with our preliminary smoothingp ! p°% Theimages(d), (e), and (f) representhe
crestlines detectedon (b) with the semi-implicit meancurvature o w proposedn [DMSB99]

wherethetime stepparametersire0:25, 0:5, and 1.0, respectiely with oneiteration. One-ring
neighborhoogolynomial tting is usedfor all themodels(k = 1).

PCA QuadricFitting NormalVoting[PKS"02] N. Max [Max99]

Figure 4.9: Normal estimationsand smoothing. Top and bottomimagesrepresentrestlines
detectedbn RobotCatmodelwithout smoothingandwith smoothingrespectrely by usingdif-
ferentvertex normalapproximatiormethodswherebottom-rightimagecorrespondsur result.
One-ringneighborhoogholynomial tting is usedfor all themodels(k = 1).
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4.6 Tracing and Thresholding Crest Lines

Oncethe cunaturetensorand extremality coe cientsare estimatedat eachvertex of M, we
inspecttheedgesM andcheckwhetherthey containcurvaturemaximaandminima. We detect
the crestline verticesandconnectthemtogetherfollowing the procedurgroposedn [OBS04]
with onesmall,butimportant,addition.|t turnsoutthattheproceduranaygenerateeveralclose
disconnectedrestlinesin situationssimilar to thoseshavn in the left imageof Figure4.10. In
orderto reducethe fragmentatiorof the crestlines we inspectthe meshverticesandtheir one-
ring neighborhoods.For eachone-ringvertex neighborhoodcontainingcrestline end-points
we connecttwo end-pointsif =3, =3, =2, where , , and aretheangles
betweertheend-sgmentsandthe segmentconnectinghe end-pointsasseerntheright imageof
Figure4.10,seealsoFigure4.11.

Figure4.10: Left: a situationwhenwe may want to connectthe crestlines (shovn in bold)
together Right: angles , , and generatedy crestline end-sgmentsandthe sggmentcon-
nectingcrestline end-pointsareusedto measuravhengap-jumpingis necessary

Figure4.11: Left two imagesrepresenthe closedisconnectedrestlines. Right two images
demonstratehe extractedcrestlines after connectingthe gapsby usingthe angles , , and
de nedin Figure4.10.

Althoughincreasingneighborhoodsize for polynomial tting givesus muchsmoothcrest
lines asshown in 4.15, the spuriousridgesand crestlines can not be removed without over-
smoothingof the crestlinesby changingthe size. As we mentionedbefore the sumof squared
extremalitycoe cientsis very appropriatdor measuringalieng of the crestlines. In practice
we usethefollowing scale-independeiguantityto measurghe strengthof a crestline

Z Zq _
T= ds  jemaf +jeminj’ds (4.10)

wherethe integrals are taken over the crestline. This thresholdingparameteinvolves third-
ordersurfacederivativesandis morecomple thanthat usedin [OBS04]wherethe integral of
aprincipal curvaturealonga featureline wasused.On the otherhand,thresholdingwith (4.10)
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is simplerthanthe thresholdingschemeproposedn [CP0434 wherea second-ordecurvature
derivative is usedfor ltering outspuriousridgesandcrestlines.

We useallinearinterpolationschemdor estimatingthe cyclideness
q

C= jemad’ *+ jemin’ (4.12)
atcrestline vertex v locatedon meshedge[p; q):

_ acC(p) + bC(q).
Clp) = b
wherea = jemax(Q)j, b = jemax(p)j for the corvex crestlinesanda = jenmin(q)j, b = jemin(p)j for
theconcae ones.Now theintegralsin (4.10)areestimatedy a simpletrapezoidapproximation
similarto thatusedin [OBS04.

Roughlyspeakinggcyclidenesg4.11)measuretow farasurfaceregionis from beinga part
of a Dupin cyclide. If x lies on a corvex (concae) crestline, thenemnax(X) = 0 andC(x) =
jemin(X)j (emin(X) = 0 andC(x) = jemax(X)i)-

At the rst glance,it looks that (4.10) doesnot a ect umbilical regions. In factit does:
by continuity cyclidenesq4.11) vanishesat the isolatedumbilics. A small perturbationof an
umbilic region createsa non-umbilicalregion containingisolatedumbilics. Further asit was
shavn in [BAK97], the crestlinesdo not passthroughthe generic(typical) umbilics.

Figure4.12demonstrateBow our crestline ltering schemeworksfor a modelwith spher
ical andcylindrical regions. Notice how well the crestlines detectecat the meshpartsapproxi-
matedthoseregionsare ltered out.

T=0 T=02 T =067

Figure4.12: Detectingcrestlines for a modelcontainingsphericaland cylindrical regionsfor
variousvaluesof thresholdT . For eachmeshvertex, its three-ringneighborhoodgk = 3) is used
for local polynomial tting of RobotCat.

Figured.13exposedetectingerestlinesonamorecomplex modelcontaining at, cylindri-
cal,andslightly curvedregionsandsmallfeaturesincreasingl allows usto remove inessential
crestlines while preservingsalientones. The gure alsodemonstratebow the size of vertex
neighborhoodsisedfor polynomial tting a ectsthe crestline detectionprocedure(seealso
Figure4.15). A larger neighborhoodeadsto smootherapproximationof the meshand,there-
fore, allows usto disregard the crestlineslocatedin slightly corvex/concae regions. Seealso
Figure4.2whereone-ringneighborhoodolynomial tting is usedfor all the models.By using
simpletriangulationfor animage,our methodalsocanbeappliedto theimage,seeFigure4.14.
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T=0, k=1 T=0, k=4

T=48 k=1 T=22, k=4

Figure4.13: Crestlines detectecbn a mechanicapart modelwith di erentvaluesof threshold
T andvertex neighborhoodizek usedfor local polynomial tting.

Figure4.14: Thecrestlineson Lenaarefoundwith three-ringneighborhoodtting (k = 3) with
T = f0; 8; 37g respectrely wherethe Lenaimageis triangulatedor our method.
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k=1 k=2 k=3 k=4

Figure4.15: Crestlinesdetectedn CarandCow modelswhereneighborhoodaizesfor polyno-
mial tting areequalto k = f1; 2; 3; 4gfrom left to right imagesrespectiely.

4.7 Numerical Experiments of Crest Line Detection

All examplespresentedn this Chapterare computedby using gcc 2.95 C++ compileron a
standard..7GHz Pentium4 PCwith 512MB RAM. As demonstrateth Figure4.16,ourmethod
is fastandprocesseabout20K=k trianglespersecondor k-ring neighborhoogbolynomial tting
andestimatingthe curvaturetensorandcurvaturederivatives. The crestline tracingstageat the
methodis fasterthanthe estimationstagealthoughtheformerdepend®n geometriccompleity
of models.The methodis robust. Theresultsof our crestline detectionproceduredependonly
slightly onthe quality of the mesh,asdemonstrateth Figure4.7.

Ourmethods capableof achierzing high quality resultsin detectingsalientcurvatureextrema
to comparewith schemedasecon global tting proceduresln Figures4.17and4.18we give a
visual comparisorof our methodwith thatdevelopedin [OBS04]andwith the exactdetection
of the crestlines on analyticalwaving surfacer(u;v) = [ucosv;usinv;cosu]. The meshwe
usedto approximatehe waving surfaceis not dense:it consistsof lessthan5K trianglesonly.
Neverthelesghe max-normerror estimatedor the extemality coe cientsarereasonablgood:
0:48 for enax and0:56 for enin, seeTable4.1.
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Figure4.16: Timings. Our methodrequiredinearcomputationatompleity whichis relatively
low comparedvith globalimplicit tting methodsAlso our curvaturederivativesformula(4.8)
dramaticallyreducesactualcomputationatime.

Without Smoothing With Smoothing
Without Normal With Normal Without Normal With Normal
L? L1 L? L1 L2 L1 L2 L1
€max | 0.306 0.926 0.116 0.415 0.307 0.926 0.145 0.479
€min | 0.299 0.926 0.141 0.852 0.298 0.926 0.126 0.563

Table4.1: Numericalerror comparisorwith the exact detectionof the crestlines on analytical
waving surfacer (u; v) = [ucosv; usinv; cosu] whereone-ringneighborhoogolynomial tting
with andno ltering is usedfor all the models(k = 1). HerelL? andL! errorsof enax and
emin approximatedy our method(mostright imageanderrors)aremeasuredor the analytical
surfacewith (without) useof our preliminarysmoothingp ! p® andnormalsfor polynomial
tting.
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Figure4.17: Comparisorwith global tting method. Top: Crestlines detectedusinga global
implicit tting method[OBS04]. Bottom: Crestlines detectedusingthe methodof this paper
one-ringneighborhoodtting is used.In boththecasesno Itering is applied.

Figure4.18: Comparisorwith exactcrestlines. Left: Inputa simpleanalyticalsurface.Center:
Exactcrestlines on the analyticalsurface. Right: The crestlines detectedwith our method,
one-ringneighborhoodtting is employed.
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4.8 Crest Lines and Mesh Simpli cation

In this sectionwe presentaquadric-basedeshsimpli cation procedurguidedby thedistance
eld from crestlines. Our useof crestlinesfor adaptve meshsimpli cation purposess inspired
by recentwork [KGO03]. Sincecrestlinesonameshareimportantshapeeaturesit is naturalto

simplify the meshaggressiely far from the mostsalientcrestlines andpresere the meshin a

vicinity of them.

Givena setof featurelines (crestlines,in our case)on surfaceS, following [LPRMO02] for
asurfacepointp 2 S we considerd(p) the geodesidistancebetweernp andthe closestfeature
line (crestline) point. Let max@) bethe maximumof thegeodesidistancesli(p) overall points
of S. Weintroducea scale-independemteighteddistancefunction

!
F(d) = d + . (4.12)
max(d) ’ '

where is aregularizationparamete(in all our experimentsveuse = 0:1) and is apositve
userspeci ed parametewhichis usedto controla degreeof in uence of thecrestlines.
Figure4.19describe®urfeaturesensitve meshsimpli cation framework.

Figure4.19: Featuresensitve meshsimpli cation framavork. Righttwo imagesshaw theresults
of the 90%-decimate&tanfordounny modelsvia QSim[GH97] andourweightedQSim( = 6),
respectiely.

Oncethecrestlinesaredetectedand Itered, we computea discretefeaturedistanced; for
eachtriangleT; 2 M . Letusde ne thedistancebetweertwo trianglesT; andT; of M sharinga
commonedgeasthe sumof distancedetweerthetrianglecentroidsandthe edgemidpoint. To
computefd;gwe usea variantthe Floyd-Warshallall-pairsshortespathalgorithm.

Figured.22visualizesthe distanceelds computedon the Max-Planckand Stanfordbunry
meshes.

Similar to [KG03] a weightedquadricerror metricw;Q(T;) is assignedo eachtriangleT;
of meshM , whereQ(T)) is thestandardsarland-HeckbetQEM [GHI7]. We setw; = 1=F(d;)
and control the degreeof in uence of crestlines via parameter in (4.12). Figures4.20 and
4.21 presenthe Max-Planckand Stanfordbunny mesheswith their eye region 90%-decimated
for variousvaluesof . The detectedcrestlines arethoseshavn in the most-rightimagesof
Figure4.22. The meshdensityis changingsmoothlyaccordingto geodesidistanceo the crest
lines.
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=0 =2 =4 =6

Figure4.20: Max-Planckmeshandits eye part90%-decimatedor variousvaluesof . Theleft
image( = 0) shaws theresultof the standardGarland-Heckbertlecimationprocedure.The
original meshiits crestlines, Itered crestlines, andits distanceeld arevisualizedin the top
imagesof Figure4.22.

=0 =2 =4 =06

Figure4.21: Stanfordbunry (remeshednodelusedin Figure4.7) meshandits eye part90%-
decimatedfor variousvaluesof . Theleft image( = 0) shows the resultof the standard
Garland-Heckbertlecimationprocedure.The original mesh,its crestlines, ltered crestlines,
andits distanceeld arevisualizedin the bottomimagesof Figure4.22.
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Figure4.22: Distancefrom salientcrestlinesis visualizedfor Max-PlanckT = 40 andStanford
bunry T = 189 (remeshednodelusedin Figure4.7) meshes.The crestlines arefound with
three-ringneighborhoodtting (k = 3) for boththe models.

4.9 Crest Lines and Mesh Segmentation

In this section,we develop a frameawvork for meshsegmentationgyuidedby usingthe distance
eld (4.12)asaweightfunctionof aregion growing algorithm. Region growing techniquesire
widely usedin meshsegmentation§LPRM02, SWG'03, CSAD04. Figure4.23demonstrates
themeshsggmentatiorresultof conformalatlasgeneratiof{ CAG) proposedn [LPRMO02]. Here
our crestlinesareemployedfor featureextractionphaseof [LPRMO02] in Figure4.23. Although

the CAG with our crestlines producesiice sgmentatiorresultsin naturalobjectsasshowvn in
Figure4.23,the hierarchicafaceclustering(HFC) [GWHO1] andvariationalshapeapproxima-
tion (VSA) [CSADO04] generatanuch bettersegmentationdor shapesonstructedy a setof
planarregions. SeeFigure4.24for an exampleof sggmentingmechanicabbjects. In orderto
partitionnaturalandmechanicabbjectswell by auni ed approachwe proposea novel weight-
ing schemédor VSA. It is a Lloyd partitioningtype region growing algorithm. The generated
segmentdorm a centroidalVoronoidiagramon the mesh.

DenoteCy be a sggmentwhich is a setof connectedriangles. Let @y be the boundary
trianglesof Cy. We usethe so-calledL?! error metric of VSA which is a weighteddi erence
betweemormalsof Cy andatriangleT;. Heretriangle T; doesnot belongto Cy but sharesat
leastacommonedgewith atriangleT; 2 @x. A localweightw;; = 2F(T;)+ F(T;)) is assigned
to eachpair of triangles.Thenour errormetricof the VSA proxy is de ned by w;j L2;1(Tj C) :
T; 2 @y whereF() is givenby the equation(4.12). This weightingmethoddependsn order
of growing whichis di erentfrom the weightingschemesuggestedn [CSAD04. Similar as
the previous section,we controlthe degreeof in uence of crestlinesvia parameter in (4.12).
Figure4.25describeourfeature-guidedneshsegmentatiorframenork.
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Figures4.26and4.27 presentthe Stanfordbunry and Max-Planckmesheswith 25 and80
sementsfor variousvaluesof , andalsocomparisonsith HFC and CAG (using our crest
lines). The detectedcrestlines are thoseshaown in the top imagesof Figures4.23and 4.22,
respectiely. The sggmentationsare changingand adaptingsmoothlyaccordingto geodesic
distanceo thecrestlines.

(@) (b) () (d)

(e) (f) (9)

Figure4.23: Segmentationon naturalobject. The original Stanfordbunny mesh(a) is parti-
tionedinto 25 segments(e) by using our extractedand ltered crestlines (b) and(c) (k = 3
andT = 41) for featureextraction phaseof [LRPMO02]. The correspondinglistanceled is
visualizedin (d). Imageq(f) and(g) representhe magni cationsof (c) and(e), respecitiely.

HFC [GWHO1] CAG [LPRMO2] VSA [CSAD04

Figure4.24: Sggmentationon mechanicabbject (25 segments). Hierarchicalfaceclustering
[GWHO01] andVariationalshapeapproximatiof CSAD04] aremuchpowerful methodgo parti-
tion ameshinto a setof planarsggmentscomparedvith conformalatlasgeneratiorfLRPMO02].
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Figure4.25: Feature-guidetheshsggmentatiorframenork. Right two imagesshav theresults
of the 25 sggmentedStanfordounny modelsvia VSA [CSADO4]andourweightedVSA ( = 6),
respectiely.

