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Vibrational	
  Structure	
  Theory
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  Hamiltonian	
  and	
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Vibrational	
  Schrödinger	
  equation

T̂V + T̂RV +V!
"

#
$Φnv

(V ) = EnvnE
Φnv
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In	
  practice,	
  we	
  choose	
  a	
  set	
  of	
  coordinates	
  
to	
  represent	
  the	
  vibrational	
  SE.



Normal	
  Coordinates
Obtained	
  by	
  diagonalizing the	
  mass-­‐weighted	
  Hessian

x1

x2
Q1Q2

V	
  =	
  c11 x12 +	
  c22 x22 +	
  c12 x1x2

V	
  =	
  c’11 Q1
2 +	
  c’22 Q2

2

(ex)	
  Normal	
  coordinates	
  of	
  a	
  water	
  molecule

Normal	
  coordinates	
  tend	
  to	
  be	
  delocalized
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x2 V	
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  c11 x12 +	
  c22 x22 +	
  c12 x1x2
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  c’11 Q1
2 +	
  c’22 Q2
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with	
  c11 ≈	
  c22 >>	
  c12
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Normal	
  vs Local	
  modes

Henry	
  (1977)

Local XH	
  stretching	
  modes

Child	
  &	
  Halonen	
  (1984)

Localmonomer	
  model

Wang	
  &	
  Bowman	
  (2010)

However,	
  there	
  is	
  no	
  guarantee	
  that	
  local	
  is	
  better	
  than	
  normal...

What	
  is	
  the	
  mathematical	
  definition	
  of	
  “good”	
  coordinates?
How	
  can	
  we	
  frame	
  the	
  physical	
  ground?

Jacob	
  &	
  Reiher (2009)Localizedmode



Optimized-­‐Coordinate	
  Vibrational	
  SCF

Φ0( Q) = φ0
(i) ( Qi )

i=1

f

∏VSCF	
  wavefunction:

φm
(i) = cnmχn

(i)

n=1

M

∑

Thompson	
  &	
  Truhlar (1982);	
  Bačić,	
  Gerber	
  &	
  Ratner	
  (1986);	
  Bowman,	
  Zuniga,	
  Wierzbicki (1988)	
  
Yagi,	
  Keçeli &	
  Hirata	
  (2012)

:	
  modal	
  coefficients

Qs = UisQi
i=1

f

∑ , :	
  transformation	
  matrix

✔ Harmonic	
  potential
✔ Non-­‐interacting	
  systems
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Jacobi	
  Sweep	
  Algorithm

Loop	
  over	
  sweep
Loop	
  over	
  mode	
  pairs	
  :	
  in	
  parallel

Numerically	
  find	
  the	
  best	
  qij

End	
  loop
check	
  convergence

End	
  of	
  sweep

U =U(1)U(2)U(n),

Successive	
  2x2	
  rotations:

qijπ
4

−
π
4

E0
VSCF

Total	
  #	
  of	
  VSCF	
  calc.	
  = Nsweep ×Npair ×10

Yagi,	
  Keçeli &	
  Hirata	
  (2012),	
  Yagi	
  &	
  Otaki (2014),	
  
Thomsen,	
  Yagi	
  &	
  Christiansen	
  (2014).

ηst =
(css − ctt )

2 + cst
2

css + ctt

Selection	
  of	
  pairs:



Invariance	
  of	
  the	
  Hamiltonian

EVSCF

U

Eexact

H (Q) = − 1
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cijQiQj
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∑ +
1
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cijkQiQjQk
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Taylor	
  expansion

V (Q) = Vi (Qi )
i=1

f

∑ + Vij (Qi,Qj )
i> j

f

∑ + Vijk (Qi,Qj,Qk )
i, j,k=1

f

∑ +

nMR expansion

Yagi,	
  Keçeli &	
  Hirata	
  (2012)
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TABLE I. The zero-point energy (ZPE) and the fundamen-
tal frequencies (in cm−1) of the hydrogen fluoride tetramer
obtained by VSCF, oc-VSCF, and VCI[4]-(8). The devia-
tions and mean absolute deviations (MAD) from VCI[4]-(8)
are given in the parentheses and in the last row, respectively.

VSCFa oc-VSCFa VCI[4]-(8)b

ZPE 8419.5 (80.9) 8338.9 (0.4) 8338.5
ν1 4125.7 (51.3) 4075.6 (1.2) 4074.4
ν2 4136.2 (61.6) 4075.6 (1.0) 4074.6
ν3 4278.4 (193.5) 4087.0 (2.1) 4084.9
ν4 4289.3 (199.8) 4087.0 (2.5) 4089.5

MAD 117.4 1.5

a The fundamental frequencies are the virtual energies of the
modals.

b The results based on normal and optimized coordinates are in
agreement within 0.1 cm−1.

stretching modes are shown in Fig. 2. The normal co-
ordinates are delocalized over the two molecules, reflect-
ing the C2v symmetry of the cluster: they correspond to
the symmetric and anti-symmetric combinations of the
symmetrically equivalent terminal molecules’ stretching
coordinates (Q1 and Q2) and those of the symmetrically
equivalent inner molecules’ coordinates (Q3 and Q4). On
the other hand, the optimized coordinates are localized
on each molecule. As expected, the coordinate optimiza-
tion automatically defines local coordinates for this clus-
ter of weakly interacting molecules with strongMorse-like
diagonal anharmonicity.
The zero-point energy (ZPE) and fundamental fre-

quencies of VSCF and oc-VSCF are compared with those
of VCI[4]-(8) in Table I. The VCI[4]-(8) results obtained
in the two coordinates are found to agree within 0.1 cm−1

as they should and are considered to be exact within the
basis set and PES. The results of VSCF using the con-
ventional normal coordinates are in large errors from the
VCI[4]-(8) values with a mean absolute deviation (MAD)
of 117.4 cm−1. In striking contrast, the MAD of the oc-
VSCF results from the VCI[4]-(8) values is only 1.5 cm−1,
two orders of magnitude smaller than the MAD of VSCF.
This clearly demonstrates the benefit of coordinate opti-
mizations in maximizing the performance of VSCF.

B. Water

Q2 Q3 Q̃2 Q̃3

C. The water dimer

Prior to results and discussions, we note on the validity
of the reduced dimensional model chosen here, i.e., the
water dimer only with intramolecular modes. The water
dimer has 12 vibrational degrees of freedom, which are
divided into inter- and intra-molecular modes. However,







Q1

˜
1Q2
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2Q3
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4Q53Q4 5Q6Q

Q̃3Q ˜
3Q̃4Q ˜

4Q̃5 ˜
5Q̃6Q

FIG. 3. (Color online) The normal and the optimized coor-
dinates of the water dimer and the associated harmonic fre-
quencies (the intramolecular modes only). (a) The normal
and the optimized coordinates for the bending modes, which
coincide with each other. (b) The normal and (c) the opti-
mized coordinates for the O–H stretching modes.

the vibrational structure calculation in full dimensional-
ity is currently infeasible due to the floppy nature of the
intermolecular motion. In view of the difficulty, many of
the previous calculations10–13,18 have been carried out
in a reduced dimension using only the intramolecular
modes. Although the neglect of intermolecular modes
may sound critical and, by definition, lacks in some im-
portant properties such as the vibration-rotation tun-
neling levels,50,51 it has been shown that the method
works surprisingly well for the excitation of intramolecu-
lar modes in the high-frequency range. Nonetheless, the
role of inter- and intra-molecular coupling is still largely
unknown. Recent works based on a two-dimensional
model by Garden et al.52,53 have shown that the inter-
molecular motion brings about a substantial broadening
of the O–H stretching overtone spectrum in the finite
temperature. The adiabatic approximation proposed in
their works and also by others,54–58 which treats the slow
(=intermolecular) and fast (=intramolecular) vibrational
modes separately, seems to be a viable approach to go
beyond the primitive reduced dimensional model. How-
ever, such a calculation is intensive as the vibrational
Schrödinger equation for the fast modes needs to be
solved at every grid points of the slow modes. There-
fore, it is of great importance to develop an efficient and
accurate method to solve the reduced dimensional model
with intramolecular modes.
Figure 3 shows the normal and optimized coordinates

of the water dimer. The normal coordinates are charac-
terized as bending, symmetric, and anti-symmetric O–H
stretching modes of individual water molecules, though
the symmetric O–H stretching modes are somewhat de-
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beyond the primitive reduced dimensional model. How-
ever, such a calculation is intensive as the vibrational
Schrödinger equation for the fast modes needs to be
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TABLE I. The zero-point energy (ZPE) and the fundamen-
tal frequencies (in cm−1) of the hydrogen fluoride tetramer
obtained by VSCF, oc-VSCF, and VCI[4]-(8). The devia-
tions and mean absolute deviations (MAD) from VCI[4]-(8)
are given in the parentheses and in the last row, respectively.

