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A laser-cooling experiment with Ca+ ions trapped in a linear rf octupole ion trap is presented. The phase
transition of the laser-cooled Ca+ ions from the cloud to the crystal state is observed by an abrupt dip of the
laser-induced fluorescence spectrum and indicates that mK temperatures are obtained. We have also performed
molecular dynamics simulations under various conditions to confirm this property by deducing axially symmetric structures of Coulomb crystals and by evaluating the translational temperatures of the laser-cooled ions.
The simulation results show that for small numbers of ions novel ring-shaped crystals are produced. As the
number of ions is increased, cylindrical layers in the ring crystal are sequentially formed. For more than 100
ions, also hexagonal and spiral structures emerge in parts of the large-size ion crystal, which has a length on the
order of millimeters for the present geometrical arrangement and voltages. An advantage of the linear rf
octupole trap is its large almost-field-free region in the middle of the trap, where the micromotion amplitude is
small for trapped ions. These results demonstrate that such a multipole trap has attractive features for quantum
computing and ultracold ion-atom collision studies.
DOI: 10.1103/PhysRevA.75.033409

PACS number共s兲: 32.80.Pj, 39.90.⫹d, 42.50.Vk, 52.27.Jt

I. INTRODUCTION

Coulomb crystals of laser-cooled alkaline-earth-metal and
other ions are an interesting research object because there are
many applications—e.g., a microwave standard based on ion
crystals, quantum computing 关1–3兴, tools for studying nonneutral plasma physics 关4–6兴, the formation of cold molecular ions by sympathetic cooling 关7–9兴, and tests of a possible
variation of the fundamental physical constants and physical
principles 关10–12兴. To our knowledge, laser-cooling experiments in a linear rf multipole ion trap and in particularly an
octupole trap have so far not been performed, although Coulomb crystals in other ion traps were studied in detail at
many institutes 关8,13–20兴.
In the case of the linear quadrupole Paul trap, a small
number of ions initially align themselves along the central
trap axis like a string. As the number of ions increases, the
shape of the Coulomb crystal gradually changes to cylindrical layers of prolate 共oblate兲 shape 关5兴. In contrast to these
well-studied structures, new features of Coulomb crystals not
present in a linear quadrupole trap arise in a multipole trap
due to the large almost-field-free region in the middle of this
trap 关21兴. In principle, a large numbers of cold ions can be
trapped, since the trapping volume of the multipole trap is
larger than that of the linear Paul trap of comparable size.
This feature is of particular advantage for highly stable ion
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clocks to support space-borne applications 关22兴.
It is well known that the adiabatic radial pseudopotential
关21兴 for a single trapped ion in a linear rf octupole ion trap is
given by

psd共r兲 =

2
4q2Vac

mr80⍀2

r 6,

r = 冑x2 + y 2 ,

共1兲

where q is the charge of the trapped ion, Vac is the amplitude
of the radio frequency 共rf兲 voltage applied to adjacent rod
electrodes, m is the mass of the ion, and ⍀ / 2 is the operating frequency of the ion trap. For axial confinement of
ions, the electrodes are normally segmented into three or
more parts and the static voltage Vz0 is applied to the outside
sets of segmented electrodes. The static potential is given by