HFC [GWHO01] CAG [LPRMO2] VSA [CSADO04]( = 0)

=2 =4 =06

Figure 4.26: Feature-guidedneshsegmentations.The 25 segmentedoriginal Stanfordbunny

meshfor variousvaluesof . Thetop-rightimage( = 0) shaws the result of the standard
variationalshapeapproximatiorprocedureTheoriginal meshjts crestlines, Itered crestlines,

andits distance eld are visualizedin the top imagesof Figure 4.23. The top-left and top-

centerimagesshov the 25 segmentedoriginal Stanfordbunry meshvia HFC [GWHO01] and
CAG [LPRMO02], respectiely. Our Itered crestlinesshowvn in theimage(c) of Figure4.23are
employedfor the CAG.
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HFC[GWHO01], 25and80 segments. CAG [LPRMO02], 25and80 segments.
VSA [CSADO4 ( =0) =2 =4 =6
VSA[CSADO4 ( =0) =2 =4 =6

Figure4.27: Feature-guidedneshseggmentations The 25 (middleimages)and 80 (bottomim-
ages)sggmentedviax-Planckmeshedor variousvaluesof . The middle-leftandbottom-left
imageg = 0) shav theresultsof the standardrariationalshapeapproximatiorprocedureThe
original meshiits crestlines, Itered crestlines, andits distanceeld arevisualizedin the top
imagesof Figure4.22. The top-left andtop-rightimagesrepresenthe resultingseggmentations
via HFC[GWHO01] andCAG [LPRMO02], respectiely.
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4.10 Summary of Salient Feature Detection

We have presentec fastandrobustmethodfor detectingsalientcurvatureextremaon surfaces
approximatedy densetriangle meshes.The methodis basedon approximatingprincipal cur
vaturesandtheir derivatives by the novel local polynomial tting procedure.Contritutions of
our methodincludea new curvaturederivative formula (4.8) andthe smartthresholdingbased
on cyclidenessn orderto remove spuriousridgesandcrestlines. The resultsof our crestline
detectionproceduredependnly slightly on the quality of the mesh.Our methodis capableof
achieving high quality resultsin detectingsalientcurvatureextremato comparewith schemes
basednglobal tting procedures.

Our Itering schemdor remaoving unessentiatrestlinesis basedninterestingelationships
betweerDupin cyclides,focal sets,curvatureextrema,andvariationalfunctionals. We usecy-
clidenesqg4.11)asthemainingredientof our ltering schemeandmeasurahe strengthof crest
linesby scale-independenuantity(4.10). Thuslong but weakcrestlinesarepreferredo strong
but shortones. Of coursedi erent Itering proceduresanbe alsousedinsteadof that based
on(4.10). Similar manualhresholdingschemesverealsousedin [OBS04,CP04a].Manual I-
teringis hardly avoidablefor complex geometrysurfacessincethe crestlinesarelocal surface
featureswhile salieng-basedhresholdingshouldtake into accouniglobal surfaceshape.

Thesourcecodeof our methodis availableon the Webfor evaluation[YBS05a].

Applications of the crestlines for adaptve meshsimpli cation and feature-guidedmesh
sggmentatiorarealsoconsideredy usinggeodesidistanceo thecrestlines.
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Fast Low-Stretc h Mesh Parameterization

(a) (b) (©) (d)

Figure5.1: Texture mappingof the MannequinHeadmodelwith threemeshparameterizations
usedin our method. (a): Texture andmodel. (b): Floaters shapepreservingparameterization
[Flo97] is usedasaninitial meshparameterization(c): After a singleoptimizationpass.(d):
Our optimallow-stretchparameterization.

Map projectionshave beenstudiedandknown sincebeforeGeograpk [Pto91]of Greekge-
ographeClaudiusPtolemaeug¢Ptolemy about100-170A.D.) whoalreadyintroducedso-lines:
longitudeandIatitudefor projectinga sphereontoa at domain. Althoughfamousprojections
whichincludeorthogonalstereographidylercators, andLamberts weredevelopedfor drawing
the earthon planarmapsin orderto travel aroundthe world, it becamepossibleto investicate
mappingsvia sophisticatednathematicsfter developingdi erentialand Riemanniargeome-
tries by Carl Friedrich Gau3(1777 - 1855)and Geowg Friedrich Bernhad Riemann(1826 -
1866),seeChaptersd-2 and5-3 of [Str8F. Conformalandequiareaimappingspresere angles
andareasyespectrely. If a mappingis conformalandequiareathenthe mappingis isomet-
ric, i.e. it preseresdistancesareas,andangles. However the only developablesurfacesare
isometricto theplane.

Insteadof non-planamesheswe dealwith a planarparameterizatiorior a triangle mesh
approximatinga smoothsurface,a bijective mappingbetweenthe meshanda triangulationof
a planarpolygon. A non-planameshcanbe alwaysdecomposedhto a setof planarmeshes
by using the meshsegmentationmethodsproposedn Section4.9, the corventionalcharting
[LPRMO0Z], partitioning[ CSAD04,YGZS05,JKS05],or cutting[ GGH02,GWY03, WGMY05]
techniques.Our goal is to generatdow-distortion planarmeshparameterizationsAn excel-
lent surwey of recentadvancesn meshparameterizatiois givenin [FH04], seealsoreferences
therein. While variousalgorithmsare developedfor meshparameterizatiompproachedased
on solid mathematicatheorieqe.g.,conformalmappings)e ective computationaschemesgor
generatingracticallyimportantlow-stretchmeshparameterizatiofSSGHO1](andalsosimilar
stretch-basetheshparameterizationsSGSH02,TSS"04,ZMTO05]) have notyetbeenproposed.

In this Chaptey we follow [YBS04, YBS05H and presenta simple and fast methodfor

51
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generatingow-stretchmeshparameterizationsOur approachs basedon a moving meshap-
proach,a populargrid adaptiontechniquein computationamechanics.Insteadof minimizing
the nonlinearstretchenepy of [SSGHO01],we improve the parameterizatiograduallyfrom an
initial parameterizatioby equalizinglocal stretcheover the mesh.The proposedptimization
proceduredoesnot generatdriangle ips if the boundaryof the parametedomainis a corvex
polygon. Moreover alreadythe rst optimizationstepproducesa high-quality meshparame-
terization. Figure5.1 shaws the threestagesof our meshparameterizatiomethod: generating
aninitial parameterizationpur single-passow-stretchparameterizationrandthe optimal low-
stretchparameterizationWe compareour parameterizatioprocedurewith several state-of-art
meshparameterizatiomethodsanddemonstratés speedandhighe cieng in parameterizing
large andgeometricallycomplex models. Also applicationto e cientremeshings developed
in Section5.4 by usingtwo meshparameterizationgjuasi-conformaandlow-stretch.

5.1 Mapping Distor tions and Computational Dif culties

Considera surfaceS(u; v) 2 < 3 topologicallyequivalentto a disk andgiven parametricallyby
S(u; v) = (X(u; v); y(u; v); z(u; v)). TheJacobiamatrix correspondingo themappingf : (u;v) !
S(u; V) is given by a 2x3 matrix J = (Sy;S,). The JacobianJ determinesall the rst-order
geometricpropertiesof the parameterizatiori, includingthe area,angle,andlengthdistortions
causedy themappingf.

Denoteby (u;v) and (u;Vv) themaximalandminimal singularvaluesof J. Then 2 and 2
arethe eigervaluesof the metrictensor

ra-fe i

F G

It is corvenientto use and for measuringvariouspropertiesof p. For example,if (u;v) =
(u; v), the parameterizatiors conformalandmappingf preseresangles.

Since the conformal mappingsare well understoodmathematically discreteapproxima-
tionsof harmonicandconformalmappingsarewidely usedfor meshparameterizatiopurposes
[HG99, HAT*00, SU01,LPRMO02 GY03,KSS06]in computergraphicsand[TWM85, Lis04]
in grid generationSee[Ahl66, Dur04] for mathematicatheoryof theharmonicconformal,and
guasi-conformamappings.Sincethe pioneeringworks[EDD* 95, Flo97], the so-calledcornvex
combinationmethodsareinsensiblystudied[Gus02,DMAO02, Flo03] becausave canconstruct
the valid one-to-onanappingby simply solving a sparsesystemof linear equations.However
conformal mappingsoften producehigh stretchregions wheretexture mappingshave severe
undersamplingrtifacts.

In computergraphics,[MYV93] rst proposedo usea linear combinationof angleand
areaerror termsto de ne the mappingdistortion, seealso [FSD99, AHTK99] wheresimilar
distortionmetricswereemplo/edto atten meshespproximatingnedicalsurfaces.Numerous
discreteparameterizatiopapershave beenpublishedalsoin grid generatiorbasedon a linear
combinationof angleandareadvolumerelatedterms[Res68 Hua01,CHRO03.

Btretc h Distor tion. It is naturalto measuréhelocal stretchof mappingf by P— + 2=
(E+ G)=2. Stretchminimizing meshparameterizatiomas rst proposedby Sanderet al.
[SSGHO01]. It hasbeendevelopedand employed for mary other parameterizatiotechniques
which include signal-specializegparameterizationSGSH02,TSS"04], a sphericalparame-
terization[PH03], charting[SCOGL02,ZSGS04, and geometryimages|[GGH02 SWG'03,
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CHCHO4. Seealso[ZMTO05] wherethe Green-Lagrangeensoris usedto measurdahe stretch.
In [DMKO03] authorsemployedamultiplicationof angleandareaerrorterms,andlatter[FSD0g
indicatedthatthe stretchdistortioncanbe representedy a multiplication of the Dirichlet en-
ergy and areaerror term. Thesedistortion metrics of quasi-isometrytype parameterizations
are highly nonlinearanddi cult to obtainoptimal solutions. While the stretchminimization
approachproposedn [SSGHO01]and further developedin [SGSH02,ZMTO05, TSS'04] leads
to generatinghigh-quality meshparameterizationghe computationaprocedureusedin these
methodsfor stretchminimizationis time consuming.Besidesthe meshparameterizatiompro-
cedureof [SSGHO01 SGSHO2]oftengeneratesegionsof high anisotropicstretch,consistingof
slim triangles.Suchthe regionson a parameterizedndtexturedmeshlook like cracksandwe
call them parametercradks Figure5.2 demonstratean appearancef suchparametercracks
onthetexturedMannequirHeadmodelparameterizety the stretchminimizationmethodfrom
[SSGHO01].

In [PHO3] the authorsproposeto adda regularizationtermto the stretchenepy in orderto
avoid parametecracks.Thetermdepend®n two userspeci ed parametersBesidegninimiz-
ing theresultingenegy doesnot producea minimal stretchparameterization.

Parameterization
Parameter Crack

/[

Texture Mapping

Figure5.2: Parametercrackson textured MannequinHeadmodel parametrizedy the stretch
minimizationmethodof Sanderetal [SSGHO1].

Givenatrianglemesh,we rst constructaninitial meshparameterizatioms mappingand
thenimprove theparameterizatiogradually:ateachimprovementstepwe optimizetheparame-
terizationgenerate@tthepreviousstep.Theoptimizationis achiezedby minimizing aweighted
gquadraticenepgy with positive weightschosento minimize the parameterizatiostretch. Thus
thesingleoptimizationstepis fastsinceit is basedn solvingasparsesystenof linearequations.
A few optimizationstepsare enoughto obtainthe optimal low-stretchmeshparameterization,
therefore our methodis extremelyfasterthanthe nonlinearoptimizationmethodsncludehier
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archicalalgorithmgHGC99, FH02,DMKO03, RL03,Kan04,SLMBO05]. Besidesf theboundary
of the parameterizatiomlomainforms a corvex polygon, triangle ips never happen[Flo97]
accordingo Tutte'stheorem Tut63].

Our methodcan be consideredas an error redistritution (di usion) procedureappliedto
local stretches.The errorredistritution (alsoknown asthe maving meshmethodor r-method)
is a powverful meshadaptiontechniquein computationamechanicgsee for example,[LTZ01,
CHRO3 Lis04] andreferencesherein).It hasbecomepopularafter seminalworks of De Boor
[DB73] andBaluskaandRheiboldt{BR78]. Thegeneraideabehindthe approachs extremely
simplelet us move meshverticesto positionswherethey are mostly needed. Obviously this
leadsto errorequalizationw.r.t. a userspeci ed error measurgenegy) often calleda monitor
function in computationaimechanicsstudies,see[BS82, CD85 HuaO1]for adaptve zoning,
gradingfunctions,and meshredistritution. Error equalizationresemblesa di usion process
andcanbe governedby a systemof partial di erentialequationdWin67, Win81, HHO03]. In
the geometricmodeling eld, it generalized.aplaciansmoothingand similar ideaswere used
for meshparameterizatiopurposeqYBS04, YBS05b] and optimizing texture maps[SDS02,
BTBO02]. Ourerrorequalizatiortechniqueof [YBS04,YBS05H hasbeensuccessfullemployed
for not only the meshparameterizationg RS05a,ZRS05b,YYSZ06] but alsotexture mapping
(geometryimage) [WGMY05, CHCHO§, morphing[SK04], meshingpoint clouds[ZG04Hh,,
cloth simulation]WTYO05], andfeatureextraction[NNS06] in computemgraphicsandgeometry
processing.

We compareour low-stretchmeshparameterizatioprocedureavith severalstate-of-armesh
parameterizatiomethodsanddemonstratés speedandhighe cieng in parameterizingarge
andgeometricallycomple« models.Besidesve shov how our meshparameterizatioapproach
canbe combinedwith the interactve geometryremeshingschemeof Alliez etal. [AMDO02] in
orderto achieve fastandhigh quality remeshing.

5.2 Fast Low-Stretc h Mesh Parameterization

Given a parametrizedrianglemeshM 2 < 3, considera meshtriangle T = hp1;p2;psi 2 M
andits correspondingriangle U = huq; up; usi in the parametricplane< ﬁ;v. TrianglesfUg
de ne aplanarmeshU 2 < 5;\, andthe parameterizationf M is givenby one-to-onanapping
betweenmeshedJ andM . The correspondencbetweenthe verticesof T andU uniquely
denesana nemappingP : U ! T. Letusdenoteby (T) and (T) the maximaland
minimal eigervaluesof the metric tensorinducedby the mapping[SSGHO01,ZMTO05]. As we
mentionedabove, quantity q

W= 2+ 2=
characterizethe stretchof mappingP.
For eachvertex u; in the parametedomainlet usde ne its stretch ; = (u;) by

q X X

= AT) (U2 AT)) (5.1)

whereA(T) denotesheareaof triangleT andthesumsaretakenoverall trianglesT j surrounding
meshvertex p; correspondindo u;.

Our methodto build a low stretchmeshparameterizatiorronsistsof several steps. First
we constructaninitial meshparameterizationsingthe FloaterapproactFlo97]: the boundary
verticesof meshM aremappednto the boundaryverticesof U which form a polygonin the
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parameteplaneRﬁ;V andfor eachinner vertex p; of M its correspondingertex u; insidethe
polygonis selectedsuchthatthefollowing local quadraticenegy
X
Bu) = wiliu; i (5.2)
. . - . n O . - . .

achievesits mlﬂlmglvalue.Here uj areverticescorrespondingo the meshone-linkneighbors
of pi 2 M and w;; arepositive weights.Now the optimal positionsfor u; arefoundby solving
asparsesystemof linearequations

X
j\Nij up u =0: (5.3)

Thiscomputationallysimpleprocedurgoroducesvalid parameterizationf meshM andavoids
triangle ips if theboundaryof U isq cgrvex polygon[Tut63,Flo97].

Notice that modifying weights w;; in quadraticenegy (5.2) and, consequentlyin (5.3)
modi es the meshparameterizatignThgisonecanimprove the meshparargeterizatiomitially
determinedoy (5.3) with weights vv°'d via selectingbetterweights w”e’v . Inn ouBmeshop—

tlmlzatl%n %rocedure,vve exploit this S|mple obseration and choosewelghts W}“je"’ suchthat

vertices u; aremovedtowardlocationswherethey aremostlyneeded.
Let usestimatdocal stretch ; = (u;) for eachinnervertex u; in the parametrigplane.We
redistritutethelocal stretchedy assigning

Wi = w°'d ,- (5.4)

in (5.2). The new positionsof fu;garenow foundby solving (5.3).