VSCFa oc-VSCFa VCI[4]-(8)b

ZPE 8419.5 (80.9) 8338.9 (0.4) 8338.5
ν1 4125.7 (51.3) 4075.6 (1.2) 4074.4
ν2 4136.2 (61.6) 4075.6 (1.0) 4074.6
ν3 4278.4 (193.5) 4087.0 (2.1) 4084.9
ν4 4289.3 (199.8) 4087.0 (2.5) 4089.5

MAD 117.4 1.5

a The fundamental frequencies are the virtual energies of the
modals.

b The results based on normal and optimized coordinates are in
agreement within 0.1 cm−1.

stretching modes are shown in Fig. 2. The normal co-
ordinates are delocalized over the two molecules, reflect-
ing the C2v symmetry of the cluster: they correspond to
the symmetric and anti-symmetric combinations of the
symmetrically equivalent terminal molecules’ stretching
coordinates (Q1 and Q2) and those of the symmetrically
equivalent inner molecules’ coordinates (Q3 and Q4). On
the other hand, the optimized coordinates are localized
on each molecule. As expected, the coordinate optimiza-
tion automatically defines local coordinates for this clus-
ter of weakly interacting molecules with strongMorse-like
diagonal anharmonicity.
The zero-point energy (ZPE) and fundamental fre-

quencies of VSCF and oc-VSCF are compared with those
of VCI[4]-(8) in Table I. The VCI[4]-(8) results obtained
in the two coordinates are found to agree within 0.1 cm−1

as they should and are considered to be exact within the
basis set and PES. The results of VSCF using the con-
ventional normal coordinates are in large errors from the
VCI[4]-(8) values with a mean absolute deviation (MAD)
of 117.4 cm−1. In striking contrast, the MAD of the oc-
VSCF results from the VCI[4]-(8) values is only 1.5 cm−1,
two orders of magnitude smaller than the MAD of VSCF.
This clearly demonstrates the benefit of coordinate opti-
mizations in maximizing the performance of VSCF.

B. Water

Q2 Q3 Q̃2 Q̃3

C. The water dimer

Prior to results and discussions, we note on the validity
of the reduced dimensional model chosen here, i.e., the
water dimer only with intramolecular modes. The water
dimer has 12 vibrational degrees of freedom, which are
divided into inter- and intra-molecular modes. However,
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FIG. 3. (Color online) The normal and the optimized coor-
dinates of the water dimer and the associated harmonic fre-
quencies (the intramolecular modes only). (a) The normal
and the optimized coordinates for the bending modes, which
coincide with each other. (b) The normal and (c) the opti-
mized coordinates for the O–H stretching modes.

the vibrational structure calculation in full dimensional-
ity is currently infeasible due to the floppy nature of the
intermolecular motion. In view of the difficulty, many of
the previous calculations10–13,18 have been carried out
in a reduced dimension using only the intramolecular
modes. Although the neglect of intermolecular modes
may sound critical and, by definition, lacks in some im-
portant properties such as the vibration-rotation tun-
neling levels,50,51 it has been shown that the method
works surprisingly well for the excitation of intramolecu-
lar modes in the high-frequency range. Nonetheless, the
role of inter- and intra-molecular coupling is still largely
unknown. Recent works based on a two-dimensional
model by Garden et al.52,53 have shown that the inter-
molecular motion brings about a substantial broadening
of the O–H stretching overtone spectrum in the finite
temperature. The adiabatic approximation proposed in
their works and also by others,54–58 which treats the slow
(=intermolecular) and fast (=intramolecular) vibrational
modes separately, seems to be a viable approach to go
beyond the primitive reduced dimensional model. How-
ever, such a calculation is intensive as the vibrational
Schrödinger equation for the fast modes needs to be
solved at every grid points of the slow modes. There-
fore, it is of great importance to develop an efficient and
accurate method to solve the reduced dimensional model
with intramolecular modes.
Figure 3 shows the normal and optimized coordinates

of the water dimer. The normal coordinates are charac-
terized as bending, symmetric, and anti-symmetric O–H
stretching modes of individual water molecules, though
the symmetric O–H stretching modes are somewhat de-
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on each molecule. As expected, the coordinate optimiza-
tion automatically defines local coordinates for this clus-
ter of weakly interacting molecules with strongMorse-like
diagonal anharmonicity.
The zero-point energy (ZPE) and fundamental fre-

quencies of VSCF and oc-VSCF are compared with those
of VCI[4]-(8) in Table I. The VCI[4]-(8) results obtained
in the two coordinates are found to agree within 0.1 cm−1

as they should and are considered to be exact within the
basis set and PES. The results of VSCF using the con-
ventional normal coordinates are in large errors from the
VCI[4]-(8) values with a mean absolute deviation (MAD)
of 117.4 cm−1. In striking contrast, the MAD of the oc-
VSCF results from the VCI[4]-(8) values is only 1.5 cm−1,
two orders of magnitude smaller than the MAD of VSCF.
This clearly demonstrates the benefit of coordinate opti-
mizations in maximizing the performance of VSCF.

B. Water
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C. The water dimer

Prior to results and discussions, we note on the validity
of the reduced dimensional model chosen here, i.e., the
water dimer only with intramolecular modes. The water
dimer has 12 vibrational degrees of freedom, which are
divided into inter- and intra-molecular modes. However,
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FIG. 3. (Color online) The normal and the optimized coor-
dinates of the water dimer and the associated harmonic fre-
quencies (the intramolecular modes only). (a) The normal
and the optimized coordinates for the bending modes, which
coincide with each other. (b) The normal and (c) the opti-
mized coordinates for the O–H stretching modes.

the vibrational structure calculation in full dimensional-
ity is currently infeasible due to the floppy nature of the
intermolecular motion. In view of the difficulty, many of
the previous calculations10–13,18 have been carried out
in a reduced dimension using only the intramolecular
modes. Although the neglect of intermolecular modes
may sound critical and, by definition, lacks in some im-
portant properties such as the vibration-rotation tun-
neling levels,50,51 it has been shown that the method
works surprisingly well for the excitation of intramolecu-
lar modes in the high-frequency range. Nonetheless, the
role of inter- and intra-molecular coupling is still largely
unknown. Recent works based on a two-dimensional
model by Garden et al.52,53 have shown that the inter-
molecular motion brings about a substantial broadening
of the O–H stretching overtone spectrum in the finite
temperature. The adiabatic approximation proposed in
their works and also by others,54–58 which treats the slow
(=intermolecular) and fast (=intramolecular) vibrational
modes separately, seems to be a viable approach to go
beyond the primitive reduced dimensional model. How-
ever, such a calculation is intensive as the vibrational
Schrödinger equation for the fast modes needs to be
solved at every grid points of the slow modes. There-
fore, it is of great importance to develop an efficient and
accurate method to solve the reduced dimensional model
with intramolecular modes.
Figure 3 shows the normal and optimized coordinates

of the water dimer. The normal coordinates are charac-
terized as bending, symmetric, and anti-symmetric O–H
stretching modes of individual water molecules, though
the symmetric O–H stretching modes are somewhat de-
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TABLE I. The zero-point energy (ZPE) and the fundamen-
tal frequencies (in cm−1) of the hydrogen fluoride tetramer
obtained by VSCF, oc-VSCF, and VCI[4]-(8). The devia-
tions and mean absolute deviations (MAD) from VCI[4]-(8)
are given in the parentheses and in the last row, respectively.