s共x,y,z兲 =

冉

冊

Vz0 2 x2 + y 2
z −
,
2
z20

共2兲

where 2z0 is the length of the center part of the segmented
trap. The geometrical factor  is determined by the particular
geometry of the octupole trap. The flatness of the radial
pseudopotential of Eq. 共1兲 provides novel features for crystallized ions, since the static potential s gives a small distortion to psd 共see Fig. 3兲. As a consequence, it is expected
that laser-cooled ions are distributed like a ring and the structures of these ring Coulomb crystals are changed by variations of Vz0. For very large ion numbers also the inner regions of the octupole trap are expected to be filled up as
cylindrical rings of smaller diameters develop, similar to
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what was observed with increasing ring diameters in a linear
quadrupole ion trap 关5兴.
One of our experimental plans is to produce planar Coulomb crystals using a suitably chosen multipole trap. As a
first step towards that goal, we chose a linear rf octupole ion
trap for testing the performance of rf multipole traps in lasercooling experiments. As described in the following sections,
we numerically simulate the case where ring-shaped Coulomb crystals are produced by laser-cooled ions in a linear rf
octupole trap. Such a two-dimensional structure of a Coulomb crystal is novel and could be useful for quantum computing using laser-cooled ions.
The other experimental plan is to measure the reaction
rates of astrophysically important chemical reactions, such as
NH3+ + H2共D2兲 关23–25兴, at an ultracold temperature using the
sympathetic cooling method 关7,8,26–29兴. The experimental
realization of sympathetic crystallization of molecular ions in
the octupole trap is challenging. As an initial step, we have
studied sympathetic cooling of molecular ions by molecular
dynamics 共MD兲 simulations to explore the possibility to produce cold molecular ions in the linear rf octupole trap. In this
simulation study, we found that the sympathetically crystallized light molecular ions by laser-cooled heavy ions migrate
to the inner part of the linear octupole trap, where the micromotion amplitude is smaller and the sympathetic cooling is
effective for the molecular ions. These studies are reported
elsewhere 关30兴.
In this paper, we describe laser-cooling experiments performed with a linear rf octupole trap. Both experimental
measurements and MD simulations were carried out. The
paper is arranged as follows. First, we present the results of a
laser-cooling experiment with trapped Ca+ ions in Sec. II. In
it the phase transition of the laser-cooled Ca+ ions was confirmed by the observation of an abrupt dip of the laserinduced fluorescence 共LIF兲 spectrum. These fluorescence
spectra show all the features 共line shape, laser intensity, laser
frequency, and ion number dependence兲 known from lasercooling studies with linear quadrupole traps. In Secs. III and
IV, MD simulations were carried out to deduce the particular
shapes of the Coulomb crystals and to determine the translational temperatures of the Ca+ ions. The results of a systematic study of the expected forms of Coulomb crystals as
functions of the number of ions and the trapping parameters
are also presented. A LIF spectrum with an abrupt dip is
simulated to explain also the influence of rf heating on the
octupole trap. In this section a particular, not planar form of
a large size Coulomb crystal is selected and its interwoven
cylindrical structure is described. Finally, a summary is given
in Sec. V.
II. EXPERIMENT

A schematic diagram of the central part of the linear rf
octupole ion trap is shown in Fig. 1. The octupole trap consists of eight cylindrical electrodes, which are sectioned into
three sets. For confinement in the radial direction, rf voltages
with inverted phases are alternately applied to adjacent rod
electrodes. The inner radius of the trap is r0 = 7.5 mm, and
the diameter of the cylindrical electrodes is 5 mm. The

FIG. 1. Schematic diagram of the central part of the linear rf
octupole trap. The lower part shows the arrangement of the static
voltages of Vz1 and Vz2 applied to the set of side electrodes.