We canthink aboutverticesfuigandcorrespondingnegies(5.2) in termsof a mass-spring
system.For anareapreservingparameterizatiorif a high (low) stretchis obseredatu;, thatis

i > 1( ; <1),werelax(strengthenjhe springsconnectedvith u; by solving (5.3) with new

weights(5.4). It workssimilarly for agenerabarameterization.

Ourideatodi usethelocalstretchesteratively by (5.1),(5.3),(5.4) resemblesneshmoving
techniquesliscussedn the previoussection. 0

V\(/)e startfrom aninitial parr]argeterizatiom 0= ui0 andthenimprove it gradually:U ™1 =

u™1 is obtainedromU "= ul by solving(5.3)with Weightsvvihj+l de ned by
+1 _ ’ h .
wit=wf ol

We selectw0 asthe shapepreservmgwelghtsproposeday Floater[Flo97]. The boundary
verticesof theevolvmg meshU h h=0;1;2;:::, remain x ed. Whensolving (5.3) with wij =
vvh+1 numericallywe useU asthelnltlal guess‘or thenumericalsolver we employ.

We usethe L2 stretchmetricof Sandeetal. [SSGHO01]

q X X
El = EquUM) = AT) (UM2  A(T); (5.5)

wherethe sumsare taken over all the trignglesT of meshM , to de ne a stoppingcriterion.
Namelyif EM*1  EN we considetU ot = Lrj1h asanoptimallow stretchmeshparameterization.

BesidesU °P! we also considerU 1 = ui1 , the meshparameterizatiombtainedafter one
stepof our optimizationproceduresince,accordingto our experiments,alreadythe rst step
dramaticallyimprovesthe parameterizatioguality.



5.3 Low-Stretch Parameterization: Results and Comparisons 56

We @lsqcanvary the strengthof stretchredistritution (di usion) step(5.4) by usingthe

weights , ,0< 1,insteadof f jgin (5.4):
Wi = waid (5.6)

Using(5.6)with < 1 slowsdown thestretchminimizationprocessut, ontheotherhand,often
improvesthemeshparameterizatioguality. Thein uence of exponent in (5.6)is demonstrated
in Figure5.3 for our single-steparameterizatiot 1. Choosingsmallervaluesfor leadsto a
lessaggressie stretchminimization.

In the next section,we compareU * andU °Pt with resultsproducedby corventionalmesh
parameterizatioschemes.

Figure5.3: Choosingsmallervaluesfor leadsto alessaggressie stretchminimization.From
left to right: U 1 parameterizationf MannequinHeadwith = f0; 0:1; 0:2; 0:4; 0:6; 0:8; 19

5.3 Low-Stretc h Parameterization: Results and Comparisons

Computing.  All theexamplespresentedh this Chapterarecomputedoy usinggcc2.95C++

compileron a 1.7GHz Pentium4 computerwith 512MB RAM. To solve a systemof linear
equationAx = b we usePCBCG[PTVF88] with the maximumnumberof iterationsequalto
10* andthe approximatiorerror jAx  bj5jbj setto 10 6. Notethatwe canalsousethe recent
developmentf the sparsalirectsolverse.g.[Dav04] insteadof PCBCG.

Error Metrics.  To evaluatethe visual quality of a parameterizatiomwe usethe checlerboard
texture showvn in the bottom-leftimageof Figure5.2. For a quantitatve evaluationof various
meshparameterizatiomethodsve employ L2 stretchmetric(5.5) andconsideredge angle,and
areadistortionerrorfunctionsde ned belon. To measurehe edgedistortionerrorwe use

X _Pi P Uiy

r r 1]
Pi Pj Ui Uj

wherethe sumsaretakenover all the edgesof meshedM andU . The angledistortionerroris
de ned by

1 X R
ar jii il
SF joi=1
wherethe sumsaretaken over all theangles j; and j; of the trianglesof meshedv andU,
respectrely, andF is thetotal numberof triangles(faces)f M . Theareadistortionis measured
by X X X
ATi= ATy AU = AU ;

wherethe sumsaretakenover all thetrianglesof meshedvl andU .



5.3 Low-Stretch Parameterization: Results and Comparisons 57

Comparison and Evaluation. We have implementedanumberof corventionalmeshparam-
eterizatiormethodsandcomparedhemwith our low stretchtechnique:

(a) | Ecketal. harmonicmap[EDD™* 95]

(b) | FloatersshapepreservingparameterizatiofFlo97)

(c) | Desbruretal. intrinsic parameterizatiofDMAO02]

(d) | Sandeetal. stretchminimizing parameterizatiofSSGHO1]
(e) | Oursingle-steparameterizatiok) *

(fn) | Ouroptimalparameterizatiok) °Pt

Thesubind« hin (f)) in the bottomrow of the abore tableshows the total numberof opti-
mizationsteps(5.3), (5.4) neededo generateJ °P',

Tablesb.1-5.12andFigures5.14-5.16 and5.4 presentjualitative andvisualcomparisonsf
the abore meshparameterizatioschemesestedon variousmodelstopologicallyequivalentto
adisk. The unit squareis usedasthe parametedomainandfor eachmodelsits the boundary
verticesare x edonthe boundaryof the square.The errorsandcomputationatimesmeasured
in secondgs) andsometimesn minutes(m) andhours(h) aregiven.

For theintrinsic parameterizatiomethod DMAO02], we usetheequalblendingof theDirich-
letandAuthalic enepiesfor all themodels gxceptfor the Fishmodel(Table5.11)wherewe use
only theDirichlet enegy in orderto avoid triangle ips.

Our single-stepmeshparameterizatioprocedure(generatingU ) is only slightly slower
thanthe fastFloaterand Eck et al. parameterizatiomethodsandfasterthanthe intrinsic pa-
rameterizatiorof Desbrunet al. [DMA02]. BesidesU ! demonstratesompetitie resultsin
minimizing the stretch edge area,andangledistortions.

Our optimal meshparameterizatioprocedurds alsofastenoughand sometimesachieves
better results in stretch minimizing than the probabilistic minimization of Sanderet al.
[SSGHO1]which is very slow. Moreover, by contrastwith [SSGHO01],U °' doesnot gener
ate parametercracks(seeFigure5.4) becausd5.3) actslike a di usionprocess.Besides|f a
very low stretchparameterizatiors neededlJ °P' canbe usedasaninitial parameterizatiofor
[SSGHO01].

Figure5.5 shavs U °P! parameterizationf the MannequinHeadmodelwhenthe parame-
ter domainhasboundarieof variousshapes.The left imagesshowv the parameterizatiomnd
correspondindexture mappingresultswhenthe boundaryis the unit circle. The right images
demonstratsimilar resultswhenthe boundaryof the parametedomainwasobtainedasthe so-
callednaturalboundaryfor the conformalparameterizatioof [DMAO2] (similar freeboundary
schemesuchas [KGGO05, Wan05] also canbe used). Notice that the stretchdistortionsnear
the boundaryare substantiallyreducedn thelatter case.Although meshparameterizatiomwith
free boundaryconditionscanbe achieved by anglebasedattening [SUO1] andits hierarchical
extension[SLMBO05], they do not produceow-stretchparameterizationasour method.

In Figure5.17 meshparameterizationsl ©, U 1, and U °P! are evaluatedand comparedus-
ing the checlerboardtexture. SometimesU °P' doesnot producethe bestvisual result be-
causeof high anisotroy and U ! is preferable. Finally, in Figure5.18 we analyzehow the
stretchdistribution over a complex geometrymodelis changingduring the optimizationpro-
cessU%! U1 U Thetoprow of imagespresentshe model(a decimatedViax-Planck
bust model) and resultsof checlerboardtexture mappingwith U °, U1, andU °°'. The four
remainingimagesof the modelshow the stretchdistribution over the modelfor U 0 Ul and
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U °Pt parameterizationsheimagesdemonstratéow well our stretchminimizationprocedures
minimize and equalizethe stretch. It is interestingto notice that nearthe meshboundarythe
optimizedmeshesave large areaand angledistortions(the samee ectis obsenedin all the
othertestedmodels)but relatively low stretchdistortions.Onecanhopethatanappropriatee-
laxationof boundaryconditionswill reducethoseareaandangledistortionswhile maintaining
low stretch.

Figure5.4: Parametecracksonvariousmodelstexturedwith checlerboardexture. Theimages
of theupperrow demonstratparametecracksgeneratedby the stretch-minimizatiomethodof

Sandeeetal. Theimagesof thebottomrow shav the samepartsof the modelsparameterizety

oury °pt,

U %Pt = U 5 with circularparametedomain. U °Pt = U ! with naturalboundary{DMAOQ2].
Time: 1.51s, Stretch:1.34, Time:1.67s, Stretch:1.68,
Edge:0.43,Angle: 0.47,Area: 0.4. Edge:0.5,Angle: 0.37,Area: 0.9.

Figure5.5: Usingvariousparametedomainsfor U P,
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5.4 Application to Remeshing

In theright columnsof Figures5.14-5.16andin Figure5.13we demonstraténow our meshpa-
rameterizatiortechniquecanbe usedfor fastandhigh quality remeshingof comple surfaces.
We have chosenthe interactive geometryremeshingschemeof Alliez etal. [AMDO02] andim-

plementedts mainstepsseeFigure5.6:

1. Createameshparameterization.

2. Computearea,curvature, and control mapsusing hardware acceleratedpenGLcom-
mands.

3. Samplepointsby applyinganerrordi usionto the controlmap.

4. Connecthe pointsusingthe Delaunaytriangulation.

5. Usetheparameterizatioto mapthepointsinto 3D.

A conformalmeshparameterizatiois the bestchoicefor thedescribedemeshingcheme.

It is clearthatthe remeshingquality depend®n the sizeof animageusedfor the hardware
assistedacceleration:ithe biggersize, the betterresultas demonstratedh Figure5.6. On the
otherside, the imagesizeis restrictedby the graphicscard memory It turnsout thata high
quality remeshinganbe obtainedevenfor arelatively smallimagesize.Let usassumehatwe
have two parameterizationsf a 3D mesh:a conformalparameterizatioandanarea-preserving
one. Thenlet us usethe area-preservingarameterizatiofior computingthe control mapand
resamplingthe pointsvia an errordi usion process.Finally, the points are mappedfrom the
area-preservingarameterizationo the conformalone and are connectedising the Delaunay
triangulation.

The above remeshingmodi cation hasone drawback: it requirestwo parameterizations,
conformalandarea-preservingHowever sinceour low-stretchparameterizatiot °°* hasnice
area-preservingropertiesandthe initial Floaters parameterizatiot) © is closeto a conformal
one,we useU ? andU °Ptinsteadof the conformalandarea-preservingarameterizations the
above modi cation of theinteractve geometryremeshingchemeof Alliez etal. Sowe useU °Pt
for resamplingandthenmapthe sampledpointsto U °, andapplythe Delaunaytriangulationon
U °. Figure5.7 describesur double-parameterizatioemeshingramevork. Figures5.8 and
5.9demonstratsamplinge cieng andtriangulationquality, respectiely.

The right imagesof rows (a)-(c) of Figures5.14-5.16demonstratgesultsof the single-
parameterizatiomemeshingschemef the discreteharmonicmap parameterizatiofEDD* 95],
Floaters shapepreservingparameterizatiofFlo97], andintrinsic discreteconformalparameter
izationareused respectiely. Theright imagesof rows (d)-(f) of Figuress.14-5.16presenbur
experimentswith the double-parameterizatiolemeshingscheme We setFloaters parameteri-
zationU © asa substituteof a conformalparameterizatioandusedU © asaninitial parameter
izationto generatehe stretch-minimizingparameterizationf Sanderetal. [SSGHO1JandU *
andU °Pt, Theselow-stretchparameterizations/ere usedas substitutesof an area-preserving
parameterization.

Figure5.13 presentsemeshedMax-Planckbust gndstanfordlygnry rpodelsoltainedby
the remeshingschemesasedon (from left to right) U%, U% U, and U U " parame-
terizations. Hereusing fU % U %4 parameterizationsieansthat we useU ° asa substituteof a
conformalparameterizatiomndU ®asa substityteof an gyeapreservingone. Notice thatthe
double-parameterizatimemeshingschemavith U ©; U °Pt yieldsthe bestresults.
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Figure5.6: Remeshindgramework of Alliez etal. [AMDO02]. Resampling®n the conformal
parameterizatioaredemonstrateébr 128x128,256x256,and512x512imagesizes.

Figure 5.7: Double-parameterizatioremeshingframework: U °°' and U © are employed for
resamplingand triangulation,respectiely. Resamplingon U °P' and triangulationon U © are
demonstratedor the 256x256imagessize: the resulting3D meshis much betterthan even
512x512image caseof the conformalparameterizationseeFigure5.6. Seealso Figuresb.8
and5.9for advantage®f our scheme.
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Figure5.8: Samplingadwantageof our double-parameterizatioremeshing.It is obvious that
ourlow-stretchparameterizatiogivesuse cientsamplingratefor a x edimagesize(256x256
is usedin this Figure).

Figure5.9: Remeshingjuality advantageof our double-parameterizatimemeshingLeft: only

U °Ptjs used. Right: both U %; U °Pt areemployed. Our double-parameterizatioremeshing
avoids angledistortioncasedoy U° | U °P' pecauseéhe Delaunaytriangulationusedto tri-

angulatethe sampledpoints maximizesminimum angleof the triangles. SinceU © is closeto

conformal,quality of 2D triangulationis preseredin 3D.



5.5 Discussion of Low-Stretch Mesh Parameterization 62

5.5 Discussion of Low-Stretc h Mesh Parameterization

The nal resultof our meshoptimizationmethoddependn the choiceof initial Weightsnuioo.
In particularwe found out that selectingFloaters shapepreservingweights[Flo97] leadsto a
very e ective stretchminimization procedure.Even betterresultsare often obtainedif the so-
called cotangentwveights[PP93,DMAO02] are usedfor generatinghe initial parameterization
U °. However since cotangentweightsare not necessaryositive, using them may generate
triangle ips.

Oneinterestingsituationwhenthechoiceof shapereservingveightsis notvery appropriate
consistsof parameterizingnesheswith multiple boundariesseethe left imageof Figure5.10
for sucha meshtopologicallyequivalentto a spherewith holes. Onesolutionto createa good
initial parameterizatioof sucha meshconsistsof the following. Let us chooseonehole (the
biggestone)astheouterholeandtheremainingholesasinnerholes.Let ustriangulatetheinner
holesandthenusethe shapepreservingveights.Alternatiely, for eachedge[x;; x;] of aninner
hole, accordingto the right imageof Figure5.10, we cancomputeanglesneededo generate
eitherthe meanvalueweights[Flo03]

tan(j;=2) + tan( ij=2)
i xjj

or cotangentveights
cot( ij) + cot( i)

anduseeitherof thesesetsof weightsfor generatingheinitial parameterizatiok °.

X .
fif..-

p-ij"

" Inner Boundary

Figure5.10: Left: a meshwith multiple boundaries.Right: the anglesneededo de ne the
cotangenandmeanvalueweightsfor boundaryvertices.

Thistechniqueaswell asthevirtual boundarymethodof Leeetal [LKLO2] is developedfor
dealingwith meshparameterizationde ned over non-cowex parametedomains.n contrasto
[LKLO2] our approaclis especiallydesignedor processingnesheswith holes. The useof the
virtual boundarymethod[LKLO02] for mesheswvith holeswould requirea nontrivial hole lling
procedurgsee for example,[Lie03]) asa preprocessingtep.

Figures5.11and5.12demonstratéhe power of this our techniqueandshav parameteriza-
tionsU © andU P! obtainedfor the Carmodel.