VSCFa oc-VSCFa VCI[4]-(8)b

ZPE 8419.5 (80.9) 8338.9 (0.4) 8338.5
ν1 4125.7 (51.3) 4075.6 (1.2) 4074.4
ν2 4136.2 (61.6) 4075.6 (1.0) 4074.6
ν3 4278.4 (193.5) 4087.0 (2.1) 4084.9
ν4 4289.3 (199.8) 4087.0 (2.5) 4089.5

MAD 117.4 1.5

a The fundamental frequencies are the virtual energies of the
modals.

b The results based on normal and optimized coordinates are in
agreement within 0.1 cm−1.

stretching modes are shown in Fig. 2. The normal co-
ordinates are delocalized over the two molecules, reflect-
ing the C2v symmetry of the cluster: they correspond to
the symmetric and anti-symmetric combinations of the
symmetrically equivalent terminal molecules’ stretching
coordinates (Q1 and Q2) and those of the symmetrically
equivalent inner molecules’ coordinates (Q3 and Q4). On
the other hand, the optimized coordinates are localized
on each molecule. As expected, the coordinate optimiza-
tion automatically defines local coordinates for this clus-
ter of weakly interacting molecules with strongMorse-like
diagonal anharmonicity.
The zero-point energy (ZPE) and fundamental fre-

quencies of VSCF and oc-VSCF are compared with those
of VCI[4]-(8) in Table I. The VCI[4]-(8) results obtained
in the two coordinates are found to agree within 0.1 cm−1

as they should and are considered to be exact within the
basis set and PES. The results of VSCF using the con-
ventional normal coordinates are in large errors from the
VCI[4]-(8) values with a mean absolute deviation (MAD)
of 117.4 cm−1. In striking contrast, the MAD of the oc-
VSCF results from the VCI[4]-(8) values is only 1.5 cm−1,
two orders of magnitude smaller than the MAD of VSCF.
This clearly demonstrates the benefit of coordinate opti-
mizations in maximizing the performance of VSCF.
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FIG. 3. (Color online) The normal and the optimized coor-
dinates of the water dimer and the associated harmonic fre-
quencies (the intramolecular modes only). (a) The normal
and the optimized coordinates for the bending modes, which
coincide with each other. (b) The normal and (c) the opti-
mized coordinates for the O–H stretching modes.

the vibrational structure calculation in full dimensional-
ity is currently infeasible due to the floppy nature of the
intermolecular motion. In view of the difficulty, many of
the previous calculations10–13,18 have been carried out
in a reduced dimension using only the intramolecular
modes. Although the neglect of intermolecular modes
may sound critical and, by definition, lacks in some im-
portant properties such as the vibration-rotation tun-
neling levels,50,51 it has been shown that the method
works surprisingly well for the excitation of intramolecu-
lar modes in the high-frequency range. Nonetheless, the
role of inter- and intra-molecular coupling is still largely
unknown. Recent works based on a two-dimensional
model by Garden et al.52,53 have shown that the inter-
molecular motion brings about a substantial broadening
of the O–H stretching overtone spectrum in the finite
temperature. The adiabatic approximation proposed in
their works and also by others,54–58 which treats the slow
(=intermolecular) and fast (=intramolecular) vibrational
modes separately, seems to be a viable approach to go
beyond the primitive reduced dimensional model. How-
ever, such a calculation is intensive as the vibrational
Schrödinger equation for the fast modes needs to be
solved at every grid points of the slow modes. There-
fore, it is of great importance to develop an efficient and
accurate method to solve the reduced dimensional model
with intramolecular modes.
Figure 3 shows the normal and optimized coordinates
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tions and mean absolute deviations (MAD) from VCI[4]-(8)
are given in the parentheses and in the last row, respectively.

VSCFa oc-VSCFa VCI[4]-(8)b
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a The fundamental frequencies are the virtual energies of the
modals.

b The results based on normal and optimized coordinates are in
agreement within 0.1 cm−1.

stretching modes are shown in Fig. 2. The normal co-
ordinates are delocalized over the two molecules, reflect-
ing the C2v symmetry of the cluster: they correspond to
the symmetric and anti-symmetric combinations of the
symmetrically equivalent terminal molecules’ stretching
coordinates (Q1 and Q2) and those of the symmetrically
equivalent inner molecules’ coordinates (Q3 and Q4). On
the other hand, the optimized coordinates are localized
on each molecule. As expected, the coordinate optimiza-
tion automatically defines local coordinates for this clus-
ter of weakly interacting molecules with strongMorse-like
diagonal anharmonicity.
The zero-point energy (ZPE) and fundamental fre-

quencies of VSCF and oc-VSCF are compared with those
of VCI[4]-(8) in Table I. The VCI[4]-(8) results obtained
in the two coordinates are found to agree within 0.1 cm−1

as they should and are considered to be exact within the
basis set and PES. The results of VSCF using the con-
ventional normal coordinates are in large errors from the
VCI[4]-(8) values with a mean absolute deviation (MAD)
of 117.4 cm−1. In striking contrast, the MAD of the oc-
VSCF results from the VCI[4]-(8) values is only 1.5 cm−1,
two orders of magnitude smaller than the MAD of VSCF.
This clearly demonstrates the benefit of coordinate opti-
mizations in maximizing the performance of VSCF.
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Prior to results and discussions, we note on the validity
of the reduced dimensional model chosen here, i.e., the
water dimer only with intramolecular modes. The water
dimer has 12 vibrational degrees of freedom, which are
divided into inter- and intra-molecular modes. However,
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FIG. 3. (Color online) The normal and the optimized coor-
dinates of the water dimer and the associated harmonic fre-
quencies (the intramolecular modes only). (a) The normal
and the optimized coordinates for the bending modes, which
coincide with each other. (b) The normal and (c) the opti-
mized coordinates for the O–H stretching modes.

the vibrational structure calculation in full dimensional-
ity is currently infeasible due to the floppy nature of the
intermolecular motion. In view of the difficulty, many of
the previous calculations10–13,18 have been carried out
in a reduced dimension using only the intramolecular
modes. Although the neglect of intermolecular modes
may sound critical and, by definition, lacks in some im-
portant properties such as the vibration-rotation tun-
neling levels,50,51 it has been shown that the method
works surprisingly well for the excitation of intramolecu-
lar modes in the high-frequency range. Nonetheless, the
role of inter- and intra-molecular coupling is still largely
unknown. Recent works based on a two-dimensional
model by Garden et al.52,53 have shown that the inter-
molecular motion brings about a substantial broadening
of the O–H stretching overtone spectrum in the finite
temperature. The adiabatic approximation proposed in
their works and also by others,54–58 which treats the slow
(=intermolecular) and fast (=intramolecular) vibrational
modes separately, seems to be a viable approach to go
beyond the primitive reduced dimensional model. How-
ever, such a calculation is intensive as the vibrational
Schrödinger equation for the fast modes needs to be
solved at every grid points of the slow modes. There-
fore, it is of great importance to develop an efficient and
accurate method to solve the reduced dimensional model
with intramolecular modes.
Figure 3 shows the normal and optimized coordinates

of the water dimer. The normal coordinates are charac-
terized as bending, symmetric, and anti-symmetric O–H
stretching modes of individual water molecules, though
the symmetric O–H stretching modes are somewhat de-
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obtained by VSCF, oc-VSCF, and VCI[4]-(8). The devia-
tions and mean absolute deviations (MAD) from VCI[4]-(8)
are given in the parentheses and in the last row, respectively.
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MAD 117.4 1.5

a The fundamental frequencies are the virtual energies of the
modals.

b The results based on normal and optimized coordinates are in
agreement within 0.1 cm−1.

stretching modes are shown in Fig. 2. The normal co-
ordinates are delocalized over the two molecules, reflect-
ing the C2v symmetry of the cluster: they correspond to
the symmetric and anti-symmetric combinations of the
symmetrically equivalent terminal molecules’ stretching
coordinates (Q1 and Q2) and those of the symmetrically
equivalent inner molecules’ coordinates (Q3 and Q4). On
the other hand, the optimized coordinates are localized
on each molecule. As expected, the coordinate optimiza-
tion automatically defines local coordinates for this clus-
ter of weakly interacting molecules with strongMorse-like
diagonal anharmonicity.
The zero-point energy (ZPE) and fundamental fre-

quencies of VSCF and oc-VSCF are compared with those
of VCI[4]-(8) in Table I. The VCI[4]-(8) results obtained
in the two coordinates are found to agree within 0.1 cm−1

as they should and are considered to be exact within the
basis set and PES. The results of VSCF using the con-
ventional normal coordinates are in large errors from the
VCI[4]-(8) values with a mean absolute deviation (MAD)
of 117.4 cm−1. In striking contrast, the MAD of the oc-
VSCF results from the VCI[4]-(8) values is only 1.5 cm−1,
two orders of magnitude smaller than the MAD of VSCF.
This clearly demonstrates the benefit of coordinate opti-
mizations in maximizing the performance of VSCF.
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FIG. 3. (Color online) The normal and the optimized coor-
dinates of the water dimer and the associated harmonic fre-
quencies (the intramolecular modes only). (a) The normal
and the optimized coordinates for the bending modes, which
coincide with each other. (b) The normal and (c) the opti-
mized coordinates for the O–H stretching modes.