length of the center electrode of the segmented trap is 2z0
= 10 mm. The driving rf frequency and the amplitude are
typically f rf = 10 MHz and Vac = 370 V, respectively. Static
voltages 共Vz1, Vz2兲 of up to about 300 mV are normally applied to the set of side electrodes to confine ions in the
middle section along the axial direction. The linear rf octupole trap is mounted on a cryogenic vessel, which can be
filled with liquid nitrogen or liquid helium 关31,32兴. In the
present laser-cooling experiment, the trap electrodes are
cooled to approximately 100 K by liquid nitrogen to avoid
loss of trapped ions as much as possible. The ion trap is
enclosed in a vacuum chamber evacuated to below 1
⫻ 10−7 Pa. The laser ablation method is applied to produce
Ca+ ions from a Ca metal piece located outside the ion trap.
Before the ion production process, we admit helium gas at
about 10−4 Pa for efficient trapping and buffer gas cooling of
Ca+ ions. This process promotes also the accumulation of the
ions to the middle of the trap so that the laser cooling can
subsequently become effective. Then, we close the leak
valve and quickly pump to ultrahigh vacuum when we apply
the laser cooling.
For the laser cooling of trapped Ca+ ions, we used two
grating-stabilized diode lasers with oscillation wavelengths
at 397 nm and 866 nm 关33兴. The wavelengths correspond to
the two optical dipole transitions of the 4s 2S1/2 → 4p 2 P1/2
and the 3d 2D3/2 → 4p 2 P1/2, respectively. The cooling transition is at 397 nm. The laser light at 866 nm is necessary to
prevent optical pumping into the metastable 2D3/2 state. The
lifetime of the P1/2 state is 7.14 ns which corresponds to a
natural linewidth of 22 MHz 关34兴. The available powers of
the cooling laser and the repumper are 0.2 mW and 2 mW,
respectively. Two commercial wavemeters 共Burleigh, WA1000 and Advantest, TQ8325兲 are used to monitor the absolute wavelengths of the lasers. The relative frequency of the
397 nm laser is monitored by a confocal Fabry-Perot 共CFP兲
cavity with a length of 150 mm. The LIF at 397 nm is focused on a photomultiplier tube 共Hamamatsu Photonics,
R464兲 located at right angles to the trap axis. The photoncounting signal is recorded by a computer. An interference
filter for 397 nm is used for the reduction of background
photons. The geometrical detection efficiency of the optics is
estimated by a Monte Carlo simulation to be 1.4%, and the
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total detection efficiency including the losses of the optics is
about 3 ⫻ 10−4.
Figure 2 shows the LIF spectra of both buffer-gas-cooled
and laser-cooled Ca+ ions in the linear rf octupole ion trap
together with the CFP cavity fringes of the light from the
397-nm laser. The cooling occurs on the red-detuned side of
the spectrum. Ion heating and loss from the trap take place
on the blue side. Therefore only half of the linewidth is detected and we call this width the half width at half maximum
共HWHM兲. The HWHM of the laser-cooled ions is ⌬
= 108共2兲 MHz, which corresponds to an ion temperature of
12.7共5兲 K. In this measurement, an ion cloud of about 103
ions was present in the octupole trap and the crystal state was
not yet realized.
For the present experimental setup, a higher power of the
cooling laser is needed to produce the crystal state due to the
large trap volume. Alternatively, it is possible to obtain the
phase transition LIF spectrum with the present laser power if
the number of trapped ions is smaller. To reduce the number
of ions, we applied higher static voltages 共Vz1 , Vz2 艌 7 V兲 for
a few tens of a second. When the static voltages are increased, the trapped ions are heated by the rf fields and a part
of the ions escapes from the trap, since the static potential s
produces potential minima far from the central trap axis in
the radial pseudopotential psd as shown in Figs. 3 and 4. In
this way, the number of trapped ions can be reduced if this
necessary.
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FIG. 3. 共a兲 Static potential s and pseudopotential psd along the
x or y axis for the parameters of f rf = 10.0 MHz, Vac = 400 V, r0
= 7.5 mm, Vz0 = 0.1 V, z0 = 5 mm, and  = 0.025. The potential
curves are calculated for ions with the mass numbers of M = 17 and
40. 共b兲 Calculated sum potential of psd + s using the result of 共a兲.
The heights of the potential barriers in the center are about 0.3 K
and 0.5 K for M = 17 and 40, respectively. The potential minima are
closer to the central trap axis for lighter ions, which may be beneficial for sympathetic cooling.

After reducing the number of trapped ions, we obtain a
narrow LIF spectrum with the abrupt dip as depicted in Fig.
5. The dip in the spectrum indicates the phase transition of
the trapped Ca+ ions from the cloud state to the crystal state
关35兴. The number of Ca+ ions in the crystal state is estimated
to be about 200 ions by using the detection efficiency and the
estimated LIF rate of 1.5 Mcps/ion at 0.2 mW of the 397-nm
cooling laser intensity.
15
10

potential [mV]