5.6 Summary of Low-Stretc h Mesh Parameterization

We have presentea fastandpowerful methodfor generatindow-stretchmeshparameterizations
anddemonstratés applicabilityto high quality texture mappingandremeshingOur methodis
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muchfasterthanthe stochastictretchminimizationprocedureof Sandeetal. [SSGHO1](note
that their more recentcoarse-to- nestretchoptimizationprocedurg SGSHO02]is signi cantly
fasterthanthatof [SSGHO] but still slowerthanours)andoftenproducesetterquality results.
In particular it doesnot generatgparametecracks. Our approachhasbeenalreadyemployed
and extendedfor not only the meshparameterization®ZRS05a ZRS05b,YYSZ06] but also
texture mapping(geometryimage) [WGMYO05, CHCHO04G, morphing[SK04], meshingpoint
clouds[ZzG04Hh, cloth simulationfWTYO05], andfeatureextraction[NNSO06].

Our approachs heuristic. Althoughit hasmuchin commonwith meshmoving techniques
widely usedin computationamechanicsandoftenjusti ed mathematicallyat presentwe are
notableto supporiourapproactby rigorousmathematicatesults.In futurewe would begladto
justify thee ectivenesf ourapproacltrigorously Also futureresearclincludesextendingour
methodto sphericaimeshparameterizationgY02, GGS03 andglobalmeshparameterizations
[GY03, GGT06,TACSDOG RLL*06]. The sourcecodeof our methodis availableon the Web
for evaluation[YBS04].

Figure5.11: Left: the cotangentharmonic)weightsareusedto generateJ %; stretchL? error=
1.495 stretchL! error= 360.4.Right: U °P' = U 1; stretchL? error= 1.178,stretchL® error=
20.13.

Figure5.12: Left: the meanvalueweightsareusedto generatel 9; stretchL? error= 1.395,
stretchL! error= 172.7.Right: U °P'= U 1; stretchL? error= 1.181,stretchL! error= 21.37.



5.6 Summary of Low-Stretch Mesh Parameterization

64

time

Stretch| Edge

Angle

Area

@)

0.06s

6.6507 [0.9918

0.125

1.4032

(b)

0.06s

5.9171 |0.9635

0.1995

1.3801

(©)

0.12s

6.2751 [0.9778

0.1619

1.3931

(d)

80.91s

1.375 |0.5162

0.2952

0.5232

(e)

0.08s

1.6691 |0.5084

0.3717

0.8836

(f3)

0.16s

1.4084 |0.4814

0.4479

0.4165

Table5.1: MannequinHeadmodel: V = 689

time

Stretch

Edge

Angle

Area

@)

3.16s

18.027

1.2288

0.0361

1.692

(b)

2.29s

15.941

1.2074

0.1441

1.6373

©

17.4s

16.933

1.2157

0.0857

1.6618

(d)

57.5

1.3257

0.7021

0.2501

0.5436

(e)

4.18s

2.2037

0.6249

0.372

1.1899

(fa)

9.22s

1.5392

0.5623

0.4905

0.6217

Table5.5: DecimatedViax-Planckbust model:

'V = 9462,F = 18866

F = 1355
time | Stretch| Edge | Angle | Area time | Stretch| Edge | Angle | Area
(a) [0.21s[1.9708 |0.4935/0.0969|0.8455 (2) | 12.95] 15348 |0.3025 0.1313] 0.5063
(b) [0.17s|1.8084 |0.4648|0.1568|0.8409 (b) |6.215/1.485 |0.3412 0.17480.5651
(© 0.33s| L8511 |0.4753 0.1189| 0.84 (c) | 25.8s|43.947 |0.7602(0.3622| 1.0085
@ |213s [1.172 [0.2996 0.2239| 0.3043 (d) |4.5h [1.2226 |0.28330.1934|0.4338
(e=f1) [0.3s | 1.2057 | 0.28620.2881| 0.3179| |(©) |17-95|12105 |0.2477/0.2112]0.3876
(f3) | 42.6s]1.1718 [0.24 [0.2636|0.2375
Table5.2: CatHeadmodel: V = 1856,F = Taple 5.6: Fandiskmodel: V = 9919, F =
3660 19617
time | Stretch| Edge | Angle | Area time | Stretch | Edge | Angle | Area
(a) |0.37s|6.6617 |0.99710.0685|1.4036| | (a) |5.55s | 9179549 1.6037|0.0915|1.7599
(b) |0.325|5.7921 | 0.9599 0.1807|1.3733 | (b) |4.24s | 1120318 1.5049| 0.3491|1.7175
(c) |0.76s|6.1295 | 0.9784/0.1209|1.3886) | (c) | 21.1s [ 231989 |1.5494|0.2707|1.7387
(d) |23m |1.3279 | 0.5393 0.2744/0.4956 | (d) |39.7h |7635.3 |1.1442/0.3544|0.8435
(e) |0.5s |1.6425 0.50730.3838|0.8717 |(e) |6.99s [313.64 |0.98830.6341|1.4739
(f3) |1.09s]1.382 |0.4748/0.4132|0.3832] | (fg)|33.2s |3.5688 |0.8522/0.8253|0.7897
Table 5.3: Re ned MannequinHead model: Taple5.7: Half-of-Dragonmodel: V = 13927,
V = 2732,F = 5420 F = 27782
time | Stretch| Edge | Angle | Area time | Stretch| Edge | Angle | Area
(a) | 1.23s]13.306 |0.7563/0.1041|1.0207| |(a) |12.4s|9462.1 |0.9729 0.0704|1.5132
(b) | 0.87s|11.729 |0.6976/0.2545|0.9526 | (b) |8.95s | 181.05 |0.99830.3852|1.5725
(c) [1.81s[12.266 |0.7232/0.176 |0.9795 |(c) [90.7s |320.53 |0.9845|0.2281|1.5425
(d) |1h |1.3408 |0.4955/0.3477|0.4227| |(d) |43.4h|1.6816 |0.71930.2917|0.6665
(e) | 1.5s |1.7643 |0.4551/0.3735|0.4676 |(e) | 14.7s |3.3929 |0.5041]0.6184|0.8078
(f3) | 3.44s|1.4791 | 0.4661/0.5226|0.3613 | (f3) [32.35(2.884 [0.6399 0.7747|0.5344

Table5.4: Catmodel:V = 5649,F = 11168 Table5.8: DragonHeadmodel: V = 23929,
F = 47783
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time | Stretch| Edge | Angle | Area time | Stretch| Edge | Angle | Area

(@ [11.25 | 3.4790 [0.7924 0.0542| 1.3309 |(®) |9245[6.3061 |0.8241/0.0445]13021
() [8.465 4676 0.8678 0.1627| L3664 | (b) | 66.35[6.092 |0.7752 0.1782[1.2613
() |93.8s | 34.621 |0.8104/0.1831| 1.3525 |(C)|486s |6.306 |0.8241)0.0445|1.3021
(d) |18.6h | 1.3092 |0.4603 0.2265| 0.5492 |(d) |120h |2.5689 |0.6481) 0.24440.926

(e) | 15.2s | 1.4373 |0.4166] 0.3446|0.6868| | (€) |125S |1.5683 | 0.42520.3476| 0.6387

Table5.9: Ilgeamodel:V = 24720,F = 49301 Table5.11: Fish model: V = 64982,

time | Stretch| Edge | Angle | Area F = 129664

(a) [17.9s|712.33 | 0.7097/0.0797|1.098 time | Stretch| Edge | Angle | Area
(b) [13.2s|85.181 |0.7241/0.1522|1.0861| |(a) |250s |18.207 |1.2578 0.03 |1.6936
(c) |231s |672.45 |0.70620.2866|1.0957| |(b) |204s |18.10251.25 |0.0512|1.6912
(d) | 55.6h|1.5159 |0.4982/0.3109|0.4868 |(C) |52.1m | 2.8434 | 1.2341 0.3068)1.6924
(e) | 22.5s | 4.7926 |0.45820.387 |0.5632 |(e) |384s |2.2094 |0.6598 0.3698|1.2017
(fe) | 79.8s | 1.8755 |0.6143 0.6065|0.5241| |(f3)|848s |1.4926 |0.5939 0.4865|0.4812

Table5.10: StanfordBunny model:V = 31272, 1aple 5.12: Max-Planckbust model:
F =62247 V = 199169,F = 398043

Figure5.13:Remeshingf Max-Planckoustmodel(threeleft imagesgndStagfordoynry (threg
right images)models. For eachmodelremeshingsccordingo U°, U% U?®  and U2 U °Pt
areshavn. Seethetext for details.
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Parameterizdion Curvaure Map Texture Mapping Parameter Cracks? RemeshinfAMDO02]

(a) Harmonicmapof Ecketal. [EDD*95]:
time 0.37s, Stretch:6.661, Edge:0.997, Angle:0.068, Area:1.403

(b) Floatershapepreservingveights[Flo97]:
time0.32s, Stretch:5.792, Edge:0.959, Angle:0.18, Area:1.373

(c) Intrinsic parameterizationf Desbrunetal. [ DMAOQ2]:
time0.76s, Stretch:6.129, Edge:0.978, Angle:0.12, Area:1.388

(d) Stretchminimizationof Sanderetal. [SSGHO01:
time23m, Stretch:1.327, Edge:0.539, Angle:0.274, Area:0.495

(e)OurU ! parameterization:
time0.5s, Stretch:1.642, Edge:0.507, Angle:0.383, Area:0.871

(f) OurU °Pt = U 2 parameterization:
time 1.09s, Stretch:1.382, Edge:0.4748, Angle:0.4132, Area:0.3832

Figure5.14: Comparisorof variousmeshparameterizatioschemesn the MannequinHead
model(V = 2732,F = 5420).
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Parameterizaion Curvature Map Texture Mapping Parameter Cracks? RemeshinfAMDO02]

(a) Harmonicmapof Ecketal. [EDD*95]:
time1.23s, Stretch:13.3, Edge:0.756, Angle:0.104, Area:1.02

(b) Floatershapepreservingveights[Flo97]:
time0.87s, Stretch:11.72, Edge:0.697, Angle: 0.254, Area:0.952

(c) Intrinsic parameterizationf Desbrunetal. [ DMAOQ2]:
time 1.81s, Stretch:12.26, Edge:0.723, Angle:0.176, Area:0.979

(d) Stretchminimizationof Sandesetal. [SSGHO1:
timelh, Stretch:1.34, Edge:0.495, Angle:0.347, Area:0.422

(e) OurU ! parameterization:
time1.5s, Stretch:1.764, Edge:0.455, Angle:0.373, Area:0.467

(f) OurU °°t = U 3 parameterization:
time 3.44s, Stretch:1.479, Edge:0.466, Angle:0.522, Area:0.361

Figure 5.15: Comparisonof variousmeshparameterizatioschemesn the Cat model (V =
5649,F = 11168).
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Parameterizaion Curvature Map Texture Mapping Parameter Cracks? RemeshinfAMDO02]

(a) Harmonicmapof Eck etal. [EDD*95]:
time 3.16s, Stretch:18.02, Edge:1.228, Angle:0.036, Area:1.692

(b) Floatershapepreservingveights[Flo97]:
time2.29s, Stretch:15.94, Edge:1.207, Angle: 0.144, Area:1.637

(c) Intrinsic parameterizationf Desbrunetal. [DMAOQ2]:
time17.4s, Stretch:16.93, Edge:1.215, Angle:0.085, Area:1.661

(d) Stretchminimizationof Sanderetal. [SSGHO01:
time57.5h, Stretch:1.325, Edge:0.702, Angle:0.25, Area:0.543

(e) OurU ! parameterization:
time4.18s, Stretch:2.203, Edge:0.624, Angle:0.372, Area:1.189

(f) OurU °t = U 2 parameterization:
time 9.22s, Stretch:1.539, Edge:0.562, Angle:0.49, Area:0.621

Figure 5.16: Comparisonof variousmeshparameterizatioschemeson the decimatedvax-
Planckbustmodel(V = 9462,F = 18866).
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UO Ul

Min: 0.17 Ave: 11.12 Max: 37.96

Ul Uopt

Min'0.21 Ave: 2.11 Max: 4.51

Figure5.18: Toprow: adecimatedMax-Planck
bustmodelandresultsof checlerboardtexture
mappingwith U °, U 1, andU °P' parameteriza-
tions. The four remainingimagesof the model
shav the distribution of the vertex stretches
over the modelfor U, UL, andU °P, Firstly
coloring by stretch 2 [0:17;37:96] is used
to compareU ® andU 1. Thenthe samecol-

_ ~oringschementhestretchinterval [0:21; 4:51]
Figure 5.17: Checlerboard texture mappingis emplq/edto comparehestretchdistributions
with U° (left), U (middle),andU°P (right). ¢4, 1 andU °Pt, Herethe boundsof thein-

tenal are equalto the maximal and minimal
stretchvalues.



Free-Form Skeleton-driven Mesh Deformations

Generatinghatural-lookingdeformation®f complex shapesiasmultiple applicationsn CAGD,
computemnimationandgeometrianodeling.Sincethepioneeringvorks[Bar84, SP86],devel-
opingfast,e cient,andintuitive method<or localandglobalfree-formshapedeformationss a
subjectof intensie researchseethe recentworks[BPGK06,vFTS06,HSL*06] andreferences
therein.

Pierre Bézier (1910- 1999)introducedthe idea of deformingshapessmbeddedn tensor
productsplinesthrougha mappingbetweendi erentcon gurations of spline control points
[Ram94]. This idea, called spacedeformationswasinheritedto the famousFFD (Free-Brm
Deformation)technique[SP86]which deformsshapesembeddedn regular latticesequipped
with Béziersplines. Furtherdevelopmentsof the FFD include extensionsfor non-regular lat-
tices[Cog9(Q, directmanipulationgHHK92], arbitrarylatticesiMJ96], meanvaluecoordinates
[JSWO08, andmary others.BesidegylobaldeformationgBar84] asbending twining, andtaper
ing, spacedeformationscanbe employed without lattices. For example,displacementectors
with smoothin uence functions[BR94, RNJ00,YBS02 BKO034 producelocal bumpingand
sculpting.In [AWC04] authorsproposedo decomposea local sculptingdeformationinto a se-
quenceof spacedeformationsn orderto avoid self-intersections.The techniqueof [AWCO04]
is extendfor constantvolume deformationan [ACWKO04] by usinga setof swirling deforma-
tions. Many spacedeformationschemesreequippedwith intermediatecontrolinterfacessuch
as lattices (FFDs), stick- gure skeletons[MTLT88, LCJ94, curwes [SF98], triangle meshes
[SKOOb, KOO03], andvector eld [VFTS0] in orderto control deformationdntuitively andto
avoid specifyingmary local deformationgo obtainalarge-scaleleformation.Most of thesede-
formationsareformulatedin termsof weightedblendingof local coordinateframesattachedo
theintermediatecontrolinterfaces.Parameter®f theseweightedblendingareusuallyrequired
tediousmanualadjustmentgo obtainnatural-looking(intuitive) deformationsas mentionedn
[LCFO00].

Recentlyskeleton-drvenglobalfree-formshapadeformationgiren aconsiderablattention
[LCF00, SKOOb,CGC'02]. The skeleton-drven deformationsare well-suitedfor large-scale
shapadeformationsand,therefore canbe usedin numerousapplicationsn computegameand
digital movie industries BloomenthalBL99, Blo02] proposedo usethe medialaxisasskeletal
control interfacein orderto obtain natural-lookingdeformationsby preservingoriginal shape
thickness.