the vibrational structure calculation in full dimensional-
ity is currently infeasible due to the floppy nature of the
intermolecular motion. In view of the difficulty, many of
the previous calculations10–13,18 have been carried out
in a reduced dimension using only the intramolecular
modes. Although the neglect of intermolecular modes
may sound critical and, by definition, lacks in some im-
portant properties such as the vibration-rotation tun-
neling levels,50,51 it has been shown that the method
works surprisingly well for the excitation of intramolecu-
lar modes in the high-frequency range. Nonetheless, the
role of inter- and intra-molecular coupling is still largely
unknown. Recent works based on a two-dimensional
model by Garden et al.52,53 have shown that the inter-
molecular motion brings about a substantial broadening
of the O–H stretching overtone spectrum in the finite
temperature. The adiabatic approximation proposed in
their works and also by others,54–58 which treats the slow
(=intermolecular) and fast (=intramolecular) vibrational
modes separately, seems to be a viable approach to go
beyond the primitive reduced dimensional model. How-
ever, such a calculation is intensive as the vibrational
Schrödinger equation for the fast modes needs to be
solved at every grid points of the slow modes. There-
fore, it is of great importance to develop an efficient and
accurate method to solve the reduced dimensional model
with intramolecular modes.
Figure 3 shows the normal and optimized coordinates

of the water dimer. The normal coordinates are charac-
terized as bending, symmetric, and anti-symmetric O–H
stretching modes of individual water molecules, though
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stretching modes are shown in Fig. 2. The normal co-
ordinates are delocalized over the two molecules, reflect-
ing the C2v symmetry of the cluster: they correspond to
the symmetric and anti-symmetric combinations of the
symmetrically equivalent terminal molecules’ stretching
coordinates (Q1 and Q2) and those of the symmetrically
equivalent inner molecules’ coordinates (Q3 and Q4). On
the other hand, the optimized coordinates are localized
on each molecule. As expected, the coordinate optimiza-
tion automatically defines local coordinates for this clus-
ter of weakly interacting molecules with strongMorse-like
diagonal anharmonicity.
The zero-point energy (ZPE) and fundamental fre-

quencies of VSCF and oc-VSCF are compared with those
of VCI[4]-(8) in Table I. The VCI[4]-(8) results obtained
in the two coordinates are found to agree within 0.1 cm−1

as they should and are considered to be exact within the
basis set and PES. The results of VSCF using the con-
ventional normal coordinates are in large errors from the
VCI[4]-(8) values with a mean absolute deviation (MAD)
of 117.4 cm−1. In striking contrast, the MAD of the oc-
VSCF results from the VCI[4]-(8) values is only 1.5 cm−1,
two orders of magnitude smaller than the MAD of VSCF.
This clearly demonstrates the benefit of coordinate opti-
mizations in maximizing the performance of VSCF.
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Prior to results and discussions, we note on the validity
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dimer has 12 vibrational degrees of freedom, which are
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FIG. 3. (Color online) The normal and the optimized coor-
dinates of the water dimer and the associated harmonic fre-
quencies (the intramolecular modes only). (a) The normal
and the optimized coordinates for the bending modes, which
coincide with each other. (b) The normal and (c) the opti-
mized coordinates for the O–H stretching modes.

the vibrational structure calculation in full dimensional-
ity is currently infeasible due to the floppy nature of the
intermolecular motion. In view of the difficulty, many of
the previous calculations10–13,18 have been carried out
in a reduced dimension using only the intramolecular
modes. Although the neglect of intermolecular modes
may sound critical and, by definition, lacks in some im-
portant properties such as the vibration-rotation tun-
neling levels,50,51 it has been shown that the method
works surprisingly well for the excitation of intramolecu-
lar modes in the high-frequency range. Nonetheless, the
role of inter- and intra-molecular coupling is still largely
unknown. Recent works based on a two-dimensional
model by Garden et al.52,53 have shown that the inter-
molecular motion brings about a substantial broadening
of the O–H stretching overtone spectrum in the finite
temperature. The adiabatic approximation proposed in
their works and also by others,54–58 which treats the slow
(=intermolecular) and fast (=intramolecular) vibrational
modes separately, seems to be a viable approach to go
beyond the primitive reduced dimensional model. How-
ever, such a calculation is intensive as the vibrational
Schrödinger equation for the fast modes needs to be
solved at every grid points of the slow modes. There-
fore, it is of great importance to develop an efficient and
accurate method to solve the reduced dimensional model
with intramolecular modes.
Figure 3 shows the normal and optimized coordinates

of the water dimer. The normal coordinates are charac-
terized as bending, symmetric, and anti-symmetric O–H
stretching modes of individual water molecules, though
the symmetric O–H stretching modes are somewhat de-
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TABLE I. The zero-point energy (ZPE) and the fundamen-
tal frequencies (in cm−1) of the hydrogen fluoride tetramer
obtained by VSCF, oc-VSCF, and VCI[4]-(8). The devia-
tions and mean absolute deviations (MAD) from VCI[4]-(8)
are given in the parentheses and in the last row, respectively.

VSCFa oc-VSCFa VCI[4]-(8)b

ZPE 8419.5 (80.9) 8338.9 (0.4) 8338.5
ν1 4125.7 (51.3) 4075.6 (1.2) 4074.4
ν2 4136.2 (61.6) 4075.6 (1.0) 4074.6
ν3 4278.4 (193.5) 4087.0 (2.1) 4084.9
ν4 4289.3 (199.8) 4087.0 (2.5) 4089.5

MAD 117.4 1.5

a The fundamental frequencies are the virtual energies of the
modals.

b The results based on normal and optimized coordinates are in
agreement within 0.1 cm−1.

stretching modes are shown in Fig. 2. The normal co-
ordinates are delocalized over the two molecules, reflect-
ing the C2v symmetry of the cluster: they correspond to
the symmetric and anti-symmetric combinations of the
symmetrically equivalent terminal molecules’ stretching
coordinates (Q1 and Q2) and those of the symmetrically
equivalent inner molecules’ coordinates (Q3 and Q4). On
the other hand, the optimized coordinates are localized
on each molecule. As expected, the coordinate optimiza-
tion automatically defines local coordinates for this clus-
ter of weakly interacting molecules with strongMorse-like
diagonal anharmonicity.
The zero-point energy (ZPE) and fundamental fre-

quencies of VSCF and oc-VSCF are compared with those
of VCI[4]-(8) in Table I. The VCI[4]-(8) results obtained
in the two coordinates are found to agree within 0.1 cm−1

as they should and are considered to be exact within the
basis set and PES. The results of VSCF using the con-
ventional normal coordinates are in large errors from the
VCI[4]-(8) values with a mean absolute deviation (MAD)
of 117.4 cm−1. In striking contrast, the MAD of the oc-
VSCF results from the VCI[4]-(8) values is only 1.5 cm−1,
two orders of magnitude smaller than the MAD of VSCF.
This clearly demonstrates the benefit of coordinate opti-
mizations in maximizing the performance of VSCF.
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FIG. 3. (Color online) The normal and the optimized coor-
dinates of the water dimer and the associated harmonic fre-
quencies (the intramolecular modes only). (a) The normal
and the optimized coordinates for the bending modes, which
coincide with each other. (b) The normal and (c) the opti-
mized coordinates for the O–H stretching modes.

the vibrational structure calculation in full dimensional-
ity is currently infeasible due to the floppy nature of the
intermolecular motion. In view of the difficulty, many of
the previous calculations10–13,18 have been carried out
in a reduced dimension using only the intramolecular
modes. Although the neglect of intermolecular modes
may sound critical and, by definition, lacks in some im-
portant properties such as the vibration-rotation tun-
neling levels,50,51 it has been shown that the method
works surprisingly well for the excitation of intramolecu-
lar modes in the high-frequency range. Nonetheless, the
role of inter- and intra-molecular coupling is still largely
unknown. Recent works based on a two-dimensional
model by Garden et al.52,53 have shown that the inter-
molecular motion brings about a substantial broadening
of the O–H stretching overtone spectrum in the finite
temperature. The adiabatic approximation proposed in
their works and also by others,54–58 which treats the slow
(=intermolecular) and fast (=intramolecular) vibrational
modes separately, seems to be a viable approach to go
beyond the primitive reduced dimensional model. How-
ever, such a calculation is intensive as the vibrational
Schrödinger equation for the fast modes needs to be
solved at every grid points of the slow modes. There-
fore, it is of great importance to develop an efficient and
accurate method to solve the reduced dimensional model
with intramolecular modes.
Figure 3 shows the normal and optimized coordinates

of the water dimer. The normal coordinates are charac-
terized as bending, symmetric, and anti-symmetric O–H
stretching modes of individual water molecules, though
the symmetric O–H stretching modes are somewhat de-
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TABLE I. The zero-point energy (ZPE) and the fundamen-
tal frequencies (in cm−1) of the hydrogen fluoride tetramer
obtained by VSCF, oc-VSCF, and VCI[4]-(8). The devia-
tions and mean absolute deviations (MAD) from VCI[4]-(8)
are given in the parentheses and in the last row, respectively.