FIG. 2. 共a兲 Laser-induced fluorescence spectrum of helium
buffer-gas-cooled ions without liquid nitrogen cooling. The number
of Ca+ ions in the cloud is estimated to be about 1.5⫻ 103. Helium
buffer gas is present, at room temperature and a pressure of 1.4
⫻ 10−4 Pa. 共b兲 Laser-induced fluorescence spectrum of a lasercooled ion cloud obtained by scanning the laser frequency at
11 MHz/ s over the resonance position under the ultrahigh-vacuum
condition. The number of Ca+ ions in the cloud is about 1 ⫻ 103.
The HWHM of the spectrum is ⌬ = 108共2兲 MHz, which corresponds to an ion temperature of 12.7共5兲 K. The upper trace shows
the reference signal from the CFP cavity with a length of 150 mm.
Experimental parameters of the ion trap are f rf = ⍀ / 2
= 9.978 MHz, Vac = 370 V, and Vz1 = Vz2 = 83 mV.
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FIG. 4. Calculated sum potential of psd + s for the same parameters as in Fig. 3 with the exception of Vz0 = 7.0 V, f rf
= 9.978 MHz, and Vac = 370 V.
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the optimum static voltage Vz1 to obtain the narrowest spectrum is found to be about 100 mV. In this case, laser cooling
most efficiently dominates rf heating, since the ions are located in a narrow region around the center of the trap where
they have good overlap with the laser beam. The spectral
width increases when the static voltage Vz1 is increased
above this value, and the trapped Ca+ ions do not crystallize
for Vz1 ⬎ 290 mV. The results suggest that excessive closing
voltages result in large micromotion amplitudes of the
trapped ions. This interpretation is explained in more detail
by the results of the MD simulation described in the next
section.

100

50

0
0

0.5

1

1.5

laser sweep frequency [GHz]

FIG. 5. Fluorescence spectrum of laser-cooled Ca+ ions. The
abrupt dip in the figure shows that the trapped ions form a Coulomb
crystal in the linear rf octupole ion trap. The scanning speed of the
397 nm laser is 9.5 MHz/ s. The width of the spectrum in the crystal state is ⌬HWHM = 29共2兲 MHz. Experimental parameters are f rf
= 9.978 MHz, Vac = 370 V, and Vz1 = 83 mV, and Vz2 = 294 mV.

The radiation pressure force on the trapped Ca+ ions is not
negligible when the laser light is incident into the ion trap in
only one direction along the axial direction. For this case, we
needed to compensate the radiation pressure effect by applying different axial closing voltages to each set of side electrodes. The influence of the depth of the static potential s on
the LIF line profile is investigated by taking the laser-cooling
spectra at different axial closing voltages as shown in Fig. 6.
Here, Vz2 is fixed at 294 mV while Vz1 is gradually changed.
The position of the dip gradually shifts toward the resonance
center as Vz1 increases. For our particular trap parameters,
∆νHWHM
Vz1 = 5 mV

42(2) MHz

13 mV

37(2) MHz

37(2) MHz
83 mV

39(2) MHz
153 mV

46(3) MHz

III. MOLECULAR DYNAMICS SIMULATION

We carried out a MD simulation to evaluate the general
behavior of the dynamics of laser-cooled ions in the linear rf
octupole trap and to find the structures of the Coulomb crystals in this geometry. To our knowledge, a MD simulation
study for a linear rf multipole ion trap has not been performed yet. In the present experiment, the LIF profiles of the
laser-cooled Ca+ ions are very sensitive to the depth of the
static potential s; we expect therefore that the shapes of the
Coulomb crystals also change by changing Vz0 in Eq. 共2兲.
This was born out and different structures of the Coulomb
crystals are obtained in the MD simulations described in the
following.
In the present simulation taking all forces into account,
we obtain trajectories and velocities of all the trapped ions
by solving Newton’s equations of motion. Then we can calculate the average kinetic energy and motional frequency of
each trapped ion. The crystal state is reached when laser
cooling freezes the trajectories. From the positions of lasercooled ions in the steady state, the structure of a Coulomb
crystal is deduced. Moreover, assuming a two-level system
for each laser-cooled ion, the laser-induced fluorescence
spectrum from ions can be simulated. Thus, the phase transition LIF spectrum with the abrupt dip is also reproduced.
In more detail the MD simulation is carried out by solving
the equations of the ion motion including the trapping forces
by the rf octupole field, the axial harmonic field, the Coulomb force 共FC兲 between the trapped ions, the radiation pressure force 共FL兲, and the averaged recoil force 共Fsp兲 by spontaneous emission according to methods explained in Refs.
关36,37兴. The Coulomb force for each ion with all the others
is given by
N