In this Chaptey we follow [YBS03, YBS06G YBS06g and describenev schemedor
free-form skeleton-drven global meshdeformations.The basic(andvery simple)ideaof our
skeleton-basedpproacho globalshapeleformationss sketchedn Figure6.1. Noticethatusu-
ally alocal shapedeformationcorrespondso a skeletonbifurcation(branching)while a global
shapadeformationcorrespondso skeletonbending,asseenin Figure6.2. Firsta skeletalmesh,

70
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a Voronoi-basedpproximationof the medial axis, is extractedfrom a given mesh. Next the
skeletalmeshis modi ed by free-formdeformations.Thena desiredglobal shapedeformation
is obtainedby reconstructinghe shapecorrespondingo the deformedskeletalmesh. The use
of the medialaxis preventsthe so-calledcollapsingjoint defectdLCF00] which arethickness
changinge ectswherealargebendingor twistingdeformatioris appliedvia[MTLT88, LCJ94,
seeFigure6.3. We develop meshfairing proceduresllowing usto avoid possibleglobal and
local self-intersectionsf thereconstructedhesh.The basicdeformationprocesss describedn
Section6.3. Then,thereconstructingndfairing proceduresreextendedo avariationalframe-
work called discretedi erential coodinates[Sor0f in Section6.5. Finally, sinceour shape
representatiomesembleshe displacedsubdvision surfaces|LMHO00], we enrichour meshde-

formationapproachby a multiscaletechnique. Figure6.4 gives someimpressionon how our
approactworks.

Extracting S'keleton Editing 'Skeleton Updatiﬁg Original Geometry

Figure6.1: Skeleton-basedhapedeformation.

Local Deformation Global Deformation

Figure6.2: Localvs. globalshapedeformationsLeft: local shapadeformationsisuallyproduce
new branchesf the skeleton. Right: skeletonbendingscorrespondo natural-lookingglobal
shapedeformations.

6.1 Voronoi-based Skeletal Mesh

We alreadyconsideredhe medialaxis [Blu67] in Section4.3. Herewe usea discreteapproxi-
mationof the medialaxis,skeletalmeshfor theintermediateontrolinterfaceas[BL99, Blo02].
Mathematically the medial axis is de ned asloci of centersof maximal empty balls for a
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Figure 6.3: Preventing collapsingjoint defects. Left: the stick- gure skeleton,the ellipsoid
meshwith its skeletalmesh.Deformedmeshewia the SSD[MTLT88,LCJ94](Center)andour

method(Right).

(@) (b) (€) (d)

Figure6.4: A variationalskeleton-drvendeformatiorexample.(a): Armadillo (332K triangles),
its skeletalmesh(5K triangles),andthe stick- gure skeleton. (b): A spacedeformationof the
skeletalmesh.(c): A coarsedeformedmeshobtainedby usingdiscretedi erentialcoordinates
from thedeformedskeletalmesh.(d): A multiresolutionaimeshrepresentatiogivesusthe nal
densaleformedmesh.
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boundedgure F. The maximalemptyball, alsocalled medialball [ACKO1b], is completely
containedn no otheremptyball. The medialaxisof a gure is very sensitve to small pertur
bationsof the boundaryof the gure: small perturbationof the boundarymay resultin large
change®f themedialaxisstructure.

Practicalextractionof themedialaxisof a3D shapés usuallybasedn 3D Voronoidiagram
techniquedTSG*'97, ABK98], seealsoreferencesherein. Figure6.5 presentsa 2D example
demonstratindnow the medialaxisof a gure canbe approximatedy Voronoiverticescorre-
spondingto points scattereddenselyover the boundaryof the gure. Figure6.5 demonstrates
alsohow sensitve the medialaxisof a gure is with respecto smallperturbation®f thebound-
ary of the gure.

Recentlyseveral improvementsover the basictechniquedevelopedin [ABK98] were pro-
posedACKO01a DZ02,HBKO02]. For our needswe employ theapproactdevelopedrecentlyin
[HBKO02] whereit wasproposedo approximatehe medialaxis of a meshby a skeletalmesh
having the sameconnectiity asthe original mesh. The verticesof the skeletal mesharein
one-to-oneorrespondenceith the verticesof the original trianglemeshandthe skeletalmesh
inheritsthe connectwity of theoriginal mesh.It allows for editingthe skeletalmeshby standard
meshprocessindools.

GivenameshM , our rst goalis to extractanapproximateskeletalmeshS suchthat

M = S+dN; (6.1)

whereN isthe eld of unitmeshnormalsde ned attheverticesof M andd is thesetof distances
from the verticesof M to the correspondingerticesof S alongN. The shaperepresentation
(6.1) wasproposedy [SPW96]for mathematicahnalysisof the medialaxis,seeSection4.3.

The relation (6.1) is the core of our approach. It allows us to edit the original meshM
via modifying its skeletalmeshS. Below we explain how to achieve a robust extractionof the
skeletalmeshandbuild representatiof6.1).

Figure6.5: Left: aclosed2D curve andits medialaxis. Middle: the medialaxisis formedby
the centersof all innerbitangentcircles. Right: the medialaxisis approximatedy thevertices
of theVoronoidiagramgeneratedby pointsscatteredlenselyoverthe curve.

Pre-Smoothing.  Sincethe medialaxis of a shapeapproximatedy a meshis very sensitve
to the meshquality, we rst applythe bilaplaciantangento w [WDSBO0Q to the meshin order
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to improve the meshquality. As demonstrateth Figures3.3and3.4 of Chapter3, the bilapla-
cian tangentsmoothingregularizesa mesh. If the step-sizeof the bilaplaciantangento w is
su ciently small,the o w keepsalmostdoesnota ectthe meshgeometrywhile improving the
aspectratiosof themeshtriangles.

Figure6.6: Left: acow meshandits innerskeletalmesh noticethatthe skeletalmeshintersects
the cow mesh. Right: the cov meshimproved by several iterationsof the bilaplaciantangent
o w andits skeletalmeshimprovedoriginal con meshvia 100bilaplaciantangento w provides
agoodskeletalmesh.

This preprocessingtepimprovesdramaticallythe quality of the skeletalmesh,asdemon-
stratedin Figure6.6. The left imageshavs an original cov meshandits inner skeletalmesh.
The skeletalmeshintersectghe cov meshwhile the true medialaxisis locatedinsidethe cow
model. The cov meshin the right imageis improved by several iterationsof the bilaplacian
tangento w. Theinnerskeletalmeshof theimproved cov meshprovideswith a muchbetter
approximatiorof thetrue skeletalmesh.

Skeletal Mesh Extraction.  In orderto extracta skeletalmeshS from a givenoriginal mesh
M, we employed the Voronoi-basedwo-sidedapproximationof the medial axis proposedn
[HBKOZ2]. Firstthe Voronoicells are calculatedfor all verticesof M by using the Quickhull
algorithm[BDH96]. Every vertex of M associatesvith a Voronoicell. Consequentlyone-to-
onecorrespondencdsetweertheverticesof M andtheassociatederticesof S areestablished
by assigninga linearcombinationof thefarthestoronoisitesin [YBS03] andthe Voronoipoles
[ABK98] in [YBS06¢ YBS064 asskeletalmeshvertices.The connectity of S is copiedfrom
the connectvity of M. Hence,eachtriangleof M alsohasa one-to-onecorrespondenceith
theassociatedriangleof S. Figures6.7and6.8illustratethe skeletalmeshe®xtractedfrom the
given 3D meshesThe extractedskeletalmeshis a manifold approximatiorof the medialaxis,
therefore cornventionalmeshprocessingnethodscanbe appliedto S.

Post-Smoothing.  Insteadof high precisionapproximationsof the medial axis requiredin
surfacereconstructionfABK98, DZ02], a spike-lessandnon-dgeneratedgkeletalmeshis de-
sirablefor our purpose.Similar asthe pre-smoothingthe following specialsmoothingscheme
is emplo/edto S if S is noisyor degeneratedAssumethatthe normalsof M areorientedfrom
S to M. Thebilaplaciantangentiasmoothings appliedfor ary vertex of S suchthattheinner
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Figure6.7: Skeletal meshextraction. Left: Homermeshandits Voronoi poles. Center: the
triangulationof the Voronoi polesby copying Homer meshconnectvity. Right: the skeletal
meshof Homermesh.

(@) (b) () (d)

Figure6.8: A skeletalmeshis extractedby usingVoronoipoles. (a): A givenoriginal triangle
mesh.(b): TheinnerVoronoipolesof theoriginalmesh.(c): Triangulationof the Voronoipoles
by copingtheoriginal meshconnectvely. (d): The skeletalmeshwith its associatednedialball
radiusfunction.
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productbetweena smoothingvectorof the vertex of S anda one-to-onecorrespondingertex
normalof M is negative; otherwisethevertex positionof S is not movedby the smoothing.

6.2 Skeletal Mesh Editing

Considera free-formdeformationof the skeletalmeshS. Our methodis not restrictedby arny
particularspacedeformationtechniqueusedfor editingtheskeletalmesh.In ourimplementation
we usea setof free-formdeformationtools developedin [YBS02].

Also following [Blo02], we have implementedhe skeletal sub-spacaleformationgSSD)
[MTLT88, LCJ94]. Lety; andy‘jj be an original local frameorigin anda deformedocal frame

origin, respectiely. Any positionz 2 < 2 is transformedaccordingo

wi(y$ + Aiz y)) Aj=BIBY (6.2)
j

whereB; and BY aretheoriginal anddeformF(;drames,respect'rely. Theframeis usuallycom-
posedby threeaxes (3x3 matrices). Here ;w; = 1 andw; is a normalizedGaussian-lie
functionof thedistancgz y;j. TheSSDequation(6.2) canbeinterpretecasweightedblending
of localtransformation#\; for zembeddedh thelocal framecoordinatesystem.

To implementstick- gure skeletonspneof the frameaxescanbe assignedo a normalized
edgeof the stick- gure skeleton. The joints of stick- gure skeletonsmay associatevith more
thanoneframe. The initial frameorigins ascontrol pointscanbe picked on the skeletalmesh
vertices,seethe image (a) of Figure6.4. Besidesthe Euclideandistancejz  yjj, we usethe
geodesidistance®n original andskeletalmeshes.

6.3 Basic Mesh Deformation Process

A directreconstructiorof a deformedmeshfrom the deformedskeletalmeshaccordingo (6.1)
may producesevereself-intersectionsf the deformedmesh.Sowe usea homotofy methodto
decompos¢he deformationinto a sequencef L deformationsconnectinghe original skeletal
meshSg = S anddeformedskeletalmeshSy:

sj:so+deLS°: (6.3)
Now the correspondingleformationsf the original mesharecomputedas
M;=Sj+dNj 1 j=L2:L (6.4)

whereNo is the eld of unit meshnormalsfor M = Mg andN;j is the eld of unit mesh
normalsfor M j. The scalar eld of displacementsl is not changedduring the deformation
steps.Accordingto our numericalexperimentsthe decompositiorinto L = 3 stepsdeliversa
satishctorycombinationof quality andspeed.

6.3.1 Removing Folds and Protrusions

If alarge skeletalmeshdeformationis applied,see,for instance Figure 6.9, the resultingde-
formedmeshM 4 may have somedefectsasdemonstrateth theleft imagesof Figure6.11. In
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this section,we explain how to remove suchdefectsof the deformedmeshasfolds andprotru-
sions,asseenin Figure6.10. Onepossibleway to avoid suchmeshdefectsconsistsof recon-
structingthedeformedmeshM 4 from the deformedskeletalmeshSy asthe envelopeof medial
balls[ACKO01la]centeredattheverticesof S4. Howeverit workswell only for densemeshesSo
we have chosemadi erentapproactbasedn meshevolutions.

Figure6.9: A large skeleton-basedeformationof ahandmodel.

We considerthefollowing meshevolution

——= 4M F V; M(0)=My; (6.5)
@
wherethenegative bilaplacian 2 andforce V areusedfor meshrelaxationandregularization
purposesindforce F pushegheevolving meshtowardsthe envelopeof the medialballs.

We approximatethe bilaplacianoperatorvia the bi-umbrellaoperatofKCVS98]. The pa-
rameter > 0 is not constant.Let us considera meshvertex x? andits neighborscomputethe
umbrellaoperatorgvectors)for them,andcountthe numberof thoseneighborsvhoseumbrella
vectorsform an obtuseanglewith the umbrellavectorat x4, We assign = 0:25to x{ if the
fractionthatobtuseangless lessthan0:3. Otherwisewe set = 0 atx9.

We wantto de ne the force F suchthat F ts the evolving meshto the ervelopeof the
medialballs. For eachtriangle T of the deformedskeletalmeshlet us considerthe corvex hull
of themedialballs centeredat trianglevertices.A generalapproacto computethe corvex hull
of a setof spherexanbe foundin [BCD*96]. However, in our simple case,the corvex hull
is computedanalytically: we usethe factthatthe corvex hull canbe computedasthe envelop
of the balls centerednside the triangle and obtainedby the trilinear interpolationof the balls
centeredatthevertices.We describeheernvelopasanimplicit function. Let usde ne afunction
w = E7(P) atpoint P asthevalueof theimplicit functionat P. Now considerameshvertex x9,

is de ned by
o 17
F(X )= ﬁ ETJ(CJ')I' ET]-(CJ‘);
=1
whereT; is a deformedskeletalmeshtrianglecorrespondingo the meshtrianglewith centroid
C;. Noticethattheforce Er E attractstheverticesto thezerolevel setof E.
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TheforceV is de ned asthe projectionof the bilaplacianvectoron the planeorthogonako
F
FJF.
JFI IR
As illustratedin Figure3.4,the bilaplacianoperatotis a betterchoicethanthe singleLaplacian
operatoffor thetangentiacomponent.

Figure6.10explainswhy o w (6.5) eliminatesmeshfolds andprotrusions.

V =4°M (4°M

- = ==Union of Medial Balls

Evolving Mesh

| <& 10 Fitting Force

+ <¢mmmm=Smoothing Force

G Tangentail Force

Figure6.10:E ectof (6.5). ForceF pushegthemeshverticestowardstheervelopeof themedial
balls. Two otherforcesin the right hand-sideof (6.5), tangentialforce V and smoothingforce
42M , areusedto eliminatemeshfolds andprotrusions.

Theright imagesof Figure6.11demonstratexing defectsof the deformedhandmeshby
(6.5).

Figure6.11: Left: zoomedpartsof the deformechandmodelfrom theright imageof Figure6.9.
Right: xing meshdefectsby (6.5).

6.3.2 Eliminating Global and Local Self-Intersections

The deformedmeshstill may have global and local self-intersectionsas sketchedin the left
imageof Figure6.12.

Againwe useameshevolutionapproachn orderto eliminatepossibleglobalandlocal self-
intersection®f thedeformednesh.Considemvertex x® = (x;y; 2) of thedeformedneshandits
correspondingertex s¥ = s, s; s, of thedeformedskeletalmesh.Let usde ne thefunction

axyzs)=(x s)P+(y §)P+(@ 9 &
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whered is the radiusof the medialball centeredat s°. Now we introducea function f(x;y; 2)
whosezerolevel set f(x;y; 2) = 0 approximateshe ervelopeof the medialballs. Let usdivide
the boundingbox (unit box) uniformly into B By By voxels G In practice,we use
fBy; Bm; Bng= f20; 20, 20gwhich givesussatisfictoryresults.We set

n (0]
himn(XY;2) = min g(xy;zsY : &2 G

wheretheminimumis takenover all skeletalmeshverticess” thatbelongto thecell Gj.m,. Then
f(x;y; 2) is de nedfor (X;y; 2) 2 G;mn by

8
2 hymn(%Y;2) if himn(Xy;2) < 0;

f(xy, 2 = _ ,

Themeshevolutionwe useto eliminateglobalandlocal self-intersectionsvolveseachmesh
by
%= f(M)r f(M)  W43M): (6.6)

Here fr f, the antigradientof %fz, pushesthe meshverticestowardsthe zero level set of
f(x;y; 2). TheweightW(x9) in (6.6)for ameshvertex x4 2 M is givenby
if(x9)  g(x?; D)
maxijf(xd) g(x?; <)’
xd2M

wW(x9) =

whered! is the skeletalmeshvertex correspondingo meshvertex x9.

Similarto (6.5) thebilaplaciantermin (6.6) makesthe o w morestablewhile anotherterm
in the left hand-sideof (6.6) pusheghe meshverticestowardsthe ervelopeof the medialballs
centeredatthe verticesof thedeformedskeletalmesh.