VSCFa oc-VSCFa VCI[4]-(8)b

ZPE 8419.5 (80.9) 8338.9 (0.4) 8338.5
ν1 4125.7 (51.3) 4075.6 (1.2) 4074.4
ν2 4136.2 (61.6) 4075.6 (1.0) 4074.6
ν3 4278.4 (193.5) 4087.0 (2.1) 4084.9
ν4 4289.3 (199.8) 4087.0 (2.5) 4089.5

MAD 117.4 1.5

a The fundamental frequencies are the virtual energies of the
modals.

b The results based on normal and optimized coordinates are in
agreement within 0.1 cm−1.

stretching modes are shown in Fig. 2. The normal co-
ordinates are delocalized over the two molecules, reflect-
ing the C2v symmetry of the cluster: they correspond to
the symmetric and anti-symmetric combinations of the
symmetrically equivalent terminal molecules’ stretching
coordinates (Q1 and Q2) and those of the symmetrically
equivalent inner molecules’ coordinates (Q3 and Q4). On
the other hand, the optimized coordinates are localized
on each molecule. As expected, the coordinate optimiza-
tion automatically defines local coordinates for this clus-
ter of weakly interacting molecules with strongMorse-like
diagonal anharmonicity.
The zero-point energy (ZPE) and fundamental fre-

quencies of VSCF and oc-VSCF are compared with those
of VCI[4]-(8) in Table I. The VCI[4]-(8) results obtained
in the two coordinates are found to agree within 0.1 cm−1

as they should and are considered to be exact within the
basis set and PES. The results of VSCF using the con-
ventional normal coordinates are in large errors from the
VCI[4]-(8) values with a mean absolute deviation (MAD)
of 117.4 cm−1. In striking contrast, the MAD of the oc-
VSCF results from the VCI[4]-(8) values is only 1.5 cm−1,
two orders of magnitude smaller than the MAD of VSCF.
This clearly demonstrates the benefit of coordinate opti-
mizations in maximizing the performance of VSCF.

B. Water

Q2 Q3 Q̃2 Q̃3

C. The water dimer

Prior to results and discussions, we note on the validity
of the reduced dimensional model chosen here, i.e., the
water dimer only with intramolecular modes. The water
dimer has 12 vibrational degrees of freedom, which are
divided into inter- and intra-molecular modes. However,






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4Q53Q4 5Q6Q

Q̃3Q ˜
3Q̃4Q ˜

4Q̃5 ˜
5Q̃6Q

FIG. 3. (Color online) The normal and the optimized coor-
dinates of the water dimer and the associated harmonic fre-
quencies (the intramolecular modes only). (a) The normal
and the optimized coordinates for the bending modes, which
coincide with each other. (b) The normal and (c) the opti-
mized coordinates for the O–H stretching modes.

the vibrational structure calculation in full dimensional-
ity is currently infeasible due to the floppy nature of the
intermolecular motion. In view of the difficulty, many of
the previous calculations10–13,18 have been carried out
in a reduced dimension using only the intramolecular
modes. Although the neglect of intermolecular modes
may sound critical and, by definition, lacks in some im-
portant properties such as the vibration-rotation tun-
neling levels,50,51 it has been shown that the method
works surprisingly well for the excitation of intramolecu-
lar modes in the high-frequency range. Nonetheless, the
role of inter- and intra-molecular coupling is still largely
unknown. Recent works based on a two-dimensional
model by Garden et al.52,53 have shown that the inter-
molecular motion brings about a substantial broadening
of the O–H stretching overtone spectrum in the finite
temperature. The adiabatic approximation proposed in
their works and also by others,54–58 which treats the slow
(=intermolecular) and fast (=intramolecular) vibrational
modes separately, seems to be a viable approach to go
beyond the primitive reduced dimensional model. How-
ever, such a calculation is intensive as the vibrational
Schrödinger equation for the fast modes needs to be
solved at every grid points of the slow modes. There-
fore, it is of great importance to develop an efficient and
accurate method to solve the reduced dimensional model
with intramolecular modes.
Figure 3 shows the normal and optimized coordinates

of the water dimer. The normal coordinates are charac-
terized as bending, symmetric, and anti-symmetric O–H
stretching modes of individual water molecules, though
the symmetric O–H stretching modes are somewhat de-
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FIG. 3. (Color online) The normal and the optimized coor-
dinates of the water dimer and the associated harmonic fre-
quencies (the intramolecular modes only). (a) The normal
and the optimized coordinates for the bending modes, which
coincide with each other. (b) The normal and (c) the opti-
mized coordinates for the O–H stretching modes.

the vibrational structure calculation in full dimensional-
ity is currently infeasible due to the floppy nature of the
intermolecular motion. In view of the difficulty, many of
the previous calculations10–13,18 have been carried out
in a reduced dimension using only the intramolecular
modes. Although the neglect of intermolecular modes
may sound critical and, by definition, lacks in some im-
portant properties such as the vibration-rotation tun-
neling levels,50,51 it has been shown that the method
works surprisingly well for the excitation of intramolecu-
lar modes in the high-frequency range. Nonetheless, the
role of inter- and intra-molecular coupling is still largely
unknown. Recent works based on a two-dimensional
model by Garden et al.52,53 have shown that the inter-
molecular motion brings about a substantial broadening
of the O–H stretching overtone spectrum in the finite
temperature. The adiabatic approximation proposed in
their works and also by others,54–58 which treats the slow
(=intermolecular) and fast (=intramolecular) vibrational
modes separately, seems to be a viable approach to go
beyond the primitive reduced dimensional model. How-
ever, such a calculation is intensive as the vibrational
Schrödinger equation for the fast modes needs to be
solved at every grid points of the slow modes. There-
fore, it is of great importance to develop an efficient and
accurate method to solve the reduced dimensional model
with intramolecular modes.
Figure 3 shows the normal and optimized coordinates
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FIG. 3. (Color online) The normal and the optimized coor-
dinates of the water dimer and the associated harmonic fre-
quencies (the intramolecular modes only). (a) The normal
and the optimized coordinates for the bending modes, which
coincide with each other. (b) The normal and (c) the opti-
mized coordinates for the O–H stretching modes.
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FIG. 3. (Color online) The normal and the optimized coor-
dinates of the water dimer and the associated harmonic fre-
quencies (the intramolecular modes only). (a) The normal
and the optimized coordinates for the bending modes, which
coincide with each other. (b) The normal and (c) the opti-
mized coordinates for the O–H stretching modes.

the vibrational structure calculation in full dimensional-
ity is currently infeasible due to the floppy nature of the
intermolecular motion. In view of the difficulty, many of
the previous calculations10–13,18 have been carried out
in a reduced dimension using only the intramolecular
modes. Although the neglect of intermolecular modes
may sound critical and, by definition, lacks in some im-
portant properties such as the vibration-rotation tun-
neling levels,50,51 it has been shown that the method
works surprisingly well for the excitation of intramolecu-
lar modes in the high-frequency range. Nonetheless, the
role of inter- and intra-molecular coupling is still largely
unknown. Recent works based on a two-dimensional
model by Garden et al.52,53 have shown that the inter-
molecular motion brings about a substantial broadening
of the O–H stretching overtone spectrum in the finite
temperature. The adiabatic approximation proposed in
their works and also by others,54–58 which treats the slow
(=intermolecular) and fast (=intramolecular) vibrational
modes separately, seems to be a viable approach to go
beyond the primitive reduced dimensional model. How-
ever, such a calculation is intensive as the vibrational
Schrödinger equation for the fast modes needs to be
solved at every grid points of the slow modes. There-
fore, it is of great importance to develop an efficient and
accurate method to solve the reduced dimensional model
with intramolecular modes.
Figure 3 shows the normal and optimized coordinates

of the water dimer. The normal coordinates are charac-
terized as bending, symmetric, and anti-symmetric O–H
stretching modes of individual water molecules, though
the symmetric O–H stretching modes are somewhat de-
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FIG. 3. (Color online) (a) Normal and (b) optimized coor-
dinates of weakly interacting HF aligned in one dimension.
Each HF is separated by 3 Å.

TABLE I. The zero-point energy (ZPE) and the fundamental
frequencies (in cm−1) of weakly interacting HF calculated by
VSCF based on normal and optimized coordinates, and the
deviations from VCI[4]-(8) in parentheses.

VSCFa VCI[4]-(8)b

Normal coord. Optimized coord.
ZPE 8419.5 (80.9) 8338.9 (0.4) 8338.5
ν1 4125.7 (51.3) 4075.6 (1.2) 4074.4
ν2 4136.2 (61.6) 4075.6 (1.0) 4074.6
ν3 4278.4 (193.5) 4087.0 (2.1) 4084.9
ν4 4289.3 (199.8) 4087.0 (2.5) 4089.5

MADc 117.4 1.5

a Optimized for the ground state. The fundamentals are the
virtual energies of the modals.

b The results based on normal and optimized are in agreement
within 0.1 cm−1.

c Mean absolute deviation.