223 mV

FC =
168(3) MHz

共3兲

The summation index N is the number of ions in the trap.
The equations of motion of the ith ion in a linear rf octupole
ion trap are then

294 mV
0

ri − r j
q2
.
兺
4⑀0 i⫽j R3ij

0.5
1
1.5
laser sweep frequency [GHz]

FIG. 6. Fluorescence spectra at different static voltages of Vz1.
The width 共HWHM兲 of each spectrum in the crystal state 共except
for Vz1 = 294 mV兲 is indicated. The rf parameters and the voltages
of Vz2 are the same as Fig. 5. The scanning speed of the 397 nm
laser is 41 MHz/ s. The intensity scale is the same for all spectra.
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FIG. 7. 共Color online兲 Calculated single Ca+ ion trajectory in a
linear rf octupole trap. The trapping parameters are set at f rf
= 10.0 MHz, Vac = 370 V, Vdc = 0 V, r0 = 7.5 mm, Vz0 = 1.0 V, z0
= 5 mm, and  = 0.025. The initial conditions of the ion are
(x共0兲 , y共0兲 , z共0兲) = 共−0.8, 0 , 0兲 mm and (vx共0兲 , vy共0兲 , vz共0兲) = 共400,
−450, 200兲 m / s. The unit on the axes is 1 mm.
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where FLj and Fspj 共j = x , y , z兲 represent the projection of the
radiation pressure and the recoil force onto the j axis. Equations 共4兲–共6兲 are numerically solved by the fourth-order
Runge-Kutta method 关36兴.
In addition, the effect of elastic collisions by the buffer
gas atoms is included, since initially we employ buffer gas
cooling before laser cooling. The elastic collision effect is
implemented as follows. After each integration step of the
Runge-Kutta algorithm, we calculate the mean free path by
the equation L = 1 / ngL, where L is the Langevin cross
section depending on the collision velocity v. ng is the number density of the buffer gas. If the flight length of an ion,
which is added at each time step, exceeds L, we apply the
standard equation for the determination of an ion’s velocity
after a classical elastic collision 关38兴, where the unit vector
of the ion velocity after the collision is given by random
numbers.
A short time step of 10 ns was usually used to solve the
Newton equations. The value was chosen to be small against
the micromotion period and to be able to preserve the initial
kinetic energy of a trapped ion for each simulation interval,
when the gas collision and the radiation effects are not intentionally included. The number of ions is limited to a few
hundred ions due to the available computer power. The total
integration time of each cycle is also limited to be less than
1 s and strongly depends on the number of ions.
An example of a simulated trajectory of a single trapped
ion is shown in Fig. 7. Here we briefly mention the characteristics of the ion motion. The single ion moves in a straight
line except at the turning points. This is due to the pseudopotential being nearly flat in the radial direction 关Fig. 3共a兲兴.
The ion motion frequency mainly depends on the kinetic
energy of the ion as long as the adiabaticity condition holds
关21兴.

FIG. 8. 共a兲 Spectra of the single-ion motion frequencies of the x
and z components. The initial conditions of the ion are
(x共0兲 , y共0兲 , z共0兲) = 共−0.8, 0 , 0兲 mm and (vx共0兲 , vy共0兲 , vz共0兲) = 共400,
−450, 200兲 m / s. The main peak 共A兲 of the x component is the secular motion frequency depending on the radial component of the
velocity. The splitting of the peak is caused by the rosette-like ion
motion around the z axis. The contribution of the micromotion frequency f rf 共B兲 and the higher orders of the secular frequencies are
also observed. The main peak 共C兲 of the z component is the harmonic vibration frequency, which does not change with the velocity
of the ion. 共b兲 Sum spectra of an ion cloud with 120 Ca+ ions. For
the initial velocities of the ions, a Maxwell distribution with room
temperature is assumed. The positions of the ions were set at random. The trapping parameters are the same as in Fig. 7.