Meshfairing with (6.6) is demonstrateih Figure6.12for a large-scaledeformationof an
ellipsoidmodel,seealsoFigure6.13.

Global Self-Intersection

Local Self-Intersection

Figure6.12: Fairing globalandlocal self-intersectionsLeft: globalandlocal self-intersections.
Center:folds andprotrusionsareremoved by (6.5), however local andglobal self-intersections
remain.Right: remaoving the self-intersectiondy (6.6).

6.3.3 Gathering All Together

An exampleof ourbasicmeshdeformatiorprocesss demonstratedh Figure6.14Givenamesh,
rst its Voronoi-basedkeletalmeshis extracted.Next a free-formdeformationis appliedto the
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Figure6.13: Remawing self-intersectionsf the deformechandmeshfrom Figure6.14(d).Left:
variousviews ata zoomedpartof Figure6.14(d). Right: correspondingiews at the sameparts
of Figure6.14(e).Theself-intersectionaregone.

(@) (b) () (d) (e)

Figure6.14: Basicmeshdeformationprocess.(a): The original handmeshi,its skeletalmesh,
andcontrol pointsto be usedto deformthe skeletalmesh.(b): A deformedskeletalmesh.(c):
Folds and protrusionsare obsered in the deformedmesh. (d): The folds andprotrusionsare
removedby (6.5); however globalandlocal self-intersectionsrestill presented(e): Theglobal
andlocal self-intersectionareeliminatedby (6.6).
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skeletalmesh.Thenadeformedmeshis reconstructedrom the deformedskeletalmeshaccord-
ing to (6.1). We employ (6.3), (6.4) with L = 3 to producethe deformedmesh. Finally mesh
fairing is applied. Mesh evolution (6.5) eliminatesfolds and protrusionsand meshevolution
(6.6) removesthe self-intersections.

6.4 Combining with Displaced Subdivision Surfaces

The mosttime consumingstepsof our basicmethodpresentedn Section6.3 aremeshfairing
stagesdescribedn subsection$.3.1and 6.3.2. For example,for the handmodel consisting
of 16K trianglesonly, its deformationprocesseshown in Figure6.13takesapproximatelyone
anda half minutesfor eliminatingself-intersectionsaboutsix secondgor remaoving folds and
protrusionsandlessthanonesecondor all theotheroperationga Javza3Dimplementatioron a
1.7GHzPentium4 computemwasused).In orderto performthe deformationprocessn amatter
of few secondsve combineit with adisplacedsubdvision surfacerepresentatiofLMHOO0].

Multiresolutionmeshrepresentationarepowerful toolsto deformalargemeshaccordingo
deformationof its controlmesh.Thedisplacedsubdvision surfacerepresentatiorDSS-repjs
a compactsurfacerepresentatiogapturingsmall-scaledetailsof an original surfaceasa scalar
displacementeld overadecimatedandthensubdvidedsurface.

Givenadensamesh, rst we obtainaDSSrepresentationf themesh:adecimatedneshand
a scalardisplacementeld. Thenwe build our skeleton-basedepresentationf the decimated
mesh. The decimatedneshhasmuchfewer verticesthanthe original densemeshand do not
containsmall-scaleletails. This leadsto fastandrobustextractionof the Voronoi-basedkeletal
meshfor the decimatednesh.Moreover DSS-repprotectsne geometryfeaturesof theoriginal
meshfrom beingdamagedy meshevolutions(6.5) and(6.6). The meshdeformationprocess
is now organizedas follows: a free-from deformationis appliedto the skeletal meshof the
decimatedneshandimplies a deformationof the decimatednesh.The deformedmeshis then
subdvidedand, nally , adeformatiorof theoriginaldensemeshis obtainedrom thesubdvided
deformedmeshby addingthe scalardisplacementeld.

To demonstratdnow the above combinationof DSS-repandthe skeleton-drien meshde-
formation approachdescribedn previous sectionsworks we usedthe dragon,cow, and hand
models.Themodelsareremeshedtopologicalnoiseremoval, decimationsubdiision)in order
to improve their quality. SeeFigures6.15-6.18for the results.Coloring by the meancunature
is usedfor a quality evaluationof the deformedmodels.

In theseexamples,the whole meshdeformationprocesstakes only a few secondswith-
out taking into accountcomputingthe DSSrepresentationin our currentimplementationye
computethe DSSrepresentatiomithout its mostcomputationallyexpensve optimizationstep
[LMHOO]. BesidedDSS-rephasto be computedbnly once.
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Figure6.15: Skeleton-basedeformationgenrichedby DSS:the dragonmodelhas100K trian-
gleswhile its skeletalmeshconsistof 6K trianglesonly.

Figure6.16: Skeleton-basedeformationenrichedoy DSS:the handmodelhas38K triangles
while its skeletalmeshconsistf 2K trianglesonly.

Figure 6.17: Skeleton-basedleformationsenrichedby DSS: the covw model consistsof 45K
triangleswhile its skeletalmeshhas3K trianglesonly.
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Figure6.18: Anotherglobaldeformationof the cow model.

6.5 Variational Skeleton-driven Deformation

Thebasicmeshdeformationprocesproposedn Section6.3 (also[YBS03]) preseresa shape
thickness.Unfortunately ne geometricdetailsof the original shapeare oftenlost during pro-

cesseslescribedn Section6.3.1(smoothingfold-overs[YBSO03]). A similar problemarisesin

thespacedeformationmethodproposedn [Blo02] becaus@f corvolving the distanceeld.

In thissectionwe follow [YBS06¢,YBS064 andpresenanew techniquegor reconstructing
a deformedshapeaccordingto the editedskeletalmesh. The techniqueconsistsof combining
skeleton-drven meshdeformationswith the so-calleddiscretedi erentialcoordinates.

The discretedi erentialcoordinatesof a meshvertex are de ned by a discreteLaplacian
of the vertex. Eachcoordinateassociatesvith a correspondingelementof the Laplacianvec-
tor. Sinceseminalworks [Ale00, LSCO'04, YZX*04], meshdeformationshasedon discrete
di erentialcoordinatesareintensiely studiedbecausef their detail preservingability. These
methodsrst interpolateor propa@te the userspeci eda ne transformationver the mesh,
andthenthe nal deformationsareobtainedoy solvingthediscreteapproximation®f aPoisson
equation. Geometricdetails of the meshare embeddednto a discreteLaplacianmatrix, and
solving the Poissonequationdi usesa deformationerror over the mesh. Therefore,the ne
geometricdetailsarepreseredwith certainsmoothnesduringtheir deformationsSeearecent
review of this topic [Sor0g andreferencegherein. Sincethe corventionaldeformationtech-
niquesbasedon discretedi erentialcoordinatesio not presere original shapethickness,our
approachbasedn combiningthe skeleton-drvenwith discretedi erentialcoordinategchieses
morenaturaldeformationghanthe corventionalmethods.

Furthermorethe useof discretedi erentialcoordinatesllows usto achiere shapepreserv-
ing self-intersectioriairing. We develop a nev meshevolution techniquewhich eliminatescer
tain self-intersectionsf thedeformedmeshsimultaneouslyreservingne geometriadetailsby
minimizing thethicknessanddeformatiorerrors.

Given a triangle meshM , considerits skeletalmeshS extractedfrom M by the method
describedn Section6.1, and a deformedskeletalmeshSy. Here Sy is obtainedfrom S by
applying spacedeformationsdescribedn Section6.2. The basicprocedureof our variational
skeleton-driendeformationtechniquds asfollows. First, afragmentedneshM ¢ is generated
by applyinglocaltransformationso all trianglesof M wherethetransformationsrrede ned by
accordingo thelocalframesattacheds andSqy. Thena nal deformedneshM g is obtainedoy
stitchingthefragmentedneshtrianglesbasedn minimizing adeformatiorerror. Heretheerror
is given by a squareddi erencebetweenthe discretedi erentialcoordinateof M ¢ andM g.
In [SP04 YZX*04,ZRKS05], similar minimizing strat@iesare usedfor stitchingfragmented
meshes.
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Let x, s, ands® bethe verticesof M, S, and Sy, respectiely. Sincethe deformationfrom
S to Sq doesnot changethe connectiity of Sy, thereareone-to-onecorrespondencdsetween
Xi 2%, 5 2s ands? 2 s7. Considera nal deformedmeshM 4 correspondingo Sg. Letx? be
theverticesof M 4. RecallthatM g is givenby the shaperepresentatio6.1): M 4 = Sq + dNg
whereNq arethe unit normalsof M ¢, seeFigure6.19.

Figure6.19: Shaperepresentatiof6.1).

Theradiusof medialball whosecenteris locatedon s; is givenby
d@i) =jxi si (6.7)

Letnd 2 Ng beaunit normalof M 4 atx? 2 x¢. Thus,our shaperepresentatior6.1) canbe
re-writtenasx? = §'+d(i)n?. In Section6.3,we approximateNy by decomposingdeformation
from M to M 4 into a sequencef deformations.Herelet us approximatenid by the following
local transformatiorin orderto usediscretedi erentialcoordinates.

Local Transformation.  Let fxi; Xj; Xg fs;Sj; @ andfsf’;s‘f;#g be correspondindriangles
of M, S, andSy, respectrely. We attachthe originallocal frameBg = (vo;té;tg) to all triangles
of Swherevp = t} 2, t3 = (s s)ds; sj, andt3 = (% S)J  Sj- The skeletal
meshediting procedurechangesheframefrom By to thedeformedocal frameBy attachedo a
correspondingriangleof Sy. HereBy is givenby the samecalculationproceduref By by using
f§;s§’;$ginsteaobf fs;sj; g SeeFigure6.20.

Letn; 2 N beaunitnormalof M atx;. Sincethedisplacemenx; s representanormal
vectorof M [ACKO1b]atx;, n; is givenby Ji: zj. Consideralocal coordinaterepresentationf
N on S suchthatthe coordinate®f n; arerepresentetly Bolni. Thecoordinatetransformation
BdBolni givesusanapproximatiorof nid, theunit normalatxid. Thus,we have

n-d BdBol(Xi S)
' jBaByt(xi S)j

Here BdBO1 is calculatedper triangles. Therefore,applyingthe following transformation
(6.8)to all trianglesof M generates fragmentedneshM g. SeeFigure6.21.
Ax s)

x| =+ d(I)jA(XI—S)j, A= ByB,%; (6.8)
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. > d
] S;j t i Sj

0

BO = (VO 1téit (2)) Bd = (Vd 1té1t 3)

Editing skeletal rﬂesh.

Figure6.20: Correspondingrianglesof M , S, andSq. Local coordinatdframesareattachedo
the correspondindrianglesof S andSg.

wherel = i; j;k, x| 2 xT is thefragmentedneshvertex andd(l) is the medialball radius(6.7).
Comparedwith similar transformationsusedin otherdeformationse.g. [SP04], the transfor
mation (6.8) preseres shapethickness. Also the above equation(6.8) canbe consideredasa
discreteapproximatiorof the shapeepresentatio(6.1): M 4 = Sq + dNg.

Original Mesh: M Fragmented Mesh: i

=\ V/Za\
5 %? i

Transforming vertices per triangle.
>

Xy

Figure6.21: A fragmentedneshM g, trianglesoup,is generatedia (6.8).

Althoughthe transformation(6.8) generatestretchdistortions,it doesnot destry ne ge-
ometricdetailscomparedwith shearingransformationsn < 2 asmentionedn [SCOL*04] be-
causehestretchof (6.8)is locally embeddedh theskeletalmesh.In [LSCOLO05]authorsembed
theirlocal transformationso the original meshin orderto obtainsemi-rigiddeformations.

In the caseof spacedeformationsge.g. (6.2) or [SK0Ob, KO03, Blo02], the nal position
of x}’ of M 4 is calculatedby averagingthe fragmentedmeshverticesx”. Averagingthe trans-
formedverticesin Euclideancoordinatesequiresa large in uence region which containsa lot
of transformedverticesin orderto generatenice deformationsasindicatedin [KOO03]. In our
approachwe calculatean averageof the fragmentedneshverticesx' in discretedi erential
coordinatesvhereonly one-linkneighborverticesarerequiredfor the blending.

Discrete Differential Coordinates. Considertwo graphsGy andGy . correspondingo
two pairsof meshedM ; SgandfM g; Sqg respectiely. Sincewe have the one-to-onecorre-
spondencédetweernx ands, the graphstructuresare constructedy addingedgesbetweenM

andS (M g andSy) asillustratedin Figure6.22. Herethevertex setsof Gy andGy, . consistof
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fx; sgandfx; s%g respectiely. Consideralsoan anothergraphGy 4 Whosevertex setconsists
of fx4; g HereGy, is equippedwith the sameconnectiity of Gy .

Figure6.22: Two graphsGy (Left) andGy . (Right) areconsidered.

Considera weightedgraphwhoseverticesaregivenby fvi; vo; :::;vi; i:.g If thereis the edge
betweenv; andv; thenthey areadjacenvertices.Thei j elemeniof a graph-Laplaciamatrix of
thegraphis de ned by

8

% o Wi if vj andv; areadjacent
% k2N (i) Wik if vi = v;;

. 0 otherwise

wherew;; is aweightassociateavith the edgebetweerv; andvj. HereN(i) is theindex setof
adjacenterticesof v;. See[Chu97]for mathematicalheoryof agraph.
Considerthegraph-Laplaciamatrix for Gy, wherethe eachedgeis equippedvith aweight
w. Herewe usestandardcotangenweights[PP93]w = cot j; + cot jj for edgesbetweer;
andx; wheretheangels jj and i arede ned in Figure6.22. For the weight associateavith
theedgebetweerx; ands;, we usew = 1. Thusthe graph-Laplaciamatrix associateavith Gy,

for (x;s) is givenby i
I+Ly | é
| | (6.9)

wherel is theidentity matrix, Ly is a meshLaplacianmatrix,anda standgfor atransposef
vectora. Theij elementof Ly is givenby

(cot jj +cot jj) j 2 N(i)

§ kenG)(COot ik +Cot i) =i
. 0 otherwise

whereN(i) is theindex setof the one-linkneighborhoodrerticesof x;.

Considerthe graph-Laplaciaroperatorfor Gy . wherethe eachedgeis equippedwith a
weightw. We usew = cot\ xjxkx; for the edgebetweenxiT andxjT andw = cot\ xjx;xx for
the edgebetweenxiT ande, seethe right imageof Figure6.21. Also the weightfor the edge
between»(iT andsfj is equalto Til whereT; is the numberof the one-linkneighborhoodriangles
of xj.

The discretedi erentialcoordinateof Gy, andGy . arethe above graph-Laplaciansf
their vertices(x9; ) and(x"; s%), respectiely.



6.5 Variational Skeleton-driven Deformation 87

Stitc hing Fragmented Mesh. In orderto obtainthe nal deformedmeshM g, let us mini-
mizeadi erencebetweenGy, andGy . in thediscretedi erentialcoordinatesubjectto the
following boundarycondition: the boundaryof Gy, is x edto s'. This boundarycondition
changeghe graph-Laplaciarfirom (6.9)to

_Bl+Lum |§
Lo—éyo | (6.10)

More preciselyx? is givenby solvingthefollowing sparsdinearsystem
minimize jLou  bj?) u=L,'b; (6.11)

whereu = (x%; &) andb = (x';&%) is the averageddiscretedi erentialcoordinatesof Gy ..
Herethei-th elemenbf x| is givenby
X T
wi(x X[)Fwalx! xg) + (X'T—%d)
jik2N(i) !
wherew; = cot\ XjXkXj, Wz = cot\ XiXjXk, andT; is the numberof the one-link neighborhood
trianglesof x;.

In [ZRKSO05] authorsevaluatethe elementsof their meshLaplacianaccordingto the frag-
mentedmeshcoordinates Besidesl o is a graph-Laplaciangur angles\ x;xkx;j and\ X;xjxx do
not dependon the fragmentedneshcoordinates Comparedvith [ZHS* 05 which employeda
graph-Laplaciarfor their deformationtechnique our graphstructureis muchsimpleandhasa
nicegeometricpropertyasthe shapehickness.