The Hamiltonian with QFF is invariant with respect
to the coordinate transformation, so that VCI based on
normal and optimized coordinates are equivalent in the
full VCI limit. However, truncated VCI does depend on
the coordinates, and thus the behavior of convergence
may be different. In the following, we focus on the con-
vergence of VCI[m]-(k) with respect to m.
All the electronic structure calculations were carried

out at the MP2/cc-pVDZ level of theory35,36 using the
Gaussian09 program,37 and the vibrational structure cal-
culations by MaVi.38

IV. APPLICATIONS

A. Weakly-interacting hydrogen fluoride

In order to test the developed theory and program,
we have first studied a model system, in which four HF

molecules are aligned in line each separated by 3 Å. The
HF molecules do interact as the separation of 3 Å is not
far enough, yet their vibrational states are expected to
be well represented in term of local HF stretching coor-
dinates. The normal and optimized coordinates for the
HF stretching modes are shown in Figure 3. The normal
coordinates are delocalized over the two HF molecules re-
flecting the C2v symmetry of the system: symmetric and
asymmetric stretching coordinates of the edge molecules
(Q1 and Q2) and the inner molecules (Q4 and Q3). On
the other hand, the optimized coordinates are localized
to each HF molecule. λ0, derived in Appendix B, is cal-
culated to be 9.0×107 for Q̃1 and Q̃2, and 4.6×104 for Q̃3

and Q̃4, also indicating the advantage of local HF coor-
dinates. Therefore, the optimization of the VSCF energy
automatically generates local coordinates for weakly- and
non-interacting anharmonic oscillators.
The zero-point energy (ZPE) and the fundamental fre-

quencies obtained by VSCF are compared with those by
VCI[4]-(8) in Table I. VCI[4]-(8) based on the two coor-
dinates is found to be in agreement within accuracy of
0.1 cm−1. Thus, the selection of coordinates is not an is-
sue for the high level calculation. However, the low level
method (=VSCF) does depend on the coordinates. The
VSCF energies based on normal coordinates are found
with large deviations with a mean absolute deviation
(MAD) of 117.4 cm−1. In strike contrast, those based
on optimized coordinates are in excellent agreement with
MAD of 1.5 cm−1. This result clearly demonstrate the
impact of coordinate optimization which dramatically en-
hances the accuracy of VSCF.

B. Water dimer

Q1Q2Q3Q4Q5Q6Q7Q8Q9Q10Q11Q12

Q̃3Q̃4Q̃5Q̃6Q̃7Q̃8Q̃9Q̃10Q̃11Q̃12

Figure 4 shows normal and optimized coordinates of
water dimer for the intramolecular modes. The nor-
mal coordinates can be characterized as the bending,
and symmetric and asymmetric OH stretching modes of
each water molecule, though the symmetric OH stretch-
ing modes are found to be slightly delocalized to the other
water molecule by ∼ 6% in weight. The optimization
has transformed the OH stretching modes to local OH
stretching coordinates, as shown in Fig. 4 (c), while leav-
ing the bending coordinates unchanged. The present re-
sult indicates the strong anharmonicity of OH stretching
modes, which drives the coordinates to be localized to
the OH bonds.
VSCF and VCI calculations in six-dimension have been

carried out with the above coordinates for the intramolec-
ular modes. The ZPE and fundamental frequencies are
presented in Table II. The VCI-(8) results based on the
two coordinates are in good agreement with a maximum
deviation of 0.1 cm−1. Thus, VCI-(8) serves as a ref-
erence to evaluate the accuracy of VSCF and lower-rank
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FIG. 3. (Color online) (a) Normal and (b) optimized coor-
dinates of weakly interacting HF aligned in one dimension.
Each HF is separated by 3 Å.

TABLE I. The zero-point energy (ZPE) and the fundamental
frequencies (in cm−1) of weakly interacting HF calculated by
VSCF based on normal and optimized coordinates, and the
deviations from VCI[4]-(8) in parentheses.

VSCFa VCI[4]-(8)b

Normal coord. Optimized coord.
ZPE 8419.5 (80.9) 8338.9 (0.4) 8338.5
ν1 4125.7 (51.3) 4075.6 (1.2) 4074.4
ν2 4136.2 (61.6) 4075.6 (1.0) 4074.6
ν3 4278.4 (193.5) 4087.0 (2.1) 4084.9
ν4 4289.3 (199.8) 4087.0 (2.5) 4089.5

MADc 117.4 1.5

a Optimized for the ground state. The fundamentals are the
virtual energies of the modals.

b The results based on normal and optimized are in agreement
within 0.1 cm−1.

c Mean absolute deviation.

The Hamiltonian with QFF is invariant with respect
to the coordinate transformation, so that VCI based on
normal and optimized coordinates are equivalent in the
full VCI limit. However, truncated VCI does depend on
the coordinates, and thus the behavior of convergence
may be different. In the following, we focus on the con-
vergence of VCI[m]-(k) with respect to m.
All the electronic structure calculations were carried

out at the MP2/cc-pVDZ level of theory35,36 using the
Gaussian09 program,37 and the vibrational structure cal-
culations by MaVi.38

IV. APPLICATIONS

A. Weakly-interacting hydrogen fluoride

In order to test the developed theory and program,
we have first studied a model system, in which four HF

molecules are aligned in line each separated by 3 Å. The
HF molecules do interact as the separation of 3 Å is not
far enough, yet their vibrational states are expected to
be well represented in term of local HF stretching coor-
dinates. The normal and optimized coordinates for the
HF stretching modes are shown in Figure 3. The normal
coordinates are delocalized over the two HF molecules re-
flecting the C2v symmetry of the system: symmetric and
asymmetric stretching coordinates of the edge molecules
(Q1 and Q2) and the inner molecules (Q4 and Q3). On
the other hand, the optimized coordinates are localized
to each HF molecule. λ0, derived in Appendix B, is cal-
culated to be 9.0×107 for Q̃1 and Q̃2, and 4.6×104 for Q̃3

and Q̃4, also indicating the advantage of local HF coor-
dinates. Therefore, the optimization of the VSCF energy
automatically generates local coordinates for weakly- and
non-interacting anharmonic oscillators.
The zero-point energy (ZPE) and the fundamental fre-

quencies obtained by VSCF are compared with those by
VCI[4]-(8) in Table I. VCI[4]-(8) based on the two coor-
dinates is found to be in agreement within accuracy of
0.1 cm−1. Thus, the selection of coordinates is not an is-
sue for the high level calculation. However, the low level
method (=VSCF) does depend on the coordinates. The
VSCF energies based on normal coordinates are found
with large deviations with a mean absolute deviation
(MAD) of 117.4 cm−1. In strike contrast, those based
on optimized coordinates are in excellent agreement with
MAD of 1.5 cm−1. This result clearly demonstrate the
impact of coordinate optimization which dramatically en-
hances the accuracy of VSCF.

B. Water dimer

Q1Q2Q3Q4Q5Q6Q7Q8Q9Q10Q11Q12

Q̃3Q̃4Q̃5Q̃6Q̃7Q̃8Q̃9Q̃10Q̃11Q̃12

Figure 4 shows normal and optimized coordinates of
water dimer for the intramolecular modes. The nor-
mal coordinates can be characterized as the bending,
and symmetric and asymmetric OH stretching modes of
each water molecule, though the symmetric OH stretch-
ing modes are found to be slightly delocalized to the other
water molecule by ∼ 6% in weight. The optimization
has transformed the OH stretching modes to local OH
stretching coordinates, as shown in Fig. 4 (c), while leav-
ing the bending coordinates unchanged. The present re-
sult indicates the strong anharmonicity of OH stretching
modes, which drives the coordinates to be localized to
the OH bonds.
VSCF and VCI calculations in six-dimension have been

carried out with the above coordinates for the intramolec-
ular modes. The ZPE and fundamental frequencies are
presented in Table II. The VCI-(8) results based on the
two coordinates are in good agreement with a maximum
deviation of 0.1 cm−1. Thus, VCI-(8) serves as a ref-
erence to evaluate the accuracy of VSCF and lower-rank
VCI. VSCF and VCI[1]-(8) with normal coordinates yield
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FIG. 3. (Color online) (a) Normal and (b) optimized coor-
dinates of weakly interacting HF aligned in one dimension.
Each HF is separated by 3 Å.

TABLE I. The zero-point energy (ZPE) and the fundamental
frequencies (in cm−1) of weakly interacting HF calculated by
VSCF based on normal and optimized coordinates, and the
deviations from VCI[4]-(8) in parentheses.