As shown in Fig. 8共a兲, the main peak 共A兲 in the frequency
spectrum of the x component shows the secular motion frequency depending on the radial component of the ion velocity. The staying time at the turning points, where the amplitude of the micromotion is large, is short for the single ion
and the rf heating effect caused by collisions with residual
gases and the other ions is smaller as compared with the case
of a quadrupole trap. Since the splitting of the peak is caused
by the rosettelike ion motions around the z axis, the splitting
is not seen for an ion that passes the origin—i.e., 共x , y兲
= 共0 , 0兲. We have confirmed that the peaks will shift to the
higher-frequency side for a higher velocity. The splitting of
the secular peak will become larger as the angular frequency
around the z axis increases.
It should be noted that only for a single ion are the secular
frequency peaks sharp. For an ion cloud with a finite energy
distribution a broad range of secular oscillation frequencies
arises 关Fig. 8共b兲兴. In the MD simulations, we calculate the
average kinetic energy of each ion over a period of 500–1000
times the trapping rf period. This averaging time is long
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FIG. 10. 共Color online兲. Projection of the spatial structure of the
Coulomb crystal with 36 Ca+ ions under the same condition as
those of Fig. 9共a兲. The radius of each ring crystal and the distance
between the rings are ⬃890 m and ⬃360 m, respectively.
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IV. DISCUSSION
A. Formation of Coulomb crystals
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A series of MD simulations has been carried out separately for up to 136 Ca+ ions to systematically investigate the
variation of the structures of Coulomb crystals in the linear rf
octupole trap. The results are summarized in Fig. 11. An
interesting feature is that as the number of ions increases, the
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FIG. 9. Time evolution of the temperature of laser-cooled Ca+
ions 共N = 36兲 in a linear rf octupole trap. 共a兲 A temporal plot of the
temperature of the Ca+ ions for an integration time of 3 ms. The
effect of cold 共10 K兲 gas collisions is introduced for the initial
about 1.1 ms. The helium pressure is 10−3 Pa. After this time period, the buffer gas pressure is set at 0 Pa, and the radiation pressure
force is introduced. 共b兲 A temporal plot of the temperature of the
Ca+ ions for an integration time of up to 90 ms. After 75 ms 关indicated by 共A兲兴, the ions form a ring-shaped crystal. The trapping
parameters are set at f rf = 10.0 MHz, Vac = 400 V, Vdc = 0 V, r0
= 7.5 mm, Vz0 = 50 mV, z0 = 5 mm, and  = 0.025. The initial average energy of the ions is Eini = 94 meV. Counterpropagating laser
beams are incident onto the ions under the tilt angles of  = 10° and
 = 5° relative to the trap axis.

enough to evaluate the average kinetic energy of the ions.
Figure 9 shows a simulation result of the time dependence of
the average kinetic energy of 36 Ca+ ions trapped in a linear
rf octupole ion trap. The initial average energy of the ions is
set to Eini = 94 meV and the cold gas collision effect is also
applied for the initial 1.1 ms. Thus, the temperature of the
ions quickly decreases to about 10 K, which corresponds to
the temperature of the buffer gas 关Fig. 9共a兲兴.
After the gas-cooling process, the radiation pressure force
is introduced in order to include the laser-cooling effect in
the MD simulation. At t = 75 ms, the trapped ions form a
Coulomb crystal. This crystal has the ring structure shown in
Fig. 10. Although the position of each ion changes depending
on the initial conditions, the radius of the ring and the distance between the ions are the same. Such a ring crystal is a
unique structure which will be observed in the octupole trap.
It has not been observed in experiments using the linear
quadrupole Paul trap.
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FIG. 11. Projection of spatial structures of Coulomb crystals
consisting of Ca+ ions with N = 4 to 136. In all figures where the
number of ions is different, the scale is made the same. In reality the
radius of the ring depends on the number of ions. This dependence
is illustrated in Fig. 12共a兲. The laser parameters and the trapping
parameters are the same as in Fig. 9 except for Vz0 = 25 mV.
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FIG. 13. 共Color online兲 Projection of the spatial structures of the
Coulomb crystals of N = 36 ions at different axial closing voltage
Vz0 of 共a兲 11.1 mV, 共b兲 25.0 mV, 共c兲 110 mV, and 共d兲 250 mV. The
other parameters are same as in Fig. 11.