Figure6.23illustratesthe mainideaandprocedureof our variationalskeleton-drven defor
mationtechniquedescribedabore.

(6.12)

Original Mesh: M Fragmented Mesh: #

/\ v Stitch via equation (5.11)
ransformations via (5.8) QXT A \
W % %V X' Deformed Mesh: N

AR

Voi X Ja Xg V
) Skeletal Mesh Editing A" 1 A A
S t3 (Space Deformations) t 3 tg '
t3 \/ d 4
Skeletal M?ash: S Deformed Skeletal Mesh:gS
Original Frame: by =(y & % ) Deformed Frame: Iy = v It 3t )

Figure6.23: Variationalskeleton-drven deformationframework.

Solving Linear System: Factorization. Due to recentdevelopmentsof the direct sparse
linearsolvers[TCRO03,Dav04], we only needfactorizationof Lo oncefor producingLol. Then
everydeformatioris obtainedby updatingo andabackwardsubstitutiorof thefactorizedmatrix

with theupdated. This givesusthelinearcomputationatompleity. Unfortunatelyl g is nota

symmetricmatrix. Consequentlywe usethe UMFPACK [Dav04] to factorizel g insteadof the

TAUCS[TCRO3] which is specializedo a symmetricmatrix employedin least-squarsystems
of the LaplacianmeshdeformationgLSCO* 04, SCOL 04, LSCOLO05]. Because' is beingthe

x edboundarytherearenoill-conditionedproblemsmentionedn [Sor05] causedy too small

boundaryconditions.Accordingto our numericalexperimentsL is invertibleaslong asM is

anon-dgyeneratedananifoldmesh.
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DenseMesh (332K triangles) ControlMesh(5.2K triangles)
. UpdateG t
Triangle | Editing Skeleton paatelseometry DSS| Total
Factorization+ Substitution
Without DSS: 346K 94s 321s+ 702s 1117s
DSSMesh: | 5.2K, 332K 0.13s 0.05s+ 0.25s 3.8s| 4.23s

Figure6.24: Advantagesof multiresolutionvariationalskeleton-drven deformations.The use
of themultiresolutionrepresentationeducesxcessve compleity of the skeletalmeshandac-
celerateshedeformatiornprocess.

Multiresolution Representation.  As describedin Section6.4, we implementthe simpli-
ed versionof DSS[LMHO00] andcombinewith our variationalskeleton-drven deformations.
The skeletalmeshis extractedfrom the coarsecontrol meshof the DSS. The control meshis
deformedby our variationalskeleton-drven deformations. Thena densedeformedmeshis ob-
tainedby usingthe DSSmechanismsubdviding the deformedcontrolmeshandaddingscaler
displacementto thesubdividedmeshnormals.

Our methoddescribedn this sectionpreseres ne geometricdetails,but the skeletalmesh
of a textured meshmay have complex geometry Hence,the skeletalmeshediting of the tex-
tured meshwithout degenerationscould becomea very di cult task. Using multiresolution
representationbelpsto reduceexcessve complity of the skeletalmesh. Figure 6.24 illus-
tratesadwvantage®f usingthe multiresolutionrepresentatiofor our variationalskeleton-drven
deformations.

6.5.1 Shape Preserving Self-Inter section Fairing

The nal deformedmesh M 4 obtained by solving the system (6.11) may contain self-

intersectionsHereM g is anapproximationof the ernvelopeof the medialballs of M attached
to Sq. For a given smoothsurface,the envelope of its medial balls is equivalentto the zero
level setof the union of its medial balls. However the medialballs of M attachedo Sy are
notnecessarinscribedmaximalemptyballs(medialballs)of M 4 and,thereforeM ¢ mayhave

self-intersectionsin suchcasesthe meshreconstructiondasedon the ervelopeandunion of

theattachednedialballsform two di erentshapesseeFigure6.25.Thedi erencesfthemare
exactly subset®of the envelopewhich we would like to eliminate.

Theunionof medialballsis de ned by the signeddistancegunction

n 0
f(2) = mingj jz sfj d(j)) : z2<3%s 28T (6.13)
whered(j) is themedialball radius(6.7).
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Figure6.25: Envelopevs. Union. Left: theernvelopeof the balls. Right: thezerolevel setof the
unionof theballs.

Below we describea novel self-intersectiorfairing methodbasedon minimizing a self-
intersectiorerrorin thediscretedi erentialcoordinatesTheself-intersectiorerroris measured
by the squareddistancef2(x%) from x¢ to the zerolevel setof the union of the attachedme-
dial balls. Herex® and f aregiven by the equationg6.11)and(6.13), respectiely. Consider
evolutionsof agraph

@Og(t) = F(U); (6.14)
8
f@r f@@ If z=x

whereU (t) is anevolving graphandU(0) = (x;s%) de nedin previoussubsectiorandL is the
graph-Laplaciame nedin the equation(6.10). This evolution (6.14)is motivatedby the shape
preservinge ectof Lo andintegratingthe deformationandself-intersectiorerrors.Note thats?
and LOl arenotchangedy theevolution (6.14).

The equationof (6.14) is a gradientdescentow of the self-intersectiorerror f2(x9) in
di erentialcoordinatesThis gradientdescento w modi es thedi erentialcoordinate®f U (0).
In orderto presere the ne geometricdetailsof M , Lg is equippedwith the original weightsof
Gwm insteadof theweightsof Gy , or U(t). Hence the evolution (6.14) minimizesnot only the
self-intersectiorerror but alsothe deformationerror simultaneously Onecan nd a similarity
between(6.14) and Sobole gradient o ws, see[Neu83,Neu97 for mathematicatheory of
Sobole gradients. In [CKPF05], a similar Sobole gradient o w is employed for describing
active contours.

Theequation(6.14)is approximatedy thefollowing semi-implicitmeshevolutions.

u™t=u"+ L FUMr Fu"); (6.15)

whereu® = (x%: &) .
Our evolutiontechniqug6.15)is morerobustande ective thanthe self-intersectiorfairing
schemeproposedn Section6.3.2and[YBS03] becausef our semi-implicit formulationand
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Figure6.26: Preventingpeelingskin defects.Self-intersectiorfairingsvia the mesh(Left) and
graph(Right) Laplacians.Thelarge sphereepresenteneof medialballs,andthe smallsphere
indicateghe correspondingnedialball center

the shapepreservinge ectof Lol. Moreover the evolution (6.15) preventspeelingskin defects
because® playsarole of anchorsiuringtheevolutions,seeFigure6.26. This peelingskindefect
is acommonproblemwhenwe considetameshevolution on a surfacewherethe evolving mesh
may fall into a degeneratedolutione.g. the sphericalmeshparameterizatioschemgGY02]

may producesucha degeneratedsolution [GGS03,FSD05]. Comparedwith [ZHS*05], the
globalself-intersectionsanbe eliminatedby our evolution (6.15),seeFigure6.27.

Every evolution stepincreasesccurag of thethicknesgpreserationbecausef minimizing
2(x9). Thereforetheevolution (6.15)is usefulevenif thereareno self-intersectioni M g, but

f2(xd), 0.

Figure 6.27: Global self-intersectionfairing. Left: the deformedmeshwith global self-
intersectionsRight: thefairing resultvia our evolutions(6.15).

Fast evaluation of f. Although LOl is alreadycomputedor solvingthe system(6.11),eval-
uatingthe equation(6.13)could betime consuming We acceleratehe evaluationof f takinga
unionof asubsetof themedialballsinsteadof all medialballsattachedo Sg.
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For anevolving graphvertex uk = fx; sig amaximumboundof f(x¥) is givenby jixk <]
d(i)j. For every uk, considerthe neighborverticesu‘j< of uk andits index setj 2 E(i) suchthat
jx'j‘ x!‘j d(i). Thentheunionof medialballswith its gradientis approximatedy

FOr £ (X< spii - d(P)X s¥)

wherep = argmin; (jjxk s?j d(j)j) : 8j 2 E(i). This vertex setx‘lf : j 2 E(i) canbee ciently
searchedy usinga kd-tree. We constructthe kd-tree[MAOQG6] for every evolution of (6.15)if

the self-intersectiorfairing is necessity Figure 6.28 describesan exampleof our variational
skeleton-drvendeformatiorframework.

6.5.2 Results of Variational Skeleton-driven Deformations

Our methodis implementedy usingthe JDK 1.4andJara3D.The UMFPACK compiledby the
GNU gcce3.3.5is calledby Java Native Interface. Figures6.3, 6.4, 6.28,6.30,6.32,and6.33
demonstratéow well the original shapethicknesds preseredduringour deformations.

Ellipsoid | Camel| Homer| Gamgoyle | Armadillo | Dragon

Vv 2.5K 37K 65K 160K 166K 263K
F 4.9K 75K 130K 320K 332K 527K
Ve 2.3K 4.1K 1.5K 2.5K 4.1K
Fec 4.7K 8.2K 5K 5.2K 8.2K
(@) 4.5s 1.6s 4.9s 25.9s 13.9s
(b) 4.5s 4.7s 6.5s 9.9s 5.1s 4.8s
(c) 2 2 3 3 3

(d) 28s | 4.3s 26s 24.7s 19.7s
(e) 11s 8.8s 200s 161s 103s
) 0.08s 0.05s | 0.09s 0.05s 0.05s 0.09s
(9) 0.06s 0.09s | 0.14s 0.76s 0.13s 0.54s
(h) 0.05s 0.11s | 0.06s 0.77s 0.13s 0.32s
0] 0.16s 0.13s | 0.29s 0.79s 0.12s 0.44s
)] 0.61s | 3.86s 4.36s 3.8s 43.8s
(k) 6.3 6.30 6.4 6.30

Table6.1: Timings. (a): Decimationfor DSS.(b): SkeletalMeshExtraction. (c): Subdvision

Level. (d): Subdiision for DSS.(e): DisplacemenSamplingfor DSS.(f): Factorizationof L.

(9): SkeletalMeshEditing. (h): Transformation(6.8) andSolving (6.11). (i): Self-Intersection
Fairing (6.15)(1 step).(j): DSSReconstruction(k): CorrespondingrigureNumbers.

Timing. Table6.1representsimingswhicharemeasurednal.7 GHz Pentium4 with 1 GB
RAM computer HereV andF arethe vertex andtriangle numbersof M, andV,; andF. are
thevertex andtrianglenumbersof the DSS's coarsecontrolmesh respectiely. Theinteractve
meshdeformationsareachiazedfor the controlmeshessee(g) and(h) of Table6.1.
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(@) (b) (c)

(d) (e) (f)

(9) (h) (i)

Figure6.28: An exampleof variationalskeleton-drien deformationframework. (a): Ellipsoid,
its skeletalmesh,andcontrolstick- gure skeletons.(c): The skeletalmeshis editedby usinga
spacaleformatiofMTLT88,LCJ94]accordingo changeof thestick- gure skeletonsdescribed
in (b). (d): Ourdeformatiornresultvia (6.11). (e): Our evolutionresultvia (6.15). Theresulting
evolution eliminatesself-intersectiondut also restoresthe original shapethicknessas shovn
in (f). Hereamedialball is representetby the large sphere andthe small spherecorresponds
its centeron the skeletal mesh. Seealso (h) and (i) which are zoomimagesof (d) and (e),
respectrely. (g): A deformationresultvia only usinga spacedeformation[MTLT88,LCJ94]
with thestick- gure skeletonsof (b).
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(@) (b) (©)

(d) (e) (f)

Figure6.29: Comparisorwith conventionalskeleton-driven deformations.Here f is given by
theequation(6.13),andsummation is carriedoutover all meshvertices.(a): Ellipsoid andits
skeleglmesh,v: 9.8K, F: 19.6K. (b): Editedskeletalmesh.(c): SSD[MTLT88,LCJ94] time:
2.3s, f2:20:2. (d): Homotogy method[YBS03] (Slgction6.3)without DSS time: 2.7s, f2
19:6. (e): Weightedblending[Blo02], time: 14.8s, , f2: 11:8. (f): Our variationalskeleton-
riven deformationmethodwithout DSS, time 2.9s, {2 3:8. By usingour evolution (6.15)
f2 become®:2.

Themultiresolutionmeshrepresentatiodescribedn Section6.4 signi cantly improvesthe
computationatime of our approach. For example,deforming Armadillo (V:173K, F:346K)
without the DSS requiresthe following timings: (b):356s, (f):321s, (g):94s, (h):423s,and
(h:279swherealphabetareexplainedin the captionof Table6.1.

Comparison.  We have implemented the corventional skeleton-drven deformations:
weightedblending[Blo02] andhomotoly method[YBS03] (Section6.3) to comparewith our
approach. Our implementationof weightedblending[Blo02] is summingup the local frame
changeswithin its medialball radiusinsteadof all local frames. The homotofy methodsu ers
from fold-oversespeciallytwisting, seeFigure6.29. Our approachoutperformgBlo02, YBS03]
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in termsof the bothspeedandquality.

Besidesthe corventional deformationmethodsbasedon discretedi erential coordinates
which include the most recentones[LSCOL05 ZRKS05, ZHS"05] do not have the skin-
ning ability. The original shapethicknessis not presered during their deformations. We
believe that the shapethicknessis a natural and intuitive measurementhan local volumes
[BKO3b, ZHS" 05,BPGKO06]or globalvolume[ACWKO04,vFTS06]becaus&olume-preserving
shapedeformationsncludelarge shearinge ectsin < 2 which maynot producenatural-looking
meshdeformationsasindicatedin [SCOL*04].

Discussion.  Our approachdependsn the skeletalmeshS. Consequentlyif a partof S is
degeneratedo a spacecurve or apoint(e.g.whenM belongso Dupin's cyclides)thenwe may
needanotherde nition of local framesBg and By for the degenerategbart. A possiblesolution
wouldbethataframeaxisde nedfrom adegenerategointto aneighborskeletalvertex position
is employedto constructthe frame.

Thegraph-Laplaciarg de ned by the equation(6.10)doesnot containthe angleinforma-
tion\ sx;x;j or\ sxixx. Furtherworkis requiredfor deepeunderstandingf discretizatiore ects
of Lo.

Our self-intersectiorfairing (6.15)doesnot work appropriatelyif M 4 intersectsSq because
r F(U) maybeorientedto an oppositedirectionof our desiredgradientdirectionin suchcases.
Adding smoothingcomponentso the fairing (6.15) asthe self-intersectiorfairing describedn
Section6.3.2would helpsuchcases.

6.6 Summary of Free-Form Skeleton-driven Deformations

We have developednew approacheto free-fromskeleton-basedheshdeformations Usingthe
medialaxis asthe baseof our techniqueallows usto generateatural-lookingarge-scalanesh
deformationgby preservinghe original shapethickness.The main featuresof our approaches
areusingVoronoi-basedkeletalmesh,applyingmeshevolutionsfor skeletalmeshfairing, and
combiningskeleton-basedneshdeformationswith the discretedi erentialcoordinatesandthe
DSSmeshrepresentationAll this makesit possibleto produceglobal meshdeformationsof
satishctoryquality.

As demonstratedyur skeleton-basedpproactworkswell for deformingobjectscomposed
of elongatedparts. The approachaslimitationsin processingbjectsof spherical-lile shapes
becauseheir skeletalmeshesreusuallyvery complex. Anotherlimitation of our methodcon-
sistsin deformingmodelswith sharpedgesandcornerssincethemeshevolutions(6.5)and(6.6)
may destry the meshsharpfeatures. However the shapepreservingmeshevolutions (6.14)
provide ussatishctoryresultsasdemonstrateth the previoussections.

We have successfullyachiezedto integrateadvantageof skeleton-drven deformationsand
discretedi erentialcoordinatesPreservinghe original shapethicknessand ne geometricde-
tails allows usto generataatural-lookingcomplex meshdeformations.