VSCFa VCI[4]-(8)b

Normal coord. Optimized coord.
ZPE 8419.5 (80.9) 8338.9 (0.4) 8338.5
ν1 4125.7 (51.3) 4075.6 (1.2) 4074.4
ν2 4136.2 (61.6) 4075.6 (1.0) 4074.6
ν3 4278.4 (193.5) 4087.0 (2.1) 4084.9
ν4 4289.3 (199.8) 4087.0 (2.5) 4089.5

MADc 117.4 1.5

a Optimized for the ground state. The fundamentals are the
virtual energies of the modals.

b The results based on normal and optimized are in agreement
within 0.1 cm−1.

c Mean absolute deviation.

The Hamiltonian with QFF is invariant with respect
to the coordinate transformation, so that VCI based on
normal and optimized coordinates are equivalent in the
full VCI limit. However, truncated VCI does depend on
the coordinates, and thus the behavior of convergence
may be different. In the following, we focus on the con-
vergence of VCI[m]-(k) with respect to m.
All the electronic structure calculations were carried

out at the MP2/cc-pVDZ level of theory35,36 using the
Gaussian09 program,37 and the vibrational structure cal-
culations by MaVi.38

IV. APPLICATIONS

A. Weakly-interacting hydrogen fluoride

In order to test the developed theory and program,
we have first studied a model system, in which four HF

molecules are aligned in line each separated by 3 Å. The
HF molecules do interact as the separation of 3 Å is not
far enough, yet their vibrational states are expected to
be well represented in term of local HF stretching coor-
dinates. The normal and optimized coordinates for the
HF stretching modes are shown in Figure 3. The normal
coordinates are delocalized over the two HF molecules re-
flecting the C2v symmetry of the system: symmetric and
asymmetric stretching coordinates of the edge molecules
(Q1 and Q2) and the inner molecules (Q4 and Q3). On
the other hand, the optimized coordinates are localized
to each HF molecule. λ0, derived in Appendix B, is cal-
culated to be 9.0×107 for Q̃1 and Q̃2, and 4.6×104 for Q̃3

and Q̃4, also indicating the advantage of local HF coor-
dinates. Therefore, the optimization of the VSCF energy
automatically generates local coordinates for weakly- and
non-interacting anharmonic oscillators.
The zero-point energy (ZPE) and the fundamental fre-

quencies obtained by VSCF are compared with those by
VCI[4]-(8) in Table I. VCI[4]-(8) based on the two coor-
dinates is found to be in agreement within accuracy of
0.1 cm−1. Thus, the selection of coordinates is not an is-
sue for the high level calculation. However, the low level
method (=VSCF) does depend on the coordinates. The
VSCF energies based on normal coordinates are found
with large deviations with a mean absolute deviation
(MAD) of 117.4 cm−1. In strike contrast, those based
on optimized coordinates are in excellent agreement with
MAD of 1.5 cm−1. This result clearly demonstrate the
impact of coordinate optimization which dramatically en-
hances the accuracy of VSCF.

B. Water dimer

Q1Q2Q3Q4Q5Q6Q7Q8Q9Q10Q11Q12

Q̃3Q̃4Q̃5Q̃6Q̃7Q̃8Q̃9Q̃10Q̃11Q̃12

Figure 4 shows normal and optimized coordinates of
water dimer for the intramolecular modes. The nor-
mal coordinates can be characterized as the bending,
and symmetric and asymmetric OH stretching modes of
each water molecule, though the symmetric OH stretch-
ing modes are found to be slightly delocalized to the other
water molecule by ∼ 6% in weight. The optimization
has transformed the OH stretching modes to local OH
stretching coordinates, as shown in Fig. 4 (c), while leav-
ing the bending coordinates unchanged. The present re-
sult indicates the strong anharmonicity of OH stretching
modes, which drives the coordinates to be localized to
the OH bonds.
VSCF and VCI calculations in six-dimension have been

carried out with the above coordinates for the intramolec-
ular modes. The ZPE and fundamental frequencies are
presented in Table II. The VCI-(8) results based on the
two coordinates are in good agreement with a maximum
deviation of 0.1 cm−1. Thus, VCI-(8) serves as a ref-
erence to evaluate the accuracy of VSCF and lower-rank
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FIG. 3. (Color online) (a) Normal and (b) optimized coor-
dinates of weakly interacting HF aligned in one dimension.
Each HF is separated by 3 Å.

TABLE I. The zero-point energy (ZPE) and the fundamental
frequencies (in cm−1) of weakly interacting HF calculated by
VSCF based on normal and optimized coordinates, and the
deviations from VCI[4]-(8) in parentheses.

VSCFa VCI[4]-(8)b

Normal coord. Optimized coord.
ZPE 8419.5 (80.9) 8338.9 (0.4) 8338.5
ν1 4125.7 (51.3) 4075.6 (1.2) 4074.4
ν2 4136.2 (61.6) 4075.6 (1.0) 4074.6
ν3 4278.4 (193.5) 4087.0 (2.1) 4084.9
ν4 4289.3 (199.8) 4087.0 (2.5) 4089.5

MADc 117.4 1.5

a Optimized for the ground state. The fundamentals are the
virtual energies of the modals.

b The results based on normal and optimized are in agreement
within 0.1 cm−1.

c Mean absolute deviation.

The Hamiltonian with QFF is invariant with respect
to the coordinate transformation, so that VCI based on
normal and optimized coordinates are equivalent in the
full VCI limit. However, truncated VCI does depend on
the coordinates, and thus the behavior of convergence
may be different. In the following, we focus on the con-
vergence of VCI[m]-(k) with respect to m.
All the electronic structure calculations were carried

out at the MP2/cc-pVDZ level of theory35,36 using the
Gaussian09 program,37 and the vibrational structure cal-
culations by MaVi.38

IV. APPLICATIONS

A. Weakly-interacting hydrogen fluoride

In order to test the developed theory and program,
we have first studied a model system, in which four HF

molecules are aligned in line each separated by 3 Å. The
HF molecules do interact as the separation of 3 Å is not
far enough, yet their vibrational states are expected to
be well represented in term of local HF stretching coor-
dinates. The normal and optimized coordinates for the
HF stretching modes are shown in Figure 3. The normal
coordinates are delocalized over the two HF molecules re-
flecting the C2v symmetry of the system: symmetric and
asymmetric stretching coordinates of the edge molecules
(Q1 and Q2) and the inner molecules (Q4 and Q3). On
the other hand, the optimized coordinates are localized
to each HF molecule. λ0, derived in Appendix B, is cal-
culated to be 9.0×107 for Q̃1 and Q̃2, and 4.6×104 for Q̃3

and Q̃4, also indicating the advantage of local HF coor-
dinates. Therefore, the optimization of the VSCF energy
automatically generates local coordinates for weakly- and
non-interacting anharmonic oscillators.
The zero-point energy (ZPE) and the fundamental fre-

quencies obtained by VSCF are compared with those by
VCI[4]-(8) in Table I. VCI[4]-(8) based on the two coor-
dinates is found to be in agreement within accuracy of
0.1 cm−1. Thus, the selection of coordinates is not an is-
sue for the high level calculation. However, the low level
method (=VSCF) does depend on the coordinates. The
VSCF energies based on normal coordinates are found
with large deviations with a mean absolute deviation
(MAD) of 117.4 cm−1. In strike contrast, those based
on optimized coordinates are in excellent agreement with
MAD of 1.5 cm−1. This result clearly demonstrate the
impact of coordinate optimization which dramatically en-
hances the accuracy of VSCF.

B. Water dimer

Q1Q2Q3Q4Q5Q6Q7Q8Q9Q10Q11Q12

Q̃3Q̃4Q̃5Q̃6Q̃7Q̃8Q̃9Q̃10Q̃11Q̃12

Figure 4 shows normal and optimized coordinates of
water dimer for the intramolecular modes. The nor-
mal coordinates can be characterized as the bending,
and symmetric and asymmetric OH stretching modes of
each water molecule, though the symmetric OH stretch-
ing modes are found to be slightly delocalized to the other
water molecule by ∼ 6% in weight. The optimization
has transformed the OH stretching modes to local OH
stretching coordinates, as shown in Fig. 4 (c), while leav-
ing the bending coordinates unchanged. The present re-
sult indicates the strong anharmonicity of OH stretching
modes, which drives the coordinates to be localized to
the OH bonds.
VSCF and VCI calculations in six-dimension have been

carried out with the above coordinates for the intramolec-
ular modes. The ZPE and fundamental frequencies are
presented in Table II. The VCI-(8) results based on the
two coordinates are in good agreement with a maximum
deviation of 0.1 cm−1. Thus, VCI-(8) serves as a ref-
erence to evaluate the accuracy of VSCF and lower-rank
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TABLE II. The zero-point energy (ZPE) and fundamental frequencies (in cm−1) of the water dimer (intramolecular modes
only) calculated by VSCF, oc-VSCF, VCI[m]-(8) (m = 1 − 4), oc-VCI[m]-(8) (m = 1 − 4), VCI-(8), and oc-VCI-(8). The
deviations and mean absolute deviations (MAD) from the VCI-(8) results are given in the parentheses and in the rows labeled
by MAD, respectively.