FIG. 12. 共Color online兲 共a兲 A plot of the average radius of the xy
plane of the crystals 共N 艌 7兲 depicted in Fig. 11. 共b兲 Average kinetic
energy of the Coulomb crystals of Fig. 11. The horizontal axis is the
number of ions contained in the Coulomb crystal.

trapped ions form a cylindrical crystal with ring-shaped layers. The maximum number of ions in the first ring crystal is
12 ions in the present simulation. Then, the structure of the
Coulomb crystal changes to the two-ring structure 共n = 2兲 for
N = 16 ions. For the ion crystal containing N = 13– 15 ions,
there are different stable structures, which change by variations of the initial conditions of the MD simulations. Similarly, the next transition from n = 2 to 3 rings occurs for N
= 27– 29 ions. This behavior can be understood by the location of the ion motions in the ring-shaped pseudopotential
valley 关Fig. 3共b兲兴. The actual position of this valley is determined by the balance between the depth of the sum potential
of psd + s and the Coulomb potentials between the trapped
ions.
Figure 12共b兲 gives a plot of the average kinetic energy as
a function of the number of ions in the crystals. The trend of
the average energy is to monotonously increase with N, and
no obvious changes are observed near the transition state to
additional layers of the rings. This can be understood by the
large radii of the ring-shaped crystals, where there is a
gradual transition from a ring to a zigzag ring, to the second
ring layer crystal, etc., due to the Coulomb repulsion between the ions 关Fig. 12共a兲兴. We find that the number of the
rings strongly depends on the axial closing voltage Vz0 as
well as on the number of ions. In order to visualize this
effect, MD simulations were performed at different values of
Vz0 for N = 36 Ca+ ions 共Fig. 13兲. The radius of each ring
becomes smaller as the static voltage Vz0 decreases, while
the distance between the ring-shaped crystals becomes
larger. Since a larger radius of a ring-shaped crystal corresponds to a larger micromotion amplitude of each ion, the
average kinetic energy of the ions becomes larger as Vz0
increases. In actuality, the average energies of the ions depicted in Figs. 13共a兲–13共d兲 are 4.9, 9.1, 44.3, and 137 eV,
respectively 共Fig. 14兲.

The effect of Vz0 is also observed in simulated LIF spectra
with the abrupt dips 关39兴. Figure 15 shows the simulated LIF
spectra of six laser-cooled Ca+ ions in a linear rf octupole
trap. The initial average energy of the ions is set to 50 meV.
In the case of Vz0 = 120 mV, the abrupt change of intensity is
confirmed at about −138 MHz from the center of the resonance. The sharper intensity change than in the experimental
spectra is considered to be due to the smaller number of ions.
The dip point gradually shifts toward the resonance center as
Vz0 increases. For Vz0 = 149 meV and higher, the phase transition does not occur. Considering the simulation results of
Fig. 14, the shift of the dip is caused by a slight increase of
the rf heating due to an increase of the static voltage Vz0
which increases the radius of the ion crystal. In such a case,
it takes a longer time and a higher cooling rate to cool the
ions to below the crystallization temperature. Therefore, the
dip point moves forward towards the center of the resonance.
If we change the rf amplitude Vac in the MD simulation, a
similar effect as in Fig. 13 can be observed. Figure 16 shows
the projection of the ring crystals including ten Ca+ ions at

FIG. 14. 共Color online兲 共a兲 A plot of the average radius of the
ring-shaped crystals with Ca+ ions 共N = 36兲 for Fig. 13 as a function
of Vz0. 共b兲 A plot of the average kinetic energy of the ions for Fig.
13 as a function of Vz0.
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FIG. 15. Simulated LIF spectra of the laser-cooled Ca+ ions
共N = 6兲 at different axial closing voltages. The laser frequency is
scanned from −800 MHz to 200 MHz at a rate of 25 MHz/ ms. The
initial average energy of the ions is 50 meV. The laser parameters
and the trapping parameters are same as in Fig. 9 except for Vz0.
The intensity scale is the same for all spectra.