One of promisingfuture work would be applying discretedi erentialcoordinateso the
skeletalmeshediting phaseby usinga single-sidedskeletalmesh.
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Figure6.30: Deformationexamples.Theinitial modelsarerepresenteth Figure6.31.
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Figure6.31:Initial meshesits coarseskeletalmeshesandstick- gure skeletons.
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Figure6.32: Armadillo's gymnasticsinitial meshijts coarseskeletalmesh,andthe stick- gure
skeletonarerepresenteih theimage(a) of Figure6.4.
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Figure6.33: Thicknessvisualizationof our deformationsTop-left: original StanfordArmadillo
model consistingof 332K triangles. Top-right: the control meshapproximateshe medialaxis
with its associatedlistanceeld. Middle/Bottom-left: di erentlarge-scaledeformationgyener
atedusingour method.Middle/Bottom-right: modi ed controlmeshesvith theirassociatedlis-
tanceelds. Generatinghesedeformationgs ratherfast:it takesonly 0.3second$or deforming
the coarsecontrolmesh(5.2K triangles)and 3.8 seconddgor a multiresolutionalreconstruction
of thedeformeddensemesh.



Conclusion

In this thesis,new approachesor surfaceinterrogating, fairing, and designingare developed.
The approacheare basedon computationalli erentialgeometry They are rst designedor
processingmoothcontinuoussurfacesandthenadaptedor dealingwith triangulatedpolygonal
surfaces. This our stratgy to startfrom di erentialgeometryconceptsandthendevelop and
usetheir properdiscreteanalogsturnedout to be quite successfulndled usto the following
contrikutionsin the geometriomodelingarea.

A new andpowerful mestisoupdenoisingechniques describedn ChapteR. Ourtechnique
is basedon similarity-weightedaveraging therefore high quality denoisingresultsareachiered
by preservingieatureqlocal shapepatterns) A new schemdor comparingdi erentmestisoup
denoisingmethodds alsosuggested.

In Chapter3, a novel meshfairing andrestoratiorschemas presentedOur schemas build
upona discreteapproximationof Willmore ow. A tangentspeedcomponents introducedto
thediscreteWillmore o w in orderto improve the quality of the evolving meshandto increase
computationasttability.

A new techniquefor fastand robust detectionof salientcurnvature extremaon meshess
proposedn Chapter4. Ourtechniqueconsistsof a novel local polynomial tting procedurea
new curvaturederivativesformula, and a smartthresholdingscheme.Applicationsto feature-
sensitve meshsimpli cation andpartitionproblemsarealsodemonstrated.

In Chapter5, a powerful moving meshapproachis describedo a meshparameterization
problem.Ourapproactequalizedocal stretche®ver ameshby solvinga few sparsesystemsf
linearequations Consequentlyour methodis signi cantly fasterthanthe corventionalmethod
and capableof achieving high quality meshparameterizationsMoreover the generatednesh
parameterizationdo not have bothhigh anisotropiadistortionsandtriangle ips. Applicationto
aremeshingroblemis alsoconsideredy usinga nev doubleparameterizatioscheme.

A powerful approachfor feature-preservindgree-form shapedeformationss proposedn
Chapter6. Our approachcangeneratenatural-lookinglarge-scaledeformationsby preserving
original shapethickness.Meshfairing proceduregor remaoving possibleglobalandlocal self-
intersectionsarealsodeveloped. Finally, we combineour skeleton-drven deformationmethod
with thevariationalapproacrandmultiresolutionrepresentation.

In spite of good performanceof the developedmethodsand approachesthereare mary
directionsfor their furtherimprovements.Thefollowing futurework directionslook promising.

For meshdenoising,ntroducinga new similarity measuremeny usingFourier transform
of themeshesvould be aninterestingandchallengingopic for futureresearch.

Incorporatingmulti-scaleandmultiresolutionanalysisfor our crestline detectionprocedure
may decreaséragmentatiorof detectedeaturelines.

In this thesis,we consideredlanarmeshparameterizationsExtendingour moving mesh
approachto the conformalgradienteld of [GY03, TACSDO6]may contrituteto generatdow-
stretchnon-planameshparameterizations.

Applying discretedi erential coordinatesfor editing skeletal meshesmay improve our
skeleton-drvendeformationframework.
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original from the StanfordUniversity), Dr. YutakaOhtale (Moai), and AIM@SHAPE shape
repository(CamelandHomer).
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Summary

In this thesis,new approaches$or surfaceinterrogating, fairing, and designingare developed.
The approacheare basedon computationalli erentialgeometry They are rst designedor
processingmoothcontinuoussurfacesandthenadaptedor dealingwith triangulatedbolygonal
surfaces. This our strategy to startfrom di erentialgeometryconceptsandthendevelop and
usetheir properdiscreteanalogsturnedout to be quite successfulndled us to the following
contrikutionsin the geometriomodelingarea.

A new and powerful meshisoup denoisingtechniqueis describedin Chapter2. Our
techniqueis basedon similarity-weighted averaging, therefore, high quality denoisingre-
sults are achieved by preservingfeatures(local shapepatterns). The basicidea of our tech-
nigueis inspiredby the recentNL-meansimage ltering approachproposedby Buadeset al.
[BCMO0O5a, BCM05b, BCMO06]. We have extendedthe NL-meansconceptto the 3D meshes
andtriangle soupsapproximatingpiecevise smoothsurfaces. The extensionis far from being
straightforvard,sincetheoriginal NL-meansapproachreliesheavily ontheimagestructurereg-
ularity. We think we have found a simple and elegant solutionto the problemby employing
local RBF approximationsn orderto estimatesimilaritiesfor irregulardata. A newv schemeor
comparingdi  erentmestisoupdenoisingmethodss alsosuggested.

In Chapter3, anovel meshfairing andrestoratiorschemas presentedOur schemas build
uponadiscreteapproximatiorof Willmore o w. A tangenspeedcomponents introducedo the
discreteéwillmore o w in orderto improve thequality of theevolving meshandto increasecom-
putationalstability. Contrikutionsof our work include combiningthe meshevolution approach
with meshre nement.

A new techniquefor fastand robust detectionof salientcurvature extremaon meshess
proposedn Chapter4. Our techniqueconsistsof a hovel local polynomial tting procedurea
new curvaturederivativesformula, anda smartthresholdingscheme.The resultsof our crest
line detectionproceduradependnly slightly onthe quality of the mesh.Our methodis fastand
capableof achiering high quality resultsin detectingsalientcurvatureextremato comparewith
schemedasedon global tting proceduresOur thresholdingschemeor removing unessential
crestlines is basedon interestingrelationshipsbetweenDupin cyclides, focal sets,cunature
extrema,andvariationalfunctionals.We usecyclidenessasthe mainingredientof our ltering
schemeandmeasurdhe strengthof crestlinesby a scale-independeiguantity Applicationsto
feature-sensitie meshsimpli cation andpartitionproblemsarealsodemonstrated.

In Chapter5, a powerful moving meshapproachis describedo a meshparameterization
problem. Given a triangle mesh,we rst constructan initial meshparameterizatioms map-
ping andthenimprove the parameterizatioigradually: at eachimprovementstepwe optimize
the parameterizatiogeneratedit the previous step. The optimizationis achiezed by minimiz-
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ing aweightedquadraticenegy with positve weightschoserto minimize the parameterization
stretch.Our approachequalizedocal stretcheover a meshby solving a few sparsesystemsof
linearequations Consequentlyour methodis signi cantly fasterthanthe conventionalmethod
[SSGHO01,SGSHO02 andcapableof achiering high quality meshparameterizationdvioreover
the generateaneshparameterizationdo not have both high anisotropiadistortionsandtriangle
ips. Applicationto aremeshingproblemis alsoconsideredy usinga nev doubleparameteri-
zationscheme.

A powerful approachfor feature-preservindree-form shapedeformationsis proposedn
Chapter6. First a skeletalmesh,a Voronoi-base@pproximatiorof the medialaxis, is extracted
from a given mesh. Next the skeletal meshis modi ed by free-form deformations. Thena
desiredglobal shapedeformationis obtainedby reconstructinghe shapecorrespondingo the
deformedskeletalmesh.Theuseof themedialaxispreventstheso-calleccollapsingoint defects
whicharethickneschanginge ectswherealargebendingor twistingdeformatioris appliedvia
cornventionalspacedeformations.Thus, our approactcangeneratenatural-lookinglarge-scale
deformationsby preservingoriginal shapethickness. Mesh fairing proceduredor removing
possibleglobalandlocalself-intersectionarealsodeveloped.Finally, we combineour skeleton-
driven deformationmethodwith the variationalapproachand multiresolutionrepresentation.
Combiningour approachwith the multiresolutionrepresentatiomeducesxcessve compleity
of the skeletal meshand accelerateshe deformationprocess. Also the use of a variational
techniqguemprove stability andquality for the deformationprocess.



Zusammenfassung

In dieserDissertationverdenneueAnsatzefir Abfrage,Glattenund Konstruktionvon Flachen
entwickelt. Die Ansatze basierenauf rechnegestitzter Di erentialgeometrie. Sie werden
zurachstfir die Bearbeitungglatter stetigerFlachenentwiclkelt und dannangepal3tum auf
triangulierte polygonaleFlacheranwendbagu sein. DieseunsereStratejie, vondi erentialge-
ometrischerKonzepterausgehendeeignetaliskreteEntsprechungeru entwickeln, stelltesich
alssehrerfolgreichherausundfiihrteunszu folgendemBeitragenim Bereichdergeometrischen
Modellierung.

Eineneue JeistungséhigeTechnikzum Entfernenvon Rauscherin Dreiecksnetzewird in
Kapitel 2 beschrieben.UnsereTechnik basiertauf einer nach Ahnlichkeit gewichtetenMit-
telung, folglich werdenhochwertigeResultatebeim Entfernenvon Rauscherdurch dasBe-
wahrervonFlachencharakteristikgokaleForm-Muster)erzielt. Die Grundideaunsereifechnik
ist durchdenneuen’NL-means”-Ansatzzum Filtern von Bildern inspiriert, die von Buadeset
al. [BCM05a BCMO05b,BCM06] vorgeschlagenvurde. Wir habendas’NL-means”-Konzept
auf 3D-Dreiecksnetzenit und ohneKonnektvitat erweitert,die stiickweiseglatte Ober achen
approximierenDie Erweiterungst allesandereals einfach,daderurspiingliche’NL-means”-
AnsatzstarkaufderRegularitat derBildstrukturberuht.Wir denlen,eineeinfacheundelegante
Losungfur dasProblemgefunderzu habenjndemwir lokale RBF-Naherungereinsetzenum
Ahnlichkeitenfiir unregelmaRigeDatenabzuschtzen. Ein neuesSchemaiir dasVergleichen
unterschiedlichebreiecksnetz-Glttungsmethodewird vorgeschlagen.

In Kapitel 3 wird ein neuesSchemazur Erzeugungund Rekonstruktionvon asthetischen
Dreiecksnetzenorgestellt. UnserMethodebasiertauf einerdiskretenNaherungdesWillmore-
Flusses. Eine Tangentialgeschwindightskomponentewird im diskreten Willmore-Fluss
eingefihrt, um die Qualitat des entstehendereiecksnetzezu verbesserrund die Berech-
nungsstabilét zu erhbhen. Einer der BeitrageunsererArbeit ist dasVerknipfendesdiskreten
Willmore-Flussesnit derVerfeinerungzon Dreiecksnetzen.

EineneueTechnikfur schnellesindrobustesErkennenvonau alligenKrimmungsgtrema
und Kammlinien auf Dreiecksnetzerwird in Kapitel 4 vorgeschlagen. Unsere Technik
bestehtaus einem neuenVerfahren zur lokalen Anpassungvon Polynomen,einem elegan-
ten Schwellvert-Schemaund einer einfachen, neuenFormel fiir das Berechnenvon Rich-
tungsableitungewon Krimmung. Die ResultateunseresvVerfahrenshangennur geringfigig
von der Qualitat des Dreiecksnetzesah Unsere Methode st schnell und kann qualitatv
hochwertigeErgebnisséoeimErkennenau alliger Krimmungsgtremaerzielenverglichenmit
globalenMethoden. Unser Schwellvert-Schema iir das EntfernenunwesentlicheiKamm-
linien basiertauf interessanteBeziehungerewischen’Dupin's cyclides”, Brennpunktmen-
gen, Krimmungsgtremaund Variationsfunktionalen.Wir verwenden’cyclideness”als den
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HauptbestandteilinseresSchwelivert-Schemasind messerdie Starke der Kammliniendurch
groRenunabiingigeMalie. Anwendungerauf Dreiecksnetzgreinfaichungund -segmentierung
unterBerlicksichtigungvon Flachencharakteristikaerdenauchdemonstriert.

In Kapitel 5, wird eine leistungsihige "moving mesh’-Methode zu einem
Parametrisierungsproblenvon Dreiecksnetzenbeschrieben. Gegeben ein Dreiecksnetz,
konstruierenwir zuerst eine Ausgangs-Rrametrisierungals Abbildung eines Dreiecksnet-
zes. Dannverbesserrwir die Parametrisierungschrittweise. In jedem Verbesserungsschritt
optimierenwir die Parametrisierungdie im vorhegehenderschritterzeugtwurde. Die Opti-
mierungwird erzielt,indem man ein gewichtetes,quadratischeg&negiefunktionalminimiert.
Dabeiwerdenpositive Gewichte sogewahlt, dassdie Streckungder Parametrisierungninimiert
wird. UnsereMethodeverteilt lokale Streckunggleichmaf3ig tber ein Dreiecksnetzjndem
wenige dinnbesetztdineare Gleichungssystemgelost werden. Infolgedessenist unsere
Methodeerheblichschnellerals herkbmmlicheMethoden[SSGH01,SGSHO02 und kannqual-
itativ hochwertigeDreiecksnetz-&ametrisierungeerzielen. Weiterhin habendie erzeugten
Dreiecksnetz-Brametrisierungewederhoheanisotropeverzerrungemoch Uberschneidungen
von Dreieclen. Die Anwendungauf ein Neuvernetzungsproblemwird auchbetrachtetindem
maneineneueTechnikbenutzt die auf demVerwendernvon zwei Parametrisierungehasiert.

Eine leistungséehiger Ansatz fur Freiform-Deformationenunter Beibehaltung von
Flachencharakteristikaird in Kapitel 6 vorgeschlagenZuerstwird ein Skelett-Dreiecksnetz,
eineVoronoi-basiertéAnnaherungder medialenAchse,von einemgegebenerDreiecksnetzx-
trahiert. Als nachstesvird dasSkelett-Dreiecksnetdurch Freiform-Deformationeiverandert.
Dannwird einegewtinschteglobaleDeformationerreicht,indemdie Form, die demverformten
Skelett-Dreiecksnetzntspricht,rekonstruiertwird. Der Gebrauchder medialenAchse ver-
hindertsogenanntéollabierendeGelenk-DefektewelchesE ekte durch Anderungerder ur-
spiunglichenDicke desK drperssind,die auftretenwenneinegroReBiegungoderDrehungmit
herkdmmlicheRaumdeformationedurchgetihrtwird. SomitkannunserAnsatznatirlich wirk-
ende,groRmafgtblicheDeformationernvon Dreiecksnetzerrzeugenindemdie urspiingliche
Dicke desK orpersbevahrtwird. AuRerdenwerdenneueTechnilenzumGlattenvon maglichen
globalenund lokalen SelbstUberschneidungeentwickelt. SchlieRlichkombinierenwir un-
sereSkelett-lontrollierte Deformationsmethodmit Au dsungs-Hierarchieand Variationser-
fahren.DasKombiniererunseref\nsatzesnit denAu 0sungs-Hierarchieverringertdie Kom-
plexitat desSkelett-Dreiecksnetzesul3erordentliclund beschleunigten Deformationsprozel3.
Fernerverbesserter GebrauckeinerVariationstechnilStabilitat und Qualitat desDeformation-
sprozeldes.