VSCFa VCI[1]-(8)b VCI[2]-(8)b VCI[3]-(8)b VCI[4]-(8)b VCI-(8)b

ZPE 9352.8 (26.2) 9352.8 (26.2) 9326.9 (0.3) 9326.6 (0.0) 9326.6 (0.0) 9326.6
ν1 1603.9 (7.2) 1603.3 (6.6) 1623.0 (26.3) 1596.9 (0.2) 1596.7 (0.0) 1596.7
ν2 1646.1 (6.3) 1645.5 (5.7) 1665.7 (25.9) 1640.0 (0.2) 1639.8 (0.0) 1639.8
ν3 3656.7 (37.4) 3640.4 (21.1) 3635.5 (16.2) 3619.4 (0.1) 3619.3 (0.0) 3619.3
ν4 3751.2 (58.3) 3715.6 (22.7) 3702.6 (9.7) 3693.0 (0.1) 3692.9 (0.0) 3692.9
ν5 3839.9 (57.1) 3836.8 (54.0) 3800.7 (17.9) 3783.1 (0.3) 3782.8 (0.0) 3782.8
ν6 3909.6 (114.9) 3909.6 (114.9) 3805.7 (11.0) 3795.1 (0.4) 3794.7 (0.0) 3794.7

MAD 43.9 35.9 15.3 0.2 0.0
oc-VSCFa oc-VCI[1]-(8)b oc-VCI[2]-(8)b oc-VCI[3]-(8)b oc-VCI[4]-(8)b oc-VCI-(8)b

ZPE 9329.7 (3.1) 9329.7 (3.1) 9326.9 (0.3) 9326.6 (0.0) 9326.6 (0.0) 9326.6
ν1 1602.4 (5.7) 1602.0 (5.3) 1598.7 (2.0) 1596.8 (0.1) 1596.7 (0.0) 1596.7
ν2 1645.3 (5.5) 1644.8 (5.0) 1641.8 (2.0) 1639.9 (0.1) 1639.8 (0.0) 1639.8
ν3 3634.9 (15.6) 3621.5 (2.2) 3621.2 (1.9) 3619.4 (0.1) 3619.3 (0.0) 3619.3
ν4 3745.0 (52.1) 3694.5 (1.6) 3694.7 (1.8) 3693.1 (0.2) 3692.9 (0.0) 3692.9
ν5 3745.1 (37.7) 3788.5 (5.7) 3785.3 (2.5) 3782.9 (0.1) 3782.8 (0.0) 3782.8
ν6 3772.5 (22.1) 3801.5 (6.9) 3797.0 (2.4) 3794.8 (0.2) 3794.6 (0.0) 3794.6

MAD 20.3 4.3 1.8 0.1 0.0

a The fundamental frequencies are the virtual energies of the modals.
b NCI = 49, 469, 1589, 2639, and, 3003 for (oc-)VCI[m]-(8) with m = 1− 4 and (oc-)VCI-(8), respectively.
c Mean absolute deviation.

TABLE III. The scaled force constants (in cm−1) of the O–H
stretching modes of the proton-donor molecule in the water
dimer in terms of the normal and optimized coordinates.

Normal coord.a Optimized coord.b

Diagonal constants
c
′

ss 1891.7 1903.6
c
′

sss −347.7 −437.0
c
′

ssss 43.6 64.4
c
′

tt 1969.2 1959.0
c
′

ttt 315.7 430.5
c
′

tttt 47.6 63.5
Off-diagonal (coupling) constants
c
′

st 0.0 103.7
c
′

stt −564.8 −7.4
c
′

sst −246.0 −16.8
c
′

sttt −59.5 −0.9
c
′

sstt 87.1 −0.8
c
′

ssst 61.4 4.5

a s = 3 and t = 5 (see Fig. 3 for the numbering of the normal
coordinates).

b s = 3 and t = 6 (see Fig. 3 for the numbering of the optimized
coordinates).

constants are much smaller in magnitude in the opti-
mized coordinates than in the normal coordinates ex-
cept for c′st, which is zero by definition in the normal
coordinates. In particular, the cubic coupling constants
are sizable in the normal coordinates, indicating that the
elimination of harmonic couplings does not necessarily re-
duce the total couplings including the anharmonic ones.

The different patterns of the sizes of coupling constants
suggest that the water dimer is more suitably described
as local anharmonic oscillators interacting through weak
harmonic couplings rather than as harmonic oscillators
in the normal coordinates interacting through stronger
anharmonic couplings. Owing to the small couplings in
the optimized coordinates, the PES becomes diagonally
dominant, making the oc-VSCF configurations a good
basis for oc-VCI and leading to rapid convergence of oc-
VCI with the excitation rank.
Table III shows that, in the optimized coordinates of

the water dimer, the dominant coupling constant is a har-
monic one, which is associated with the Q̃iQ̃j operator.
This operator can be expressed with the ladder operators
as

Q̃iQ̃j ∝ (b̂i + b̂†i )(b̂j + b̂†j), (21)

where b̂†i (b̂i) increments (decrements) the quantum num-
ber of the ith mode in the product of harmonic-oscillator
wave functions. The terms such as b̂ib̂

†
j and b̂†i b̂j in the ex-

pansion of the right-hand side conserve the sum of quan-
tum numbers and hence couple configurations with one
another among a set with the same sum of quantum num-
bers such as {|10⟩ , |01⟩}, {|20⟩ , |11⟩ , |02⟩}, and so forth,
where |ninj⟩ designates a configuration with quantum
numbers ni and nj of the ith and jth modes, respectively.
This observation suggests that the most rational config-
uration selection in oc-VCI would be to base the trunca-
tion criterion on the sum of quantum numbers, justifying
oc-VCI-(k) introduced above, when the optimized coor-
dinates happen to be localized. Since oc-VSCF modals
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stretching modes of the proton-donor molecule in the water
dimer in terms of the normal and optimized coordinates.

Normal coord.a Optimized coord.b

Diagonal constants
c
′

ss 1891.7 1903.6
c
′

sss −347.7 −437.0
c
′

ssss 43.6 64.4
c
′

tt 1969.2 1959.0
c
′

ttt 315.7 430.5
c
′

tttt 47.6 63.5
Off-diagonal (coupling) constants
c
′

st 0.0 103.7
c
′

stt −564.8 −7.4
c
′

sst −246.0 −16.8
c
′

sttt −59.5 −0.9
c
′

sstt 87.1 −0.8
c
′

ssst 61.4 4.5

a s = 3 and t = 5 (see Fig. 3 for the numbering of the normal
coordinates).

b s = 3 and t = 6 (see Fig. 3 for the numbering of the optimized
coordinates).

constants are much smaller in magnitude in the opti-
mized coordinates than in the normal coordinates ex-
cept for c′st, which is zero by definition in the normal
coordinates. In particular, the cubic coupling constants
are sizable in the normal coordinates, indicating that the
elimination of harmonic couplings does not necessarily re-
duce the total couplings including the anharmonic ones.

The different patterns of the sizes of coupling constants
suggest that the water dimer is more suitably described
as local anharmonic oscillators interacting through weak
harmonic couplings rather than as harmonic oscillators
in the normal coordinates interacting through stronger
anharmonic couplings. Owing to the small couplings in
the optimized coordinates, the PES becomes diagonally
dominant, making the oc-VSCF configurations a good
basis for oc-VCI and leading to rapid convergence of oc-
VCI with the excitation rank.
Table III shows that, in the optimized coordinates of

the water dimer, the dominant coupling constant is a har-
monic one, which is associated with the Q̃iQ̃j operator.
This operator can be expressed with the ladder operators
as

Q̃iQ̃j ∝ (b̂i + b̂†i )(b̂j + b̂†j), (21)

where b̂†i (b̂i) increments (decrements) the quantum num-
ber of the ith mode in the product of harmonic-oscillator
wave functions. The terms such as b̂ib̂

†
j and b̂†i b̂j in the ex-

pansion of the right-hand side conserve the sum of quan-
tum numbers and hence couple configurations with one
another among a set with the same sum of quantum num-
bers such as {|10⟩ , |01⟩}, {|20⟩ , |11⟩ , |02⟩}, and so forth,
where |ninj⟩ designates a configuration with quantum
numbers ni and nj of the ith and jth modes, respectively.
This observation suggests that the most rational config-
uration selection in oc-VCI would be to base the trunca-
tion criterion on the sum of quantum numbers, justifying
oc-VCI-(k) introduced above, when the optimized coor-
dinates happen to be localized. Since oc-VSCF modals

units in cm-1
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2MR 3MR 4MR
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oc 17.5 1.4 1.5
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