different rf amplitudes. The radius of the ring-shaped crystal
decreases as Vac increases. Accordingly, the average kinetic
energy of the ions also decreases monotonously, as shown in
Fig. 17.
To show the availability of the inner volume of the cylindrical Coulomb crystals, we have performed MD simulations
for up to 250 ions. The result is shown in Fig. 18. As the
number of ions increases, a new smaller radius ring emerges
in the inner part. This is the same situation as in the case of
the linear Paul trap, where the small number of ions initially
align themselves along the central trap axis like a string. In
the case of the linear rf octupole trap, the outer cylindrical
part of the Coulomb crystal is initially filled but in the same
way the inner portions also are filled up. The number of inner

FIG. 16. 共Color online兲 Projection of ring-shaped crystals containing ten Ca+ ions at different Vac of 共a兲 300 V, 共b兲 400 V, 共c兲
500 V, and 共d兲 600 V. The static voltage is set at Vz0 = 25 mV. The
other parameters are the same as in Fig. 11. In the case of Vac
= 600 V, there are different zigzag-ring structures, which depend on
the initial condition of the MD simulation.

FIG. 17. 共Color online兲 共a兲 A plot of the average radius of the
ring-shaped crystal including ten Ca+ ions for Fig. 16 as a function
of Vac. 共b兲 A plot of the average kinetic energy of the ions for Fig.
16 as a function of Vac. As the amplitude of Vac is further increased,
the ring structure becomes obscure; i.e., a zigzaglike structure appears. The mean kinetic energy of the ions gradually decreases to
the minimum value of about 1 eV for the present particular
conditions.

rings can be controlled to some degree by changing Vz0 and
the rf amplitude. In the present simulation, we use the static
potential of Eq. 共2兲, which is the lowest-order function that
satisfies Laplace’s equation. Other polynomial closing geometries 共set of rings etc.兲 are under investigation.
The inner part of the cylindrical Coulomb crystals is also
available for sympathetic cooling of light molecular ions. As
referred to in the Introduction, we obtained the simulation
result that the sympathetically cooled light molecular ions by
laser-cooled relatively heavy ions are expected to be distributed in the inner part of the outer-ring crystal. This property
can be qualitatively understood by the pseudopotential
curves shown in Fig. 3共b兲, where the potential minimum is
closer to the central axis for the lighter ion. The inner volume

FIG. 18. 共Color online兲 Projection of the cylindrical Coulomb
crystals containing N = 150, 250 Ca+ ions. The rf amplitude and the
static voltage are set at Vac = 400 V and Vz0 = 25 mV, respectively.
The other parameters are the same as in Fig. 11.
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structure of a large-size crystal by changing only the static
voltage Vz0, the Coulomb crystals in a linear rf octupole trap
are also an interesting tool for the study of non-neutral
plasma physics.
V. SUMMARY

FIG. 19. 共Color online兲 Spatial structure of a large-size Coulomb crystal consisting of N = 136 Ca+ ions simulated for 共a兲 Vz0
= 100 mV and 共b兲 Vz0 = 6.3 mV. The other parameters are the same
as in Fig. 11. The connecting lines between ions are added for a
clear display of the helical structure.

of the cylindrical Coulomb crystal is available for filling up a
larger number of ions and also for sympathetically cooled 共or
crystallized兲 light molecular ions.
B. Large-size Coulomb crystal

As mentioned above, the Coulomb crystal in a linear rf
octupole trap is very sensitive to the depth of the static potential s, and the size of the crystal can be controlled by
changing the axial closing voltage Vz0. We also demonstrated
this process in the MD simulation for a large-size ion crystal.
Figure 19 shows the spatial structure of a large ion crystal
with 136 Ca+ ions at two different closing voltages. In the
case of Fig. 19共a兲, a hexagonal structure is observed in the yz
projection. If the closing voltage decreases as in the case of
Fig. 19共b兲, the crystal is enlarged in the z axis. Then the
spiral structure accompanied by the hexagonal structure
emerges in a center part of the surface of the ring-shaped
crystals. Since it is possible to manipulate the size and the
